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PREFACE. 

THIS  text-book  has  been  written  primarily  to  meet  the 
requirements  of  candidates  for  commissions  in  the  Army. 
It  includes  all  the  graphical  and  experimental  processes 
in  mathematics  prescribed  by  the  Army  Council  for  the 
"Leaving  Certificate"  or  "Qualifying"  examination,  and  also 
for  the  competitive  examination  for  admission  to  Woolwich 
or  Sandhurst.  At  the  same  time  the  subject  matter  has  not 
been  strictly  confined  to  the  syllabus  for  these  examinations, 
as  the  inclusion  of  some  additional  investigations  appeared 
to  add  to  the  general  utility  of  the  work,  which  now  covers 
the  course  in  practical  mathematics  recommended  by  many 
educational  bodies. 

Several  of  the  examples  have,  by  permission  of  the 
Controller  of  H.M.  Stationery  Office,  been  taken  from  recent 
Army  Examination  papers. 

Our  thanks  are  due  to  Lord  Kelvin,  Professors  J.  Goodman, 
G.  Chrystal  and  J.  Perry,  Dr  Glazebrook,  Mr  A.  Earl,  and 
others  who  have  kindly  allowed  us  to  make  use  of  their  work. 
Many  of  the  illustrations  have  been  taken  from  apparatus 
lent  for  the  purpose  by  Messrs  Baird  and  Tatlock,  and 
Messrs  Becker  and  Co. 


Vin  PREFACE 

The  mathematical  proofs  of  certain  of  the  harder  formulae 
which  occur  have  been  given  in  an  appendix,  for  the  satis- 
faction of  the  more  advanced  student. 

The  book  is  intended  to  supplement  and  not  to  replace 
the  ordinary  theoretical  work,  which  should  be  carried  on 
pari  passu.  Consequently  a  mathematical  knowledge  com- 
mensurate with  the  experiment  described  is  often  assumed. 

H.   A.   S. 

W.  H.  T. 

CEDAR  COURT, 
EOEHAMPTON, 

September,  1905. 


PKEFACE  TO   SECOND  EDITION. 

IN  this  edition  an  entirely  new  set  of  examples  has  been 
substituted  in  the  chapter  on  graphical  representation  of 
motion,  and  some  important  additions  have  been  made  to  the 
chapter  on  moments  of  inertia,  the  practical  methods  of 
finding  the  radius  of  gyration  of  a  body  by  bifilar  and 
trifilar  suspension  being  explained. 

The  main  feature,  however,  is  the  inclusion  (by  kind 
permission  of  the  Controller  of  H.M.  Stationery  Office)  of 
the  questions  on  practical  mathematics  set  at  the  Army 
Entrance  Examinations  from  December  1905  to  December 
1908,  inclusive.  These  questions  have  been  incorporated  in 
the  form  of  an  Appendix. 

H.  A.  S. 
W.  H.  T. 
CEDAR  COURT, 
ROEHAMPTON, 

January ,  1909. 
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CHAPTER  I 

CONTRACTED   ARITHMETICAL  PROCESSES. 

1.  ALTHOUGH   products,  quotients,  etc.,  can  generally 
be  most  rapidly  determined  by  the  use  of  logarithms,  it  often 
happens  that  we  have  not  tables  at  our  disposal,  and  our 
results  have  to  be  worked  out  by  the  usual  arithmetical 
processes.     In  such  cases  it  is  clearly  a  distinct  advantage 
if  we  can  abridge  these  processes  so  as  to  obtain  the  required 
results  to   a  sufficient  degree   of  accuracy   with    the   least 
possible  labour.     The  methods  by  which  this  may  be  done 
in  the  cases  of  multiplication    and  division   are    explained 
in  the  present  Chapter. 

2.  Multiplication.     Before  we  can  abridge  this  process 
we  must  learn  a  new  way  of  finding  at  length  the  product 
of  two  numbers.     Begin  by  multiplying  by  the   left-hand 
instead  of  the  right-hand  digit  of  the  multiplier.     Then  each 
row  will  project  one  digit  to  the  right,  of  the  row  above. 

Example  /—Multiply  1728  by  5329 

1728 
5329 
8640~ 
5184 
3456 
15552 
9208512 

The  first  partial  product,  8640,  is  obtained  by  multiplying  by 
5,  the  left-hand  digit  of  the  multiplier.  The  next  product,  5184, 
is  the  result  of  multiplying  by  3,  and  the  right-hand  digit,  4,  in 

s.    T.  1 
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this  product  projects  one  place  beyond  the  right-hand  digit  in  the 
line  above.      Similarly  for  the  other  partial  products. 

The  reason  for  this  rule  is  apparent  when  we  consider  the 
real  values  of  the  digits  in  the  multiplier.  Thus  the  5  means 
5000,  so  that  when  we  multiply  by  this  digit  we  ought  to  add 
three  cyphers  to  the  product.  Again,  the  digit  3  means  300,  so 
that  two  cyphers  should  be  added  to  the  number  5184.  The 
process  at  full  length  would  stand  as  follows : — 

1728 

5329 

8640000 

518400 

34560 

15552 

9208512 

As  another  example  let  us  find  the  product  of  23 -7 4  and 
•0283.  In  working  with  decimals,  the  point  must  be  placed 
in  each  partial  product  instead  of  being  left  to  the  end,  and  all 
the  points  must  be  placed  in  the  same  vertical  column.  The 
work  will  then  stand  as  follows : — 

23-74 
•0283 


•18992 

•007122 

•671842 

In  multiplying  by  the  first  digit,  2,  it  must  be  remembered 
that  the  multiplier  is  '02,  so  that  in  the  product  there  will  be 
4  decimal  places.  Hence  the  first  figure,  8,  of  the  product  must 
be  written  4  places  to  the  right  of  the  decimal  point. 

3.  Approximations.  Frequently  a  result  is  only  re- 
quired, or  can  only  be  obtained,  to  a  certain  degree  of 
accuracy.  Thus  in  measuring  the  lengths  of  the  sides  of 
a  rectangle  drawn  on  paper,  it  is  practically  impossible 
to  obtain  these  to  a  closer  degree  of  approximation  than 
•01''.  Let  us  suppose  for  example  that  the  sides  of  such 
a  rectangle  when  measured  are  6 '7 5"  and  3'27".  Then  the 
area  of  the  rectangle  =  G'75  x  3'27  sq.  ins. 
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Now  in  each  of  the  above  measurements  some  small 
error  has  probably  been  made,  which  may  be  as  large 
as  -005". 


Fig.  1. 

If  Bb,  Dd  (fig.  1)  be  the  errors  (which  are  necessarily 
exaggerated  in  the  figure),  the  true  area  may  differ  from 
the  product  found  by  as  much  as  '005  x  6*75  +  '005  x  3'27, 
i.e.  by  '05  sq.  inches,  approximately. 

Hence  it  will  be  useless  to  calculate  the  product  to  more 
than  one  place  of  decimals,  although  when  worked  out  at  full 
length  four  places  result. 

Similar  remarks  apply  to  all  calculations  based  on  experi- 
ments, so  that  it  is  manifestly  waste  of  time  and  trouble  to 
work  out  results  correct  to  six  places  of  decimals,  when  perhaps 
only  the  first  two  are  trustworthy. 

Suppose  that  a  number  has  to  be  calculated  correct  to 
the  nearest  100,  and  that  when  worked  out  at  full  length 
this  number  comes  to  37683.  This  result  is  evidently  nearer 
to  37700  than  to  37600,  so  we  take  the  former  number  as  the 
answer.  This  gives  rise  to  the  following  rule: 

If  the  first  figure  to  be  neglected  be  0, 1,  2,  3,  or  4,  simply 
strike  out  the  neglected  digits,  replacing  them  by  a  cypher ; 
if,  however,  this  figure  be  5,  6,  7,  8,  or  9,  add  1  to  the  pre- 
ceding digit  and  proceed  as  before. 

Thus  271358  correct  to  the  nearest       10-271360. 

100  =  271400. 
1000  =  271000. 

4.  Contracted.  Multiplication.  Find  the  product  of 
2697  x  3254  correct  to  the  nearest  10,000. 

1—2 
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At  full  length  the  work  would  be  as  follows : 

2697 
3254 

8091  i 


539 

4 

134 

85 

10 

788 

8776|038 
Thus  the  product  to  the  nearest  10,000  is  8,780,000. 

Now  as  the  last  digits  in  the  product  are  of  no  use  to  us, 
that  part  of  the  process  which  gives  rise  to  these  digits  might 
with  advantage  be  omitted.  Let  us  draw  a  vertical  line 
through  the  work,  so  as  to  leave  the  unnecessary  figures  on 
the  right  of  this  line.  This  line  must  be  drawn  between  the 
figures  6  and  0  in  the  final  product,  since  the  6  cannot  be 
neglected  without  the  risk  of  the  digit  to  its  left  being 
inaccurate  (v.  Art.  3).  But  as  the  6  is  itself  affected  by  the 
number  "  carried "  from  the  addition  of  the  column  im- 
mediately to  its  right,  it  is  unsafe  to  neglect  this  column. 
Hence  we  must  retain  two  more  digits  in  the  product  than 
are  actually  needed  in  the  result,  and  the  vertical  line  we 
have  drawn  should  be  shifted  one  more  place  to  the  right. 
The  work  may  now  be  "  contracted  "  as  follows : 

26V9X7 
3254 
8091 
5394 
1349 
108 
8776100 

The  first  two  partial  products  are  formed  at  full  length 
as  before.  Now  we  do  not  require  the  last  two  digits,  so  in 
the  third  step  we  may  cut  off  the  figure  7  at  the  end  of  the 
multiplicand  and  commence  by  multiplying  9  by  5.  As, 
however,  7  x  5  =  35  (40  approximately)  we  carry  4  to  the 
9x5,  which  thus  becomes  49  instead  of  45. 


Similarly  before  we  commence  to  multiply  by  the  last 
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digit,  4,  we  cut  off  another  digit,  9,  from  the  light  of  the 
multiplicand.  Now  9  x  4  =  36  =  40  approximately;  we  must 
therefore  carry  4  to  the  product  6x4,  which  we  must  call 
28  instead  of  24. 

The  final  result  comes  to  8776100,  or,  correct  to  the 
nearest  10,000,  8,780,000. 

As  this  process  is  apt  to  be  a  little  confusing  to  a  beginner 
we  append  another  example  worked  out  without  comment, 
so  that  the  student  may  endeavour  to  follow  by  himself  the 
various  steps  in  the  process. 

Find  the  product  of  9487352  x  4731246  correct  to  the  nearest 
hundred  million. 

9487A52 

4731246 

37949408 
6641146 

284621  -   | 

9487 

1897 

379 

56 


44886994000000 
Answer-  44,887,000,000,000. 

The  same  process  is  equally  applicable  to  finding  the 
product  of  two  decimals,  or  a  decimal  and  a  whole  number, 
approximately. 

Example  :—  Find  the  product  of  327*563  x  -008921  correct  to 
two  places  of  decimals.  Here  we  must  carry  the  work  to  the 
fourth  decimal  place,  and  the  process  will  stand  as  follows  :  — 

327-563 

-tfOS921 


•2948 

65 

___  __  _3 

"2-9221 
Result  =  2  -9  2. 
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Since  multiplying  the  last  digit  3  by  8  would  give  the 
Cth  place  of  decimals,  we  may  strike  out  the  last  two  figures 
of  the  multiplicand  to  commence  with.  The  rest  of  the  work 
is  the  same  as  in  the  previous  examples. 

As  another  example,  let  us  find  the  area  of  a  circle  of 
1 2"  radius  correct  to  the  nearest  square  inch,  given  that  the  area 
of  a  circle  =  Trr2,  where  TT  =  3-14159. 

Area-  3-14159  x  144  sq.  inches. 

3<UJIA* 

144 


314-16 

125-64 

12-56 


Hence  area  -452  sq.  inches. 


5.  Contracted  Division.  If  we  wish  to  divide  7025381 
by  2174  correct  to  the  nearest  integer,  proceed  as  follows  :— 

217N4)7025381(32 
6522 
503 
434 

69 

Here  in  the  2nd  step  of  the  division  there  are  only  three 
more  figures  to  be  determined  in  the  quotient.  Instead, 
then,  of  bringing  down  the  3  and  proceeding  in  the  usual 
way,  cut  off  the  last  digit  of  the  divisor,  and  divide  the 
remainder,  503,  by  217.  In  the  next  step  7  has  to  be  cut  off 
from  the  divisor,  which  now  becomes  22,  and  the  rest  of  the 
work  is  as  follows  :— 

2^2)69(31 
06 
3 
Thus  the  quotient  is  3231. 
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The  result  is  generally  more  accurate  if  in  the  last  step 
of  the  division  two  digits  are  left  in  the  divisor.  The  work 
would  then  be  as  follows : — 


21 X7  4)702  5381(3231 
652,2 
5033 
4348 
685 
651 
34 
22 

As  another  example  let  us  find  the  diameter  of  a  circle  correct 
to  2  places  of  decimals,  given  that  its  circumference—  19-7235". 

Circumference  =  3-14159  x  diameter. 
19-7235        1972350 


.'.  Diameter 


3-14159        314159' 


As  there  is  only  1  digit  in  the  whole  number,  and  therefore 
only  3  in  the  entire  quotient,  it  will  be  unnecessary  to  use  more 
than  3  (or  at  most  4)  figures  of  the  divisor.  The  operation  will 
stand  thus : — 

314)1972(6-29 

1_884 

~~88 

62 

26 

Therefore  diameter  =  6*29". 


6.  Where  surds  enter  into  a  calculation  it  is  important 
to  rationalise  the  denominators  of  any  fractions  that  may 
occur. 

Example.  Find  the  length  of  the  side  of  a  square  whose 
diagonal  is  35"  long. 

(The  diagonal  of  a  square  =  aJ2,  a  being  the  side,  and 
x/2-  1-4142.) 
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35 
The  side  =  — ^  ins.     Now  we  might  substitute  the  value  of  ^/2 

and  proceed  by  contracted  division ;  but  the  work  will  be  much 
easier  thus : — 

35  _  ^2.35  _  35.72  _  35x1-4142 

=  35  x -7071 
=  24-75. 


7.  Money  Calculations.  A  sum  of  money  can  be 
readily  expressed  as  the  decimal  of  £1  by  remembering 
that  25.  =  £0'1,  and  id  =  ^th,  or  y^th  approximately,  of 
25.,  =  £'001. 

Hence  if  we  divide  the  shillings  by  2,  and  bring  the 
pence  to  farthings,  the  sum  can  be  immediately  written 
down  in  pounds  and  decimals  of  £1. 

For  example,  let  us  express  £295,  115.  8|d  as  the 
decimal  of  £1. 

Dividing  the  shillings  by  2  we  get  £'55,  and  8|d 
remains.  This  remainder  =  35  farthings  =  £*035. 

Therefore  sum  =  £295'585. 

By  this  method  the  possible  error  is  always  less  than  ^d. 

For  the  converse  process,  i.e.  to  convert  a  sum  expressed 
as  the  decimal  of  £1  into  pounds,  shillings  and  pence,  the 
following  rule  may  be  employed: — 

Divide  the  two  figures  immediately  following  the  decimal 
point  by  5;  the  quotient  gives  the  shillings.  Then  divide 
the  remainder,  with  the  third  decimal  place  taken  in,  by 
4;  the  quotient  gives  the  pence. 

The  reason  for  the  rule  may  be  seen  from  the  following 
considerations.  The  first  process  is  equivalent  to  multi- 
plying the  decimal  by  100  and  dividing  by  5,  i.e.  to 
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multiplying    by    20.      Also    since    £*001  =  1    farthing,    the 
remainder  with  the  third  place  taken  in  gives  farthings. 

Example:  —  Express  £37*8374  in  pounds,  shillings  and  pence. 
83  4-  5  =  16,  remainder  3, 


Therefore  sum  =  £37.  16*. 

The  error  in  this  process  may  amount  to  nearly  |G?.,  but 
the  method  can  be  relied  on  to  give  results  correct  to  the  nearest 
penny. 

A  few  examples  are  appended  to  show  the  use  of  the 
above  rules  in  ordinary  money  calculations. 

Example  1.  Find  the  simple  interest  on  ,£537.  8s.  9c7.  for 
10  years  at  3|  per  cent,  per  annum. 

Principal  -£537-436 

_  10 
5374-36 
34 


16123-08 

2687-18 

188JO-26 

Therefore  interest  =  £188.  2s.  Id. 

Example  2.     What  is   the  value   of  £1230  of  4  per  cent, 
railway  stock  at  87|? 

£1230x87-375 

Value=       -Too" 

87-375 

_12j*_ 
873-75 

174-750 
26-2125 


1074-713 
Answer,  £1074.  14s.  3d. 
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Example  3.  A  bankrupt's  liabilities  are  £4724.  18s.  6tZ.,  and 
his  assets  are  £1587.  10s.  How  much  do  his  creditors  receive 
in  the  £? 

Required  amount  =  — —        .  of  £1. 


4  7^2  4924)158  7500(-336 
1416 

"IT! 

141 

30 
amount  =  £-336  =  6s.  9c 


EXAMPLES   I. 

1.  Find  the  values  of  the  following  products  :  — 

(1)  9372  x  8634  correct  to  the  nearest  10,000. 

(2)  17356  x  35945  correct  to  the  nearest  million. 

(3)  27-035  x  9-728  correct  to  1  place  of  decimals. 

(4)  89-324  x  27*95  correct  to  the  nearest  integer. 

(5)  537-285  x  -00378  correct  to  2  places  of  decimals. 

(6)  -78465  x  2-0896  correct  to  3  places  of  decimals. 

2.  Find  the  values  of  the  following  quotients  :  — 

(1)  73854  -r  2984  correct  to  2  places  of  decimals. 

(2)  172835  -^  128  correct  to  the  nearest  integer. 

(3)  359-462  -f-  1-86235  correct  to  1  place  of  decimals. 

(4)  2-846  -r-  -0097116  correct  to  the  nearest  integer. 

(5)  74832  -r  256-783  correct  to  the  nearest  integer. 

(6)  34756  -?•  -07823  correct  to  the  nearest  100. 

3.  Find  the  values  of  :  — 

m     1  -2501875  x  -0351204, 

-       .  -  to  3  significant  figures. 


/9N     72-0391x1-88212^ 

1275  x  -71738  significant  figures. 


I]  EXAMPLES  I  11 

<3>     2-30258509  *O  5  s!gnificallt  figures- 

/4\      _^^__r  to  6  places  of  decimals. 
v  '     173-205 

4.  A  rectangular  field  is  954  yards  long  by  679  yards  wide. 
Find  its  area  to  the  nearest  1000  square  yards. 

5.  A  town  occupies   3263   acres,  and   the  average  number 
of   inhabitants   per   acre  is    137.     Find  the  population  to  the 
nearest  1000. 

6.  Find  correct  to  4  decimal  places  the  value  of  — ,  where 
TT  =  3-14159265. 

7.  Obtain  to  the  nearest  cubic  centimetre  the  volume  of  a 
sphere  whose  radius  is  15  cms.     (The  volume  of  a  sphere  =  l^r3.) 

8.  The  circumference  of  a  circle  (2?rr)  is  6-29  metres.     Find 
its  radius  to  the  nearest  centimetre. 

9.  After  riding   937J  times  round  a  bicycle  track,   a  man 
finds  by  his  cyclometer  that  he  has  completed  287  miles.      Find 
the  length  of  the  track  to  the  nearest  yard. 

10.  The  representative  fraction  (ratio  of  distance  between 
two  places  on  a  map  to  the  real  distance  between  the  places) 
is  -3-0^-375-;   find  to  3   significant  figures  the  length  on  the  map 
of   distances   of    1000  yards   and    1000   metres,  expressing   the 
former  in  inches  and  the  latter  in  centimetres. 

11/^Mie  R.P.  of  the  scale  of  a  map  is  T^.m^nf.  What 
distance  on  the  ground  is  represented  by  2-78"  on  the  map? 
Give  the  result  in  miles  correct  to  2  decimal  places.  Also  find 
in  kilometres  (to  2  decimal  places)  the  distance  represented  by 
6-25  cms. 

12.  A  certain  army  contains  237056  infantry,  and  there  are 
262  battalions.     Find  the  average  number  of  men  per  battalion. 

13.  Find    to    the    nearest    centimetre    the    length    of    the 
diagonal  of  a  cube  whose  edge  is  237 -5  cms.      Also  find  to  the 
same  degree  of  approximation  the  edge  of  a  cube  whose  diagonal 
is  half  a  metre. 

(The  diagonal  of  a  cube  whose  side  is  a  =  a 
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14.  The   area  of   the   cross    section   of   a    conduit   pipe   is 
8  '37  5  sq.  ft.,  and  the  rate  at  which  water  flows  through  the  pipe 
is  2J  miles  per  hour.     Find  to  the  nearest   1000  the  number 
of    gallons   of    water   delivered    by    the   pipe   every    24   hours. 
(1  cub.  f  t.  =  10  gallons.)     Also  find  the  weight  of  this  water  to 
the  nearest  100  tons,  given  that  a  cubic  foot  of  water  weighs 
1000  ozs. 

15.  A  rain-gauge  during  a  thunder-shower  registers  a  fall  of 
•68".     Find  to  the  nearest  100  tons  the  weight  of  water  which 
fell  on  a  square  mile  of  country. 

16.  The  total  area  of  the  United  Kingdom  is  77,683,084 
acres,  and  the  population  in  1904  was  42,789,552.     If  the  land 
were  equally  divided  among  the  inhabitants,  find  each  person's 
share  to  the  nearest  square  yard. 

17.  Express  the  following  sums  of  money  in  pounds  and 
decimals  of  a  pound  correct  to  3  places  :  — 

(1)     £35.  13s.  8Jd.  (2)     £128.  9s. 

(3)     £2.  18s.  5|d  (4)     £11.  3s. 


18.  Bring   the   following   to   pounds,   shillings   and   pence, 
correct  to  the  nearest  penny. 

(1)     £25-036.  (2)     £4-9875. 

(3)     £18-00485.  (4)     £0-9297. 

19.  The  following  table  gives  the  population  of  the  United 
Kingdom  in  the  years  1861,  1881  and  1901,  and  also  the  total 
value  of  the  imports  in  those  years  :  — 


Year 

1861 

1881 

1901 

Population 

29,321,288 

35,241,482 

41,976,827 

Imports 

£217,485,024 

£397,022,480 

£521,990,108 

Find  the  value  of  the  imports  per  head  in  each  year. 
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20.  Find  the  simple  interest  on  : — 

(1)  £287.  11s.  3d.  for  4  years  at  3  per  cent. 

(2)  £925.  7s.  Sd.  for  2J  years  at  5  per  cent. 

(3)  £87.  16s.  6e£  for  18  years  at  4|  per  cent. 

21.  Find  the  amount  of  £4235.  15s.  in  3  years  at  4  per  cent, 
compound  interest. 

22.  A  man  pays  £57.   13s.   lOd.  income-tax,  the  tax  being 
Is.   2o?.  in  the  £.      Calculate  the  amount  of  his  income. 

23.  A  man  invests  £650  in  3J  per  cent,  stock  at  87,  and 
£350  in  6  per  cent,  railway  shares  at  124.     Find  his  total  income 
from  the  two  investments. 

24.  Which  is  the  better  investment,  2|  per  cent,  consols  at 
78 J,  or  5  per  cent,  company  shares  at  13£?     Find  to  the  nearest 
penny  the  income  derived  from  an  investment  of  £500  in  each. 


CHAPTER  II. 


GRAPHICAL  METHODS. 


8.  TAKE  two  straight  lines,  XOX',  YOY',  at  right 
angles  to  one  another  on  a  sheet  of  paper  (fig.  2).  Then 
the  position  of  any  point  P  on  the  paper  can  be  fixed  by 


paper 


x' 


,(2,3) 


Fig.  2. 


Fig.  3. 


measuring  the  lengths  of  the  perpendiculars  PM,  PN,  drawn 
from  P  to  YOY'.XOX'. 

The  lines  XOX',  YOY'  are  called  axes,  and  their  point  of 
intersection,  0,  is  called  the  origin. 

PM  is  called  the  abscissa  of  P. 
PN  „       ordinate    . 
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The  two  distances  PM,  PN,  are  called  the  co-ordinates 
of  P;  and  if  PM  =  x,  PN  =  y,  the  co-ordinates  are  written 
in  brackets  (x,  y). 

If  we  are  given  the  co-ordinates  of  a  point,  say  (2,  3), 
the  position  of  the  point  is  arrived  at  by  setting  off  a  distance 
ON  =  2  units  of  length  along  OX  (fig.  2),  OM  =  3  units 
along  OF,  and  drawing  perpendiculars  through  M,N.  Their 
point  of  intersection  is  (2,  3). 

As  the  axes  divide  the  surface  of  the  paper  into  four 
spaces,  or  quadrants,  it  is  necessary  to  have  some  means  of 
determining  in  which  of  these  quadrants  a  point,  whose 
co-ordinates  are  given,  ;is  situated.  It  is  found  convenient 
to  consider  abscissae  of  points  on  the  right  of  YOY'  positive, 
those  on  the  left  being  negative ;  whilst  ordinates  of  points 
above  XOX'  are  positive,  and  those  below,  negative. 


P(2,3) 


F|(-2,-3) 

Fig.  4. 

In  fig.  4  four  points  have  been  taken,  each  of  which 
has  an  abscissa  2  units  and  an  ordinate  3  units  long.  There 
is,  however,  no  fear  of  confusion,  as  the  co-ordinates  of  each 
point  are  different,  those  of  Pj  being  (2,  3),  of  P2  (—  2,  3),  of 
P8  (-  2,  -  3),  and  of  P4  (2,  -  3). 


9.     It  would  take  a  long  time  to  plot  with  accuracy  on 
ordinary  paper  a  number  of  points  whose  co-ordinates  are 
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given.  In  order  to  save  time  and  labour,  "squared"  paper 
is  used  for  this  purpose.  It  is  ruled  in  the  directions  of  its 
length  and  breadth  with  a  number  of  fine  blue  lines,  usually 
h  of  an  inch  apart.  Every  10th  or  sometimes  every  5th , 
ine  is  darker  than  the  others.  Thus  the  whole  paper  is 
divided  into  small  squares  of  O'l"  side,  and  larger  squares  of 
1"  or  0*5"  side. 

Example: — Plot  on  squared  paper,  taking  1"  as  unit,  the 
following  points— (1-5,  2-3),  (27,  -1-8),  (-1-3,  2),  (-2-2,  -M). 

10.  We  will  now  show  how  any  function  of  x  may  be 
graphically  represented  by  plotting  on  squared  paper.  The 
method  will  be  most  easily  followed  by  taking  a  few  examples. 

Example  1.     Let  the  given  function  be  2x  —  3. 
Let  2/  =  2o;-3. 

Now  give  x  any  value,  find  the  corresponding  value  of  y,  and 
plot  the  result  as  a  point.  Thus  if  x=  1,  y  =  —  1,  so  we  have  to 
plot  the  point  (1,  —  1).  The  corresponding  values  of  a?  and  y  may 
be  conveniently  arranged  as  follows  : — 


0 

1 

2 

3 

4 

5 

-1 

-2 

-3 

-3 

-1 

1 

3 

5 

7 

-5 

-7 

-9 

In  the  top  row  are  placed  the  values  given  to  x,  and  under 
them  the  corresponding  values  found  for  y. 

Now  draw  a  pair  of  axes  on  the  squared  paper  by  ruling  over 
two  of  the  darker  lines,  and  plot  the  points  (0,  -3),  (1,  -  1),  <fcc. 
It  will  be  found  that  they  all  lie  on  a  straight  line  (Fig.  5). 
This  line  is  called  the  graph  of  the  function  2x  -  3. 

(N.B.     J"  has  been  taken  as  unit  in  this  case.) 

Example  2.     Draw  the  graph  of  the  function 
x*-2 


Let 
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giving  x  different  numerical  values,  as  in  the  last  example,  and 
finding  the  corresponding  values  of  y,  we  get  the  following  series 
of  points  : — 


0 

±1 

±2 

*i 

-  -2 

-  -1 

•2 

•7 

±4        ±5 


1-1 


2-3 


3-4 


4-7 


6-2 


It  will  be  noticed  that  the  same  value  of  y  is  obtained  by 
giving  x  the  same  numerical  value  with  a  positive  or  a  negative 


Fig.  5. 
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sign,  since  ar  is  always  positive.      Plotting  the  above  points  and 
joining  them  by  a  continuous  line,  we  obtain  the  curve  in  fig.  6. 


11.     Graphical  solution  of  equations.     Suppose  it  is 
required  to  solve  the  quadratic  equation 


We  may  perform  this  process  graphically  as  follows: 
Draw  the  graph  of  the  function 


Proceeding  as  in  the  previous  examples,  the  corresponding 
values  of  #  and  y  are: 


0 

1 

2 

3 

4 

5 

6 

-1 

6 

-3 

-8 

-9 

-6 

1 

12 

19 

In  plotting  these  values  on  squared  paper,  since  the 
values  of  y  are  in  many  cases  large,  whilst  the  corresponding 
values  of  x  are  small,  it  is  convenient  to  use  a  larger  scale 
fcr  the  abscissae  than  for  the  ordinates.  By  doing  so  the 


n] 


GRAPHICAL   SOLUTION   OF   EQUATIONS 


19 


curve  obtained  is  of  a  better  shape  and  can  be  drawn  with 
greater  accuracy.  In  this  case  (fig.  7)  we  have  taken  V  for 
the  unit  value  of  x,  and  0'2"  for  the  unit  value  of  y*.  Now 
where  the  curve  cuts  OX,  2/  =  0.  Hence  the  values  of  x  for 
which  this  happens  are  the  roots  of  the  equation.  These 
are  seen  from  the  figure  to  be  O61  and  4*88. 


10 


10  tt 


Fig.  7. 

The  advantage  of  this  graphical  method  of  finding  the 
approximate  value  of  the  roots  of  equations  becomes  more 
apparent  in  the  case  of  equations  of  a  higher  degree  than 
the  second.  The  solution  of  a  cubic  equation  by  ordinary 
algebraic  methods  is  both  complicated  and  tedious,  and  there 
is  no  general  algebraic  solution  of  equations  of  a  higher 
degree  than  the  fourth,  although  the  real  roots  of  such 
equations  can  be  approximately  determined  by  much  la- 
borious calculation.  Graphically,  however,  such  equations 
can  be  solved  to  a  certain  degree  of  approximation  almost  as 
readily  as  a  quadratic.  To  illustrate  this  let  us  take  the 
cubic  equation 

^_4#2- 10^  +  15  =0. 
Draw  the  graph  of  the  function 

y  =  dC3  —  4#2  -  10#  +  15. 

*  The  diagrams  in  this  chapter  have  been  reduced  to  half  scale 
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x       0           1           2           3           4 

5           6-1-2        -3 

y       15          2         -13      -24      -25 

-10       27         20         11        -18 

Take                0'5"  to  represent  unit  value  of  a?, 
and                  0-1"           „           „           »           2/- 

-  -  4O  "  ~ 

-  -  30    - 

--if--        -  -  10  -  ^  - 

-  ±jg:::::::::::  ::: 

:::s::::::::::::::::::p:±:::::: 

Fig.  8. 

Plotting  the  above  points  and  joining  them  by  a  con- 
tinuous curve,  we  obtain  fig.  8.     The  curve  cuts  OX  at  three 
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points.     At  these  points  y  =  0,  and  the  values  of  x  for  which 
this  is  the  case  are 

-  2-5,         1-15,         5-35. 
These,  then,  are  the  roots  of  the  equation. 

12.  There  is  a  second  very  simple  method  of  graphically 
solving  quadratic  equations  by  means  of  a  fixed  curve  drawn 
on  squared  paper.  When  once  this  curve  is  drawn,  any 
quadratic  equation  can  be  readily  solved  by  drawing  a  straight 
line  on  the  paper. 


First  construct  the  graph  of  the  function 


.(i). 


This  curve  is  shown  in  fig.  9. 


3  Y 


7         654         3         2         I         O         1         2         34         567X 

Fig.  9. 


Now  in  order  to  solve  a  quadratic  equation,  e.g. 


(ii), 
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.(iii). 


substitute  lOy  for  x~\  this  gives 

20y  =  ox  +  8 ; 
_  5#  +  8 

•'•  y=~W~  "" 

Draw  the  graph  of  this  function,  which  is  always  a  straight 
line.  This  line  will  in  general  cut  the  curve  in  two  points. 
The  abscissae  of  these  points  must  satisfy  equation  (ii),  and 
are  consequently  the  roots  of  this  equation.  They  are  seen 
from  the  figure  to  be  3'6  and  — 1*1. 

Any  other  quadratic  can  be  similarly  solved  by  the  aid  of 
the  curve  (i)  on  the  same  sheet  of  paper*. 

13.     A  third  method  of  solving  a  quadratic  equation,  by 
the  use  of  the  ruler  and  compasses  only,  is  appended. 

Write  the  equation  in  the  form 


Then  if  a  and  ft  be  the  roots,  we  know  by  the  Theory  of 
Quadratics  that 

n  ~i.  R  —  /»i  Y 


and 


aft  =  q. 


Take  a  pair  of  rectangular  axes, 
OX,  OF. 

Along  OX  set  off  OA  =p, 

„         OF      „        „      OJ&=1; 

draw  AC  parallel  to  OF=  q. 

On  BC  as   diameter   describe  a  circle,  cuttino-   OX  in 
1\  Q,  and  OF  again  in  E. 


*  This  method  is  also  applicable  to  the  case  of  cubic  equations  of  the 
»0,   the    fixed    curve    first    traced    being    the    graph   of 


M 

y  =  100 
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Then  OP,  OQ  are  equal  to  the  roots  of  the  equation. 
For  OP+OQ=OA=p, 

and  OP.OQ=OB.OE=OB.AC  =  q. 

It  should  be  noted  that  if  p  be  negative,  OA  must  be 
measured  to  the  left  of  0. 

If  the  circle  touch  OX,  the  roots  will  be  equal,  whilst  if 
it  do  not  meet  OX  at  all,  the  roots  are  imaginary. 

14.  We  will  now  show  by  a  few  worked  out  examples 
how  the  graphical  method  can  be  applied  to  the  solution  of 
certain  problems,  and  particularly  to  the  representation  of 
relations  existing  between  physical  quantities. 

Example  1.  The  equation  s=16£2  gives  the  distance  (.9) 
described  by  a  body  falling  under  the  action  of  gravity  in 
a  given  time  (t).  Draw  a  curve  showing  this  relation,  and  find 
the  time  taken  in  falling  45  feet. 


0 

i 

1 

f 

2 

£ 

0 

4 

16 

36 

64 

100 

Take  1"  to  represent  20  ft.  along  OY  and  1"  to  represent 
^  second  along  OX.  The  curve  obtained  is  represented  in 
fig.  11. 

The  time  occupied  in  falling  45  feet  is  seen  from  the  curve; 
to  be  1*67  seconds. 

Example  2.  Different  volumes  of  a  substance  are  weighed, 
the  results  correct  to  1  decimal  place  being : 

Volume  in  c.c.  0-6,      1-5,     2-2,     3-0,     4-1. 

Weight  in  grams        0'5,      1-2,      1-8,     2-4,     3'3. 

Draw  a  curve  to  represent  the  relation  between  the  volume 
and  weight  of  the  substance.  From  the  curve  write  down  the 
volume  of  2  grams  and  the  weight  of  2  c.c. 
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Measuring  the  volumes  along  OX  and  the  weights  along  OF, 
we  obtain  a  series  of  points,  which  on  being  joined  give  a  straight 


Y 

100 


90 
80 
70 

^60 
.5 

£50 

£ 

40 
30 
20 
10 


1-5 

Time  In  seconds 


Fig.  11. 


2  3 

Volume  in  cubic  centimetres 
Fig.  12. 
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line  (fig.  12).  The  volume  of  2  grams  of  the  substance  is 
represented  by  the  horizontal  dotted  line,  and  is  2-5  c.c.,  whilst 
the  weight  of  2  c.c.  is  represented  by  the  vertical  dotted  line, 
and  is  1*6  grams. 


I4 


s 

.S3 


o  i     a  2  x 

Time  in  hours  after  noon 
Fig.   13. 

Example  3.  Two  men,  A  and  B,  start  from  a  certain  place 
to  travel  along  the  same  road.  A  starts  at  noon  and  walks 
at  the  rate  of  3J  miles  per  hour;  B  starts  at  1.15p.m.  on 
a  bicycle,  and  rides  at  the  rate  of  10  miles  per  hour.  Find  when 
B  overtakes  A,  and  their  distance  from  the  starting  point  at  this 
time. 
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Measure  the  time  after  12  noon  along  OX,  taking  2"  to 
represent  an  hour,  and  the  distance  from  the  starting  point  along 
Or,  scale  1"  to  1  mile. 

Then,  at  the  end  of  1  hour,  A  is  3J  miles  from  the  starting 
point,  at  the  end  of  2  hours  he  is  7  miles  away,  and  so  on. 
Hence  the  graph  of  A's  journey  is  the  straight  line  OP. 
Similarly  the  graph  of  ./?'s  journey  is  the  straight  line  QR.  If 
S  be  the  point  of  intersection  of  these  lines,  the  abscissa  of  S  will 
give  the  time  of  meeting,  and  its  ordinate  will  give  the  distance 
of  the  meeting  place  from  the  starting  point.  Measuring  these, 
we  find  that  B  overtakes  A  at  1.55  p.m.,  6 '7  miles  from  the  start. 


15.  Graphs  of  the  trigonometrical  ratios.  Describe 
a  circle  of  unit  radius,  and  draw  two  diameters,  AOB,  COD, 
at  right  angles  to  one  another. 

Then  if  a  radius  OP  be  drawn  making-  an  angle  0  with 
OB,  and  PN  be  drawn  perpen- 
dicular to  OB, 

PN 


since  OP  =  1. 
Similarly 

cos  0  =         = 


Also  if  the  tangent  to  the 
circle  at  B  be  drawn  to  meet  OP 
produced  in  Ty 

TB 


and 


OT 


Thus  a  straight  line  can  always  be  drawn,  the  number  ot 
units  in  the  length  of  which  is  equal  to  the  sine,  cosine, 
tangent,  &c.  of  a  given  angle.  This  is  of  considerable  use 
in  drawing  the  graph  of  such  a  function. 
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Let  us  draw  the  graph  of  sin  #,  for  values  of  x  between 
0°  and  90°. 

Represent  10°  by  £"  along  OX,  and  the  unit  value  of 
by  2"  along  OF. 


O        10       20       3O       40       50       60       70       8O       90  X 

Fig.  15. 


Draw  a  quadrant  of  a  circle  of  2"  radius,  one  of  the 
bounding  radii  being  on  OX  produced.     Divide  the  circuin- 


10       20       3O      40       50       60       70       80      X 

Fig.  16. 
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ference  (by  means  of  a  protractor)  into  nine  equal  parts,  each 
subtending  10°  at  the  centre.  Then  the  heights  of  these 
divisions  represent  the  sines  of  10°,  20°, ...  90°,  i.e.  the  ordinates 
at  the  points  along  OX  marked  10,  20,  &c.  The  graph  can 
then  be  drawn. 

The  graph  of  tana;  is  shown  in  fig.  16.  The  method  of 
construction  will  be  clear  from  the  preceding  remarks.  It 
will  be  noticed  that  as  the  angle  approaches  90°  the  tangent 
increases  very  rapidly,  so  that  space  prevents  our  drawing 
the  graph  farther  than  about  70°.  At  90°  tan#  becomes 
infinite,  so  that  the  curve  gradually  approaches  nearer  and 
nearer  to  the  ordinate  at  90°  without  ever  actually  reaching 
it.  This  ordinate  is  said  to  be  an  asymptote  of  the  curve. 

16.  Gradients.  The  gradient  of  a  hill  is  its  degree  of 
slope,  and  it  is  measured  by  the  tangent  of  its  inclination  to 
the  horizontal. 

Thus  on  a  railway  there  are  placed  posts  by  the  side  of 
the  line  at  every  place  where  the 
slope  changes,  and  the  gradient  is 

marked  on  the  post  as  in  fig.  17. 

1  in  280  means  that  the  tan- 
gent of  the  angle  which  the  rail- 
road at  this  place  makes  with  the 
horizontal  is  ^J^,  or  in  other  words 
there  is  a  fall  of  1  foot  vertically 
in  every  280  feet  measured  hori- 
zontally. 

In  the  case  of  lines  drawn  on  paper  the  gradient  is  the 
tangent  of  the  inclination  to  OX.  Where  the  line  is  straight, 
the  gradient  is  the  same  throughout,  but  in  the  case  of  a 
curve  it  is  continually  changing.  The  gradient  at  any  point 
of  a  curve  can  be  measured  by  means  of  the  tangent  to  the 
curve  at  that  point,  since  the  directions  of  the  curve  and  the 
tangent  at  their  point  of  contact  are  the  same. 

Thus  to  find  the  gradient  of  a  curve  at  any  point  P  we 
may  proceed  as  follows : 
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Draw  the  tangent   PT  and  the   ordinate  PN  (fig.   18); 
measure  NQ  —  1  unit   of  length,  and  draw  QH  parallel  to 
NP  and  HK  parallel  to  OX. 
Then   the   gradient    of  the      y 

curve  at  P  =  ^^  =  number 


a    definite    value    at 


of  units  of  length  in  PK. 

17.  Rate  of  change  of 
a  function.  The  gradient 
of  a  curve  at  any  point 
measures  the  rate  at  which 
y  is  changing  per  unit  value 
of  x.  Except  in  the  case 
of  a  straight  line,  this  rate 
is  continually  changing,  but  it  has 
each  point. 

Thus  in  Example  2,  Art.  14,  the  gradient  =  O8,  or  in 
other  words,  the  mass  of  1  c.c.  of  the  substance  is  constant, 
and  =  *8  grams.  (We  shall  see  subsequently,  Art.  58,  that  this 
is  a  statement  of  the  fact  that  the  density  of  the  substance  is 
constant  and  equal  to  *8.) 

Again  in  Example  1,  Art.  14,  the  gradient  at  any  point 
is  the  rate  at  which  the  body  is  falling,  i.e.  its  velocity.  This 
is  constantly  changing,  becoming  greater  as  the  time  increases. 

-  As  an  example,  let  us  find  the  velocity  of  the  body 
at  the  end  of  each  half-second.  The  curve  is  reproduced 
in  fig.  19.  Draw  tangents  at  the  points  whose  abscissae  are 
•5,  1,  1*5,  2,  2'5.  Finding  their  gradients  by  the  method 
explained  in  the  last  article,  we  see  that  the  velocity  at  the 
end  of  the  first  half- second  is  8  ft.  per  half-second,  or  16  ft. 
per  second;  at  the  end  of  1,  T5,  2,  2'5  seconds  the  velocities 
are  32,  48,  64,  and  72  feet  per  second  respectively.  Thus 
we  notice  that  the  velocity  increases  by  16  feet  per  second 
every  half-second,  or  by  32  feet  per  second  every  second. 

As  the  subject  of  gradients  is  of  considerable  importance, 
we  append  another  example. 
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A  vessel  containing  a  quantity  of  liquid  heated  to  100°  C. 
is  left  to  cool  in  a  room  which  is  kept  at  a  constant  tempera- 


90 
80 
70 


Time  in  seconds 
Fig.  19. 


ture  of  15°  C.     The  temperature  of  the  liquid  is  observed 
at  various  times,  the  record  of  observations  being  as  follows  : 


Time  of  cooling) 
in  minutes  } 

10 

20 

40 

60 

90 

120 

Temperature  of  ) 
liquid  } 

73° 

57-5° 

36° 

23-5° 

17-5° 

16° 

Draw  a  curve  showing  the  relation  between  the  time  of 
cooling  and  the  temperature,  and  find  the  rates  of  cooling 

•  i,  1,  and  1J  hours.  From  these  data  show  that  the 
>1  cooling  at  any  time  is  proportional  to  the  excess  of 
temperature  of  the  liquid  over  that  of  the  room. 
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The  curve  is  shown  in  fig.  20,  10  minutes  being  repre- 
sented by  £"  along  OX,  and  10°  by  J"  along  OF.     Drawing 


?=50 


90 


30 


60 

Time  in  minutes 

Fig.  20. 


90 


120  X 


the  tangents  at  the  points  whose  abscissae  are  30,  60,  and  90, 
we  find  that  the  rates  of  cooling  at  these  times  are 


1*2  degrees  per  minute 


and 


•08 


Now  the  excesses  of  the  temperatures  of  the  liquid  over 
that  of  the  room  at  these  times  are  29°,  10*5°,  and  2°. 


Hence  ratios  of  rates  of  cooling  to  excess  of  temperature 


1*2  '43 

29 1  T7^>  and 


are 


i.e.  '041,  '041,  and 

Therefore  the  ratio  is  constant. 


08 
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18.  Zero  value  of  gradient.  When  the  gradient  at 
any  point  of  a  curve  =  0,  the  tangent  at  this  point  is  parallel 
to  OX.  There  are  four  different  cases  in  which  this  may 
happen,  three  of  which  are  shown  in  fig.  21.  As  we  move 
along  the  curve  from  left  to  right  the  gradient  changes  at 


Fig.  21. 

A  from  positive  to  negative,  since  the  tangents  on  the  left 
of  A  are  inclined  at  acute  angles  to  OX,  whilst  those  im- 
mediately on  the  right  are  inclined  at  obtuse  angles.  Hence 
at  the  point  A,  y  has  a  maximum  value.  Similarly  at  B,  y 
lias  a  minimum  value,  the  gradient  changing  from  negative 
to  positive  at  this  point.  The  values  of  y  at  A  and  B  are 
called  Turning  Values. 

At  C  the  curvature  changes  from  concave  to  convex,  the 
tangent  at  this  point  being  parallel  to  OX,  but  cutting  the 
curve.  Such  a  point  is  called  a  point  of  inflexion.  The 
gradient  does  not  change  sign  in  passing  through  C,  but 
diminishes  to  zero  and  then  increases.  The  other  case  in 
which  the  gradient  may  vanish  is  illustrated  in  fig.  22. 

Here  the  curve  has  two  branches  which  touch  each  other 
at  D.  The  point  D  is  called  a  cusp,  and  is  a  particular  case 
of  what  is  known  as  a  "  double  point,"  i.e.  a  point  on  a  curve 
through  which  two  branches  pass. 

For  the  complete  discussion  of  all  the  above  cases,  the 
student  must  refer  to  works  on  the  differential  calculus.  We 
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need  only  mention  here  for  the  benefit  of  those  to  whom  the 
notation  of  this  subject  is  known,  that  the  gradient  at  any 

point  (#,  y)  of  a  curve  is  ~t  so  that  if  the  tangent  at  any 
point  be  parallel  to  OX, 


Fig.  22. 


Two  examples  on   maximum   and   minimum   values 
appended. 

Example  1.      Find  the  maximum  value  of  the  function 


Let 


Tracing  the  curve  we  obtain  the  following  series  of  points 


0 

1 

2 

3 

4 

5 

6 

10 

13 

14 

13 

10 

5 

-2 

The  curve  is  shown  in  fig.  23,  the  unit  value  of  x  being  taken 
as  ^",  and  that  of  y  ^". 

An  inspection  of  the  figure  shows  us  that  the  maximum  value 
of  y=  14,  and  the  value  of  x  for  which  the  function  is  a  maximum 


is  2. 
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Example  2.  A  rectangle  of  area  4  square  feet  has  to  be 
constructed  so  that  its  perimeter  may  be  as  small  as  possible. 
Show  how  this  may  be  done. 


Fig.  23. 

Let  y  —  perimeter,  x  =  one  side. 

_4 
x' 


Then  the  other  side 


Corresponding  values  of  x  and  y  are : 


0 

1 

2 

3 

4 

5     |    1-6 

CO 

10 

8 

8-67 

10 

11-6  i    8-3 

The  graph  obtained  is  shown  in  fig.  24. 

As  the  shape  of  the  curve  between  the  values  1  and  2  of  x 
was  doubtful,  the  intermediate  value  1  -5  was  taken. 

The  minimum  value  of  the  perimeter  is  seen  to  be  8  feet,  and 
the  corresponding  value  of  one  side  is  2  feet.  Hence  the  peri- 
meter is  least  when  the  rectangle  is  a  square. 
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10 


2  3 

One  side  in  feet 

Fig.  24. 
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EXAMPLES  II. 

1.     Draw  the  graphs  of  the  following  functions  of  x : 

(1)     ?  =  «  (2)     y  =  2*+3.       (3)     y  =  0-r, 

(4)     y=  l-2*-2-5.     (5)     y  =  a<.  (6)     y  =  ^. 

C7\  ^ 


(9)   r- 


(10)      y  = 


1000      100' 


3—2 
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2.  Write  down  the  values  of  -  for  the  following  values  of 

x 

x:    O'Ol,  O'l,  0-5,  1,  2,  5,  10.     Show  by  a  graph  how  -  varies  as 
x  increases  from  O'l  to  10,  taking  one  inch  as  unit. 

From  the  graph  read  off  the  value  of  ^7  -  .     Why  is  the  graph 
not  very  useful  for  reading  off  the  value  of  ^^  ? 

3.  Draw  the  graphs  of  the  functions  :  — 

(1)  ,-•*?• 

(2)  y^-l+i. 


4.  The   price  of   a  standard   troy  ounce  of   silver  on   1st 
January  in  each  of  the  10  years  (1891  —  1900)  was  (in  pence)  : 

45,    40,    36,    29,    30,    31,    28,    27,    27,    28. 

Draw  a  curve  showing  its  value  approximately  at  any  time 
during  these  ten  years. 

5.  The  mean  temperature  on  the  first  day  of  each  month 
slwwed  on  an  average  of  50  years  the  following  values: 

Jan.  1,  37°.  May  1,  50°.  Sep.  1,  59°. 

Feb.  1,  38°.  June  1,  57°.  Oct.  1,  54°. 

Mar.  1,  40°.  July  1,  62°.  Nov.  1,  46°. 

April  1,  45°.  Aug.  1,  62°.  Dec.  1,  41°. 

Represent  these  variations  by  means  of  a  curve,  neglecting 
the  differences  in  the  length  of  a  month. 
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6.  If  £1  be  allowed  to  accumulate  at  5  per  cent,  compound 
interest,  its  amount  at  the  end  of  each  period  of  10  years,  up  to 
50  years,  is  given  by  the  following  table  : 


No.  of  Years 

10 

20 

30 

40 

50 

Amount 

1-63 

2-65 

4-32 

7-04 

11-47 

I 

Draw  a  curve  showing  how  the  amount  increases  with  the 
time,  and  find  (a)  the  amount  at  the  end  of  37  years,  (b)  the 
time  in  which  a  sum  will  be  trebled  at  this  rate  of  interest. 

7.  The  number  of  letters  (expressed  as  multiples  of 
1,000,000,000)  delivered  by  the  Post  Office  in  certain  years 
was  as  follows : 


Year 

1877 

1882 

1887 

1892 

1897 

1902 

No.  of  letters  -T-  109 

1-06 

1-28 

1-51 

1-81 

2-01 

2-58 

Represent  these  numbers  on  squared  paper  by  a  curve,  and 
find  approximately  the  number  of  letters  delivered  in  the  years 
1880  and  1900. 

8.  A  rifle,  sighted  to  1000  yds.,  rests  on  a  support  5  ft.  from 
the  ground  and  is  fired.  The  height  of  the  bullet  above  the 
support  is  given  by  the  following  table: 


Distance  in  yds.^ 
from  firing       1  100 
point                 j 

200 

300 

400 

500 

600 

700 

800 

900 

1000 

Vertical  height  \ 
above  support  1  7  '3 
in  ft.                 j 

11-2 

15-0 

18-5 

21-0 

23-3 

25 

22-5 

16-5 

0 

On  squared  paper  give  a  representation  of  the  path  of  the 
bullet,  showing  also  the  ground  level  and  the  height  of  the 
support,  and  find  in  what  positions  a  butt  of  height  20  ft.  would 
stop  the  bullet. 
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1).  Solve  graphically  the  following  quadratic  equations,  (a)  by 
the  method  of  Art.  11,  (b)  by  the  method  of  Art.  12,  (c)  by  the 
method  of  Art.  13: 

(1)     .'t~-Gx-  +  4  =  0.  (2)     x?-3x-5  =  0. 

(3)    or-7z+ll=0.  (4)     3^-8^  +  2  =  0. 

(5)     2^-5.^-9-0.  (6)     5^+11^-3-0. 

10.  Solve  graphically  the  following  equations  : 

(1)     ^-15^-4-0.  (2)     a*  +  3a:=l-5. 

(3)     Bar5 -44.^  +  450; -25  =  0.          (4)     sf  =  3a*-25. 

11.  Plot  the  graph  y=  — ^ — ,  from  o?  =  -7  to  oj  =  +  7,  unit 

1  inch.    Hence  find  the  roots  of  a?  —  36x  =  42,  each  to  one  decimal 
place. 

12.  A  cyclist  starts  at  9  a.m.   to    ride   from   Brighton   to 
London    (50  miles),   going   at   the    rate    of   8    miles   per   hour. 
A  motorist  starts  from  London  at  1 1  a.m.  to  go  to  Brighton,  and 
his  speed  is  20  miles  an  hour.     Find  graphically  at  what  time 
they  will  meet,  and  at  what  distance  from  London. 

Also  find  their  distance  apart  at  noon,  and  at  what  times 
their  distance  apart  was  20  miles. 

13.  Draw  the  graphs  of  cos  a;  and   sees?,  for  values  of  x 
between  0°  and  90°. 

Hence  write  down  the  values  of  cos  35°  and  sec  50°.  Also 
find  to  the  nearest  degree  the  angle  whose  cosine  is  '35  (cos"1  '35) 
.-uid  the  angle  whose  secant  is  1-8  (sec"1 1-8). 

14.  Draw  the  curve  whose  equation  is 

y=  10  log  x, 

taking  I"  as  unit,  and  using  tables  to  find   the  values  of  the 
various  logarithms. 

15.  A  manufacturer  has  priced  certain  lathes;  the  largest 
sells  at  £175.  10s.,  and  the  smallest  at  £40.     He  wishes  to 
increase  his  prices  so  that  the  largest  will  sell  at  £200  and  the 
.smallest  at  £50.     Assuming  that  the  new  price  (P)  and  the  old 
price  (Q)  are  connected  by  the  relation  Q  =  a  +  bP,  find  the  values 
of  a  and  6  and,  to  the  nearest  £1,   the  new  prices  of  lathes 
originally  valued  at  £150,  at  £125.   10s.,  and  at  £78 
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1G.      Find  the  values  of  x  and  y  which  satisfy  the  equations 

y  —  x  +  2,      v/  —  bjo  +  3. 

Draw  the  graphs  of  the  equations  on  squared  paper  •  indicate 
the  values  of  x  and  y  which  satisfy  both  equations  (i)  when 
6  =  0*7,  (ii)  when  b  —  0'8,  (iii)  when  6  —  0-9.  Is  it  possible  to  find 
values  of  x  and  y  which  satisfy  the  two  equations  when  b  =  l1 

17.  The  shade  temperature  was  taken  at  intervals  of  two 
hours  on  a  certain  day,  the  records  being  as  follows : 


Time 

8a.m. 

10a.m. 

12  noon 

2p.m. 

4p.m. 

6p.m. 

Temperature     ) 
in  degrees  F.  j 

48° 

56° 

60° 

62° 

57° 

45° 

Draw  a  curve  showing  the  temperature  at  different  times; 
estimate  the  temperatures  at  11  a.m.  and  5  p.m.  Also  find  the 
rate  at  which  the  temperature  is  changing  at  each  of  these  times. 

18.  The  height  of  a  boy  is  measured  every  year,  the  following 
being  the  record  of  the  measurements : 


Age 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

Height 

4'1" 

4'  2£" 

4'  5" 

4/8" 

4'  11" 

6'1" 

5'  3" 

5'  7" 

5'  9" 

5'  10" 

Draw  a  curve  showing  his  height  at  different  ages,  and 
find  his  rate  of  growth  at  the  ages  of  11,  14 J  and  16  years, 
respectively. 

19.  The  population  of  a  city  on  the  ]  st  Jan.  in  six  consecutive 
years  is  shown  in  the  adjoining  table. 


Year 

1898 

1899 

1900 

1901 

1902 

1903 

Population 

8,572 

8,811 

9,025 

9,160 

9,836 

10,650 

Estimate  the  rate  at  which  the  population  is  increasing  on 
July  1st  in  the  years  1899  and  1902. 
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20.  A  mail  has  100  square  foot  of  iron  plate,  and  wishes  to 
make  with  this  a  rectangular  cistern,  on  a  square  base,  without 
a  lid.     If  x  feet  be  the  length  of  a  side  of  the  base,  determine  the 
rapacity  of  the  cistern  in  cubic  feet. 

Also  by  plotting  on  squared  paper  the  value  of  this  capacity, 
determine  the  value  of  x  which  will  give  a  maximum  capacity, 
and  the  number  of  cubic  feet  in  this  maximum  capacity.  Use 
scales  of  1"  to  the  foot  and  1"  to  10  cubic  feet. 

21.  Prove  graphically  that  the  sum  of  a  positive  number  and 
its  reciprocal  can  never  be  less  than  2. 

22.  A  number  of   cylindrical    canisters    have  to   be   made 
to  contain  oil  for  export,  each   to  hold  1   gallon.      Find   their, 
dimensions    in    order    that    the    material   may  cost  as   little   as 
possible. 

(10  gallons  =  1  cub.  foot.) 

23.  The  equal  sides  of  an  isosceles  triangle  are  each  2"  Ion"1. 
Draw  a  curve  showing  the  area  of  the  triangle  for  different  values 
of  the  vertical  angle,  and  hence  find  the  value  of  this  angle  which 
will  make  the  area  a  maximum. 

(Area  of  a  A  =  lie  sin  A.} 


CHAPTER  III. 


THE  MEASUREMENT  OF  LENGTH. 


19.  Scales.  The  simplest  case  that  presents  itself  is 
to  find  the  distance  between  two  given  points,  A,  B,  on  a 
plane  surface.  Two  methods  can  be  employed. 

(a)  Take  a  flat  ruler  one  of  whose  bevelled  edges  is 
divided  into  inches  and  tenths  of  an  inch,  and  the  other  into 
centimetres  and  millimetres.  Such  a  ruler  is  called  a  scale. 
Lay  the  scale  on  the  surface  so  that  one  of  the  inch  divisions 
coincides  with  the  point  A,  and  the  edge  is  along  the  line  AB. 
Then  count  the  number  of  divisions  between  A  and  B.  If  B 
does  not  coincide  exactly  with  a  mark  on  the  scale,  estimate 
by  eye  the  fraction  of  a  division  over,  and  write  down  the 
length  of  AB  in  inches  and  decimals  of  an  inch. 

Thus  in  fig.  2 


Fig.  25. 

(I)  Take  a  pair  of  dividers,  and  place  one  point  on  A 
and  the  other  on  B.  Then  apply  ihe  dividers  to  the  scale 
and  read  the  distance  between  the  points. 
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Repeat  the  above  experiment,  using  the  centimetre  and 
millimetre  scale. 

20.  Diagonal  Scales.  Instead  of  estimating  the  second 
decimal  place  in  method  (b)  above,  it  may  be  accurately 
determined  by  using  a  diagonal  scale.  Such  a  scale  is 
usually  found  on  the  back  of  a  rectangular  protractor,  and 
is  divided  to  read  to  T^th  of  an  inch  (fig.  26). 

From  similar  triangles  OCD  and  OEF  it  is  seen  that 


Now  EF=  0-1"  ; 

In  this  way,  then,  it  is  possible  to  accurately  measure 
lengths  to  '01  of  an  inch. 

Thus  the  distance 


21.  The  Vernier.  Another  method  of  accurately  deter- 
mining a  length  is  by  means  of  a  "  Vernier."  Suppose  we 
have  a  scale  of  inches  and  tenths  on  a  straight  edged  ruler. 
Mark  off  a  distance  of  f^ths  of  an  inch  on  the  edge  of  a  card. 
Divide  this  distance  into  10  equal  parts.  Place  the  edge  of 
the  card  in  contact  with  the  ruler,  and  slide  it  along.  Now 
if  the  ruler  be  placed  along  a  straight  line  AB  (whose  length 
is  required),  the  zero  graduation  being  at  A,  and  the  card,  or 
vernier,  be  moved  along  until  its  zero  graduation  coincides 
with  B,  the  distance  between  the  two  zeros  is  the  length 
of  AB. 

In  order  to  read  this  distance,  it  must  first  be  noticed 
that  one  of  the  vernier  divisions  will  always  coincide  (either 
exactly  or  very  nearly)  with  one  of  the  scale  divisions.  Thus 
in  fig.  27  the  fifth  division  of  the  vernier  coincides  with  a 
division  on  the  primary  scale. 

Now  the  whole  length  of  the  vernier  =  9  scale  divisions 
T%ths  of  an  inch,  or  0'9",  in  the  given  example. 


.'.  Length  of  each  division  of  vernier  =  -j^ths  of  a  scale 
livision,  or  0-09". 
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Hence  the  length  of  a  scale  division  exceeds  that  of  a 
vernier  division  by  01"  -  0'09"  =  O'Ol". 

In  fig.  27  the  length  of  the  line  AB  clearly  lies  between 
3-3"  and  3'4".     Also  the  distance  between  the  3'3"  division 
of  the  scale  and  the  zero  of  the  vernier  is  the  excess  of  five 
scale  divisions  over  five  vernier  divisions,  or  0'05". 
.-.    Length  of  AB  =  3'35". 

Thus  in  measuring  a  length  by  a  vernier  we  have  to 
notice  which  vernier  division  coincides  with  a  scale  division ; 
this  number  gives  the  second  decimal  place. 

22.  Parallax.  It  often  happens  that  it  is  impossible  to 
make  the  scale  divisions  actually  touch  the  ends  of  the  object 
it  is  desired  to  measure.  Great  care  must  be  taken  in  such 
cases  that  the  line  from  the  eye  to  the  object  should  be 
perpendicular  to  the  object,  otherwise  an  error  will  be  made 
in  the  measurement,  due  to  "  parallax/'  or  the  displacement 
of  the  eye  from  the  perpendicular.  Thus  in  reading  the 


Fig.   28. 

n  in  a  ?lass  tube  (%  28)>  if  the  eye  be 

held  at  B  the  wrong  reading  is  obtained,  but  if  it  be  held 
at  A,  the  correct  height  will  be  read  off  the  scale 
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23.  The  circumference  of  a  circle.  Take  a  wooden 
cylinder,  and  wrap  a  strip  of  paper  tightly  round  it.  Stick  a 
pin  through  the  paper  into  the  cylinder.  Now  remove  the 
pin,  unroll  the  paper,  and  measure  the  distance  between  two 
consecutive  pinholes.  The  result  gives  the  circumference  of 
the  cylinder. 

Measure  also  the  diameter  of  the  cylinder  as  follows. 
Place  two  wooden  cubes  A,  B,  on  the  table  in  contact  with  a 
flat  ruler,  or  a  rectangular  block  of  wood,  G.  Place  the 
cylinder  upright  between  A,  B,  and  G,  all  three  being  in 
contact  with  it  (fig.  29).  Then  measure  the  distance  between 
A  and  B  by  placing  a  scale  on  C  touching  A  and  B. 


Fig.  29. 

Find  the  ratio  of  the  circumference  to  the  diameter, 
working  out  the  result  to  two  places  of  decimals. 

The  ratio  of  the  circumference  of  a  circle  to  its  diameter 
is  denoted  by  the  symbol  TT.  Thus  if  d  be  the  diameter,  the 
length  of  the  circumference  =  ird 

—  2-zrr  (if  r  be  the  radius). 

24.  Calipers.  There  are  two  types  of  instruments  known 
as  Calipers,  although  the  object  of  both  is  the  same,  namely 
the  determination  of  distances. 

1.  The  Common  Calipers.  These  are  practically  a  pair 
of  compasses  with  curved  legs  (fig.  30).  Like  ordinary 
compasses  they  may  be  used  to  measure  lengths  on  a  plane 
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surface  by  setting  the  points  to  the  two  spots  whose  distance 
apart  is  required,  and  then  measuring  this  distance  off  on  a 
scale  But  they  have  this  advantage  over  ordinary  dividers 
that  the  two  points  may  be  applied  to  opposite  ends  of 


Fig.  30. 

diameter  of  a  sphere  or  other  curved  body.  The  ordinary 
method  of  use  is  to  open  the  calipers  to  the  approximate 
width  and  then  pass  the  body  between  the  points,  opening  or 
closing  the  instrument  until  it 
j>!.*:t  allows  the  body  to  pass 
between  the  points.  Then  mea- 
sure off  the  distance  apart  on  a 
scale.  Sometimes  the  arms  are 
prolonged  beyond  the  pivot  with 
an  outward  bend,  as  in  fig.  31,  for  Fig.  31. 

ascertaining   internal    diameters, 

as  of  a  tube.  This  end  is  placed  in  the  tube  and  the 
calipers  opened  until  the  points  touch  the  sides  of  the  tube. 
Then  as  before  this  distance  is  read  off  on  a  scale. 

2.  Slide  Calipers.  This  instrument  (fig.  32)  consists  of 
a  steel  scale  with  two  perpendicular  steel  projections  having 
parallel  faces.  One  of  these  is  fixed  at  the  end  of  the  scale 
whilst  the  other  slides  along  it.  (A  wooden  slide  caliper  is 
in  common  use  in  bootmakers'  shops  for  finding  the  length  of 
the  foot.) 

The  moving  arm  has  an  index  attached  to  it,  or  a  bevelled 
edge  in  contact  with  the  scale,  and  when  the  arms '  are 
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touching  this  should  be  at  zero  on  the  scale.  If  not  the 
error  must  be  observed  and  added  to  (or  subtracted  from)  all 
subsequent  readings.  If  now  the  moving  arm  be  slipped 
along  the  scale,  some  object  (say  a  cylinder)  placed  between 


Fig.  32. 

the  arms  and  the  slide  pushed  back  until  the  cylinder  be 
gripped  between  the  two  arms,  the  index  will  give  us  the 
perpendicular  distance  between  the  two  arms,  and  hence  the 
diameter  of  the  cylinder. 

The  more  expensive  instruments  have  a  vernier  attached, 
in  order  to  get  more  accurate  readings,  and  frequently  also 
a  small  screw,  called  a  clamping  screw,  is  fixed  in  the  sliding 
arm,  a  turn  of  which  will  hold  the  arm  in  any  required 
position. 

25.  The  Micrometer  Screw  Gauge.  This  is  really  a 
modified  form  of  the  last  instrument,  in  which  the  distance 


Fig.  33. 

between  the  arms  is  governed  by  a  screw.     It  consists  of  a 
piece  of  steel  (fig.  33)  curved  in  the  shape  of  a  U,  one  of  the 
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arms  of  which  is  fitted  with  an  adjustable  metal  plug  with  a 
smooth  face,  whilst  the  other  carries  a  very  accurately  made 
screw,  whose  smooth  end  is  perpendicular  to  its  axis  and 
parallel  to  the  metal  plug,  against  which  it  abuts. 

The  distance,  in  the  direction  of  the  axis  of  the  screw, 
between  two  successive  ridges  or  grooves,  is  termed  the  pitchy 
and  when  the  head  of  the  screw  is  completely  turned  round 
once,  the  whole  screw  has  advanced  a  distance  equal  to  the 
pitch. 

Thus  if  the  pitch  of  the  screw  be  1  mm.  and  the  screw, 
after  touching  the  plug,  be  rotated  five  complete  turns  in  order 
to  allow  a  piece  of  glass  just  to  pass  between  it  and  the  plug, 
the  thickness  of  the  glass  is  5  rrims.  The  number  of  complete 
turns  is  read  off  on  a  small  scale  on  the  framework  parallel 
to  the  axis  of  the  screw. 

The  enlarged  head  of  the  screw  is  also  divided  into  10 
equal  parts,  and  each  of  these  into  10  smaller  ones,  and  these 
divisions  pass  in  turn  over  an  index  on  the  frame.  There- 
fore if  the  screw  be  turned  until  two  long  divisions  and  seven 
smaller  ones  have  passed  the  index,  it  has  made  T2^  -f-  j-J^  or 
'27  of  a  complete  turn,  and  has  advanced  "27  rnm.  When 
the  screw  and  plug  are  in  contact,  both  scales  should 
read  zero.  If  not,  the  error  must  be  noted  and  allowed  for 
in  all  future  readings.  The  adjustment  of  the  plug  should 
not  be  tampered  with. 

To  use  the  instrument.  Take  a  small  object,  say  a  piece 
of  glass,  the  thickness  of  which  we  require.  Turn  the  screw 
back  until  the  glass  passes  easily  between  it  and  the  plug. 
Then  advance  the  screw  until  the  object  is  loosely  gripped. 
Pressure  must  not  be  exerted,  for  either  the  instrument  will 
be  strained,  or  the  object  will  be  compressed,  and  in  either 
case  an  incorrect  reading  will  be  the  result.  Sometimes  the 
screw  is  fitted  with  a  <c  Ratchet"  head,  like  the  back  action 
of  the  winder  in  a  keyless  watch,  or  a  free-wheel  bicycle,  so 
that  immediately  the  object  is  touched  the  head  turns  loose, 
and  the  gauge  is  not  strained  by  excessive  pressure. 

Repeat  the  measurement  of  the  thickness  of  the  glass  at 
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least  three  times,  in  different  parts  of  the  piece,  and  calculate 
the  average  thickness. 

Play  or  "back-lash"  of  the  screw.  As  even  the  best 
fitting  screw  must  be  made  to  run  smoothly,  it  has  to  be 
slightly  loose,  and  gives  a  little  "  play."  If  a  screw  be  turned 
forwards  and  then  back,  it  will  be  found  that  at  the  moment 
when  the  motion  is  reversed,  the  head  turns  slightly  without 
the  screw  advancing.  This  may  be  compensated  for  by 
always  making  the  last  motion  of  the  screw  (before  reading) 
in  the  same  direction. 

26.  The  Spherometer.  The  spherometer  (fig.  34) 
consists  of  a  metal  tripod,  the  legs  of  which  are  situated  at 
the  angles  of  an  equilateral  triangle,  and  of  a  finely  cut  screw, 


Fig.  34. 

whose  axis  passes  through  the  centre  of  this  triangle  at  right 
angles  to  it.  As  with  the  Micrometer  Screw  Gauge  (of  which 
this  is  only  a  variation),  this  screw  has  a  large  head  which  is 
divided  usually  into  500  equal  parts,  and  grazing  the  edge  of 
this  head  is  a  graduated  scale  fixed  to  the  tripod.  On  the 
latter  scale  we  read  off  the  complete  number  of  turns  the 
screw  has  made,  and  on  the  former  the  fraction  of  a  turn,  each 
scale  serving  as  the  index  for  the  other. 


S.     T. 
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When  the  three  tripod  legs  and  the  screw  point  are  on  a 
level  surface,  such  as  the  glass  plate  usually  supplied,  both 
scales  should  read  zero.  If  not,  note  the  readings,  and  apply 
this  correction  to  all  future  observations. 

The  pitch  of  the  screw  is  generally  half  a  millimetre,  and 
the  head  is  divided  into  500  (or  50)  equal  parts. 

If  now  the  screw  be  rotated  one-fifth  of  a  complete  turn, 
the  head  reading  should  be  •!. 

If  it  be  turned  one-fifth  of  a  turn  from  zero  in  the  opposite 
direction,  the  head  reading  will  be  '4  and  not  *1. 

Hence,  for  readings  in  one  direction  (usually  when  the 
head  is  rotated  counter-clockwise,  tending  to  raise  the  screw), 
we  must  subtract  the  head  reading  from  500  (or  50)  to  get 
the  correct  result. 

Some  instruments,  however,  have  a  double  set  of  readings 

on  the  head,  one  for  movements  in  each  direction. 

• 

To  measure  thickness  with  a  spherometer.  Suppose  we 
want  to  find  the  thickness  of  a  piece  of  glass,  such  as  a 
microscope  slide.  Give  the  screw  several  turns,  so  as  to  raise 
its  point  well  off  the  glass  plate  on  which  the  instrument 
stands,  slip  the  piece  of  glass  under  the  screw  point,  and  turn 
the  screw  back  again  until  the  spherometer  will  just  not  spin 
on  the  central  poiut.  The  slightest  additional  turn  should 
make  it  do  this.  The  thickness  of  the  glass  is  then  found  by 
reading  off  the  number  of  complete  turns  and  fraction  of  a 
turn  the  screw  has  received,  always  bearing  in  mind  that 
a  complete  turn  raises  the  point  only  half  a  millimetre. 

It  has  this  advantage  over  the  screw  gauge,  that  too 
great  pressure  cannot  be  applied,  and  so  the  object  compressed 
or  the  instrument  strained. 

rru  27'  •  ?seof  the  spherometer  for  measuring  curvature. 
I  he  legitimate  object  of  a  spherometer,  however,  is  to  find  the 
radius  of  curvature  of  a  curved  surface ;  that  is  to  say,  to  find 
the  radius  of  the  sphere  whose  surface  would  coincide  with 
the  given  surface. 
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Before  we  can  use  it  for  this  purpose  we  must  consider 
the  geometrical  form  of  the  instrument,  and  derive  a  formula 
for  general  use. 

In  order  to  be  able  to  understand  the  calculations  necessary, 
let  us  imagine  the  spherometer  to  be  adjusted  so  that  all  four 
points  touch  the  surface  of  a 
sphere.  If  the  instrument  now 
be  rotated  about  its  screw  point, 
the  three  legs  will  describe  a 
circle,  the  centre  of  which  lies 
on  that  diameter  of  the  sphere 
which  is  a  'continuation  of  the 
axis  of  the  screw.  Let  us  now 
bisect  the  sphere  by  a  plane  con- 
taining this  diameter  (fig.  35). 

Let  G  be  the  point  of  contact 
of  the  screw,  and  A  the  foot  of 
one  of  the  legs.  Draw  AEB 
perpendicular  to  the  diameter 
through  G. 

Then  because  AB  and  CD  are  two  chords  of  a  circle  inter- 
secting in  E,  therefore 

rectangle  GE .  ED  =  rectangle  BE.EA  (Euc.  m  35) 
=  sq.  on  EA  (since  BE  =  EA). 

Let  r  —  radius  of  the  sphere. 

h  =  GE  =  height  to  which  screw  is  raised  above 
the  level  of  the  legs. 

d  =  EA  =  horizontal   distance    of  tripod   legs 
from  the  screw. 


Then  we  get 


whence 


=  sq.  onEA, 
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It  is  usually  more  convenient  to  express  the  radius  in 
terms  of  h  and  the  distance  between  two  of  the  legs  of  the 
tripod.  This  distance,  which  we  will  call  I,  is  the  side  of  an 
equilateral  triangle  inscribed  in  a  circle  whose  radius  is  d,  and 

therefore  we  get  I  =  (2\/3,  or  d  =  -^  .     Substituting  this  latter 
value  in  our  previous  formula,  it  becomes 


The  distance  between  two  feet  is  readily  found  by  lightly 
pressing  them  on  a  piece  of  paper,  and  measuring  the  length 
of  the  straight  line  between  the  two  holes. 

Once  found,  it  is  clearly  a  constant,  that  is  to  say,  is  always 
the  same  for  the  same  instrument. 

To  find  a  radius  of  curvature. 

Example.  The  spherometer,  whose  legs  are  5  cms.  apart,  is 
placed  on  a  convex  lens,  and  it  is  found  that  all  four  feet  touch  it 
when  the  screw  has  been  raised  2*75  rams. 

Data.     £c=5cms., 

h  =  2-75  mms.  =  -275  cms. 

Note.  All  similar  measurements  used  in  a  formula  must  be 
expressed  in  tfte  same  units. 

'=K+i 

2^_       -275 
6x-275+    2 

=  15-15  +  -1375 
-  15-29  cms. 

28.     The  Opisometer.     We  have  hitherto  measured  the 

idvance  of  a  screw  by  the  number  of  turns  given  to  the 

head.     But  we  can  reverse  this  process,  viz.  run  the  head 

ong  a  straight  line  and,  by  finding  out  how  much  the  screw 

has  advanced,  and  measuring  the  circumference  of  the  head, 

determine  the  length  of  the  line. 
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A  more  convenient  arrangement  is  a  small  wheel  with 
a  milled  edge,  mounted  on  a  screw,  which, 
in  its  turn,  is  held  in  a  convenient  frame  with 
a  pointer  at  one  end  (fig.  36).  Such  a  device 
is  called  an  Opisometer  or  Road-measurer,  and 
is  used  for  determining  the  lengths  of  curved 
lines,  or  the  distance  by  road  between  two 
places  on  a  map. 

To  use  the  instrument.  Turn  the  wheel 
along  the  screw  until  it  touches  the  pointer. 
Then  place  the  wheel  at  one  end  of  the  line, 
and  carefully  run  it  along  the  line  to  the 
other  end.  Then  set  the  wheel  on  the  end 
of  a  centimetre  or  other  scale,  and  run  the 
wheel  along  the  scale  in  the  reverse  direction. 
When  it  reaches  the  pointer,  its  milled  edge 
will  make  it  drag  on  the  scale,  and  the 
pointer  will  indicate  on  the  scale  the  distance 
traversed. 

When  measuring  distances  on  a  map,  the 
scale  attached  to  the  map  is  used. 


Fig.  36. 


EXAMPLES  III. 


1.  Rule  a  straight  line  AD  between  8"  and  10"  long.      Mark 
at  random  two  points  B,  C,  on  it.      Measure  the  lengths  AB,  BC, 
CD,  by  laying  the  bevelled  inch  scale  along  them,  and  write  down 
your  results,  estimating  by  eye  the  second  decimal  place.     Then 
measure  the  whole  length  AD.     See  if  A B  +  BC  +  CD  =  AD. 

2.  Repeat  the   above  experiment  (Ex.   1),  using  the  centi- 
metre scale,  and  measuring  the  distances  with  your  dividers. 

3.  Measure  the  lengths  AB,  BC,  CD,  using  the  dividers  and 
diagonal  scale  of  inches.     See  if  your  results  agree  with  those 
obtained  in  Ex.  1. 
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4.  Rule  a  straight  line  10"  long.     Then  by  applying  the 
centimetre  scale  to  it,  find  the  length  of  the  line  in  centimetres. 
Hence  deduce  the  number  of  centimetres  in  an  inch. 

5.  Rule  a  straight  line  10  cms.  long,  and  measure  its  length 
in  inches.     Hence  express  1  cm.  as  the  decimal  of  1". 

6.  Take  a  scale  provided  with  a  sliding  vernier,  and  measure 
by  means  of  it,   correct  to  the  nearest  TJ^th  of  an  inch,  the 
lengths  of  a  number  of  small  objects,  such  as  pencils,  the  height 
and  breadth  of  a  box  of  weights,  metal  screws,  etc.,  recording  on 
paper  the  length  of  each  object.     (This  exercise  should  be  con- 
tinued until  the  student  is  thoroughly  conversant  with  the  method 
of  reading  a  vernier.) 

7.  Find  by  the  method  of  Art.  22  the  circumference  of  a 
wooden  cylinder,  and  also  its  diameter.     Find  the  ratio  (TT)  of  the 
circumference  to  the  diameter,  to  two  places  of  decimals.     (The 
measurements  should  be  taken  in  both  inches  and  centimetres, 
and  the  two  values  of  IT  compared.) 

8.  Find  the  diameters  of  a  wooden  ball,   a  watch-glass,  a 
penny  and  a  half -penny. 

9.  Measure  the  pitch  of  a  screw  by  inserting  the  end  in 
a  piece  of   cardboard,  giving  it  a  certain  number  of  complete 
turns   and   measuring   how   far   the   screw   has   penetrated   the 
card.     Divide   this    distance   by   the   number   of    turns.     Take 
measurements   for   4,    8,    12    and    16  turns,   and  compare   your 
answers.     Which  result  do  you  think  is  the  most  correct? 

10.  By  means  of  the  calipers  measure  the  diameters  of   a 
wooden   cylinder,   a   penny,    and   a   half-penny.      Compare    the 
results  with  those  obtained  in  Exs.    7  and  8.     Also   find   the 
thickness   of   this   book    (without   the   covers)    and  deduce  the 
thickness  of  one  leaf. 

(N.B.     Remember  that  there  are  two  pages  to  each  leaf.) 

11.  By  means  of  the  "inside"  calipers,  find   the  internal 
diameter  of  a  piece  of  wide  glass  tubing.     Also  find  its  external 
diameter  with  ordinary  calipers.     Hence  calculate  the  thickness 
or  the  glass. 

12.  Repeat  Ex.  11  with  the  neck  of  a  flask. 

13.  Using  the  slide-calipers,  find  the  diameters  of   several 
pieces  of  glass  tubing. 
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14.  Find  the  thickness  of  a  flat  piece  of  glass  by  means  of 
the  micrometer  screw.     Measure   it  in  at  least  three  different 
places,  and  take  the  average  of  your  results. 

15.  Find  by  using  the  same  instrument  the  diameter  of 

(a)  a  lead  pencil, 

(b)  a  piece  of  glass  tubing, 

(c)  a  hair. 

In  each  case   the   result   should   be   the    average    of    several 
measurements. 

16.  Find  by  the  micrometer  screw  the  thickness  of 

(a)  a  leaf  of  this  book, 

(b)  10  leaves, 

(c)  100  leaves. 

17.  With  a  centimetre  ruler  measure  the  thickness  of  this 
book  (without  its  covers),  and  calculate  the  thickness  of  one  leaf. 
Compare  the  result  with  those  obtained  in  Exs.  10  and  16. 

18.  Use   the    spherometer   to   determine    the    diameter    of 
a  wooden  ball. 

19.  With  the  same  instrument  find  the  radius  of  curvature 
of  (a)  the  convex,  (b)  the  concave  side  of  a  large  watch-glass,  and 
calculate  its  thickness  (assumed  uniform). 

20.  Find  the  radius  of  a  cricket  ball. 

21.  Describe  three  circles  of  different  radii:    measure  the 
circumference   of   each    by   the   opisometer,   and   divide  by  the 
diameter.     Find  the  average  value  of  TT  thus  obtained. 

22.  Find  both  in  inches  and  centimetres  the  length  of  the 
curve  in  fig.  6. 

23.  On  the  given,  map  find  the  distance  apart  of  the  two 
places  indicated 

(a)  by  road, 

(b)  by  rail, 

(c)  as  the  crow  flies. 

(A  fairly  large  scale  map  of  the  district  should  be  provided.) 


CHAPTER  IV. 


THE  MEASUREMENT  OF  ANGLES. 


29.  The  semi-circular  Protractor.  The  unit  of  angular 
measurement  most  commonly  used  in  practical  work  is  the 
degree,  which  is  -^th  of  a  right  angle.  In  order  to  construct 
or  measure  an  angle  an  instrument  called  a  protractor  is 
employed,  of  which  there  are  two  forms,  one  being  semi- 


circular and  the  other  rectangular.  The  construction  of  a 
protractor  which  will  measure  angles  of  5°  is  a  useful  exercise, 
and  should  be  carried  out  by  every  student. 
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Draw  a  semi-circle  of  any  convenient  radius  (say  2"),  and 
bisect  it  by  a  radius  00  perpendicular  to  its  diameter  AOB. 
With  the  same  radius,  but  centres  A,  B  and  0,  respectively, 
cut  the  circumference  in  the  points  E,  D,  F,  G.  Join  all 
these  points  to  0.  Then  if  BD  be  joined,  BOD  will  be  an 
equilateral  triangle,  so  that  the  angle  BOD  =  60°.  Similarly 
each  of  the  angles  DOE,  EOA,  COF,  COG,  is  60°.  Hence 
the  angles  BOF,  POD, —  are  each  30°.  With  the  aid  of 
a  pair  of  dividers,  divide  the  arc  BF  into  three  equal  parts, 
and  step  off  the  distance  so  obtained  round  the  whole  cir- 
cumference. On  joining  the  points  so  obtained  to  the 
centre,  the  angle  between  any  two  consecutive  radii  is  10°. 

Now  bisect  each  of  these  divisions,  and  cut  out  the  semi- 
circle, and  we  have  a  simple  form  of  protractor,  which  will 
enable  us  to  construct  or  measure  (to  the  nearest  5°)  any 
angle  from  0°  to  180°. 

To  use  the  protractor.  Suppose  it  is  required  to  draw 
a  line  PR  inclined  to  a  given  line  PQ  at  an  angle  of  55°. 
Place  the  straight  edge  AB  of  the  protractor  along  PQ,  the 
centre  0  being  exactly  over  the  point  P.  Then  mark  a 
point  on  the  paper  close  to  the  55°  division,  remove  the 
protractor,  and  join  this  point  to  P. 

Similarly  a  given  angle  may  be  measured  by  placing  OB 
along  one  leg  of  the  angle,  0  being  at  the  angular  point,  and 
observing  which  division  falls  exactly  over  the  other  leg. 

30.  The  rectangular  Protractor.  This  form  of  pro- 
tractor can  readily  be  constructed  by  drawing  a  rectangle  on 
a  piece  of  thin  card-board,  placing  the  semi-circular  protractor 
with  its  straight  edge  along  one  of  the  longer  sides  of  the 
rectangle,  their  middle  points  coinciding,  and  then  marking 
the  position  of  each  angular  division.  The  points  so  ob- 
tained are  joined  to  0,  and  the  joining  lines  produced,  if 
necessary,  to  cut  the  edge  of  the  rectangle,  which  is  then  cut 
out  and  figured. 

This  kind  of  protractor  is  used  exactly  like  the  other. 
As  supplied  in  boxes  of  instruments,  rectangular  protractors 
are  usually  made  of  box-wood  or  ivory,  and  are  divided  to 
read  single  degrees. 
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CHAPTER  V. 


THE  MEASUREMENT  OF  MASS. 

31.  Mass.  The  mass  of  a  body  is  the  quantity  of 
matter  (or  material)  it  contains. 

The  British  unit  of  mass  is  a  lump  of  platinum  (which  is 
kept  in  the  Exchequer  Office)  called  a  pound. 

The  metric  unit  of  mass  is  called  a  kilogram,  and  is  the 
mass  of  a  litre  (1  cubic  decimetre)  of  distilled  water  at  4°  C. 
For  many  purposes,  however,  especially  in  scientific  work,  it 
is  convenient  to  take  yoVo*G  °f  a  kilogram — called  a  gram — 
as  unit. 

Weight.  The  weight  of  a  body  is  the  force  with  which 
the  earth  attracts  it,  and  it  is  therefore  equal  and  opposite 
to  the  force  which  must  be  exerted  to  prevent  the  body  from 
falling. 

Although  the  mass  of  a  given  body  is  invariable  (from  ite 
definition),  its  weight  will  depend  on  the  earth's  attractive 
force,  and  may  therefore  vary.  We  know  that  the  farther 
we  are  away  from  the  centre  of  the  earth,  the  smaller  is  the 
attraction  exerted,  and  although  the  difference  in  distance 
from  the  earth's  centre  of  the  poles  and  the  equator  is  not 
great,  it  is  sufficient  to  enable  us  to  detect  the  difference  in 
the  weight  of  a  body  in  these  localities. 

If  we  fasten  a  mass  of  1  Ib.  to  a  piece  of  india-rubber 
cord,  and  notice  how  much  the  latter  is  stretched  when  held 
vertically,  and  we  then  replace  the  pound  by  another  body 
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which  stretches  the  cord  equally,  we  say  that  the  mass  of  the 
second  body  is  1  Ib.  But  the  cause  of  the  stretching  of  the 
cord  was  not  the  mass  of  the  body,  but  its  weight,  so  that 
by  equal  masses  we  mean  masses  which  have  equal  weights. 

Since  in  the  same  locality  the  attractive  force  of  the 
earth,  or  the  force  of  gravity,  is  constant,  the  weights  of 
equal  masses  will  always  be  the  same  at  the  same  place. 

Thus  if  we  place  two  equal  masses  in  the  scale  pans  of  a 
balance,  they  will  exactly  counterpoise  each  other,  no  matter 
where  the  experiment  is  conducted.  If  we  then  attach  each 
mass  to  a  similar  piece  of  elastic  cord  and  hold  it  vertically, 
the  cords  will  be  equally  stretched;  but  if  we  could  take  one 
of  these  cords  (with  the  mass  attached)  to  the  North  Pole, 
and  the  other  to  the  equator,  the  first  would  be  stretched 
slightly  more,  and  the  second  slightly  less,  than  it  was 
originally,  showing  that  the  weight  of  a  mass  increases  as  it 
approaches  the  earth's  centre,  and  diminishes  as  it  recedes 
from  this  point*. 


Fig.  39. 

*  This  statement  does  not  apply  to  the  case  in  which  the  mass  is  taken 

n  a  deep  hole  sunk  in  the  earth,  for  in  this  case  the  mass  of  the  earth 

bove  the  body  attracts  it  upwards,  and  diminishes  its  weight 
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32.  The  Balance.     The   Balance  (fig.  39)  is  really  a 
lever  or  beam  balanced  on  its  middle  point  (the  Fulcrum), 
with  pans  of  equal  mass  suspended  from  each  end. 

The  fulcrum  consists  of  a  triangular  steel  bar  (called  a 
knife  edge),  which  rests  on  a  smooth  horizontal  plane, 
generally  of  agate,  so  as  to  give  as  little  friction  as  possible. 
When  not  in  use,  the  beam  is  lowered  by  a  lever  or  screw 
actuated  by  an  eccentric  through  the  upright  pillar,  so  that  the 
pans  rest  on  the  base ;  and  the  beam  is  frequently  then  sup- 
ported by  other  means,  so  that  the  knife  edges  only  come  into 
play  when  in  use.  Attached  to  the  beam  is  a  long  pointer 
which  moves  over  a  scale,  and  if  correctly  set,  this  stands 
at  zero  on  the  scale  when  equal  masses  are  in  the  two  pans. 

To  adjust  the  balance.  Cases  have  been  met  with  where 
one  pan  of  a  balance  which  has  been  in  use  some  time, 
through  corrosion  or  by  other  means,  gets  heavier  than  the 
other,  so  that  the  index  does  not  stand  at  zero  when  the 
balance  is  tried  with  both  pans  empty. 

To  adjust  errors  of  this  kind,  a  small  screw  with  a  wheel 
running  on  it  is  usually  fastened  to  one  end  of  the  beam,  and 
by  turning  the  wheel  in  one  direction  or  the  other,  equi- 
librium may  be  restored. 

33.  Use  of  the  instrument.     A  balance  is  a  delicate 
instrument,  and  not  constructed  to  stand  rough  usage.     The 
following  rules  for  its  use  should  be  strictly  carried  out  in 
every  laboratory,  if  satisfactory  results  are  looked  for. 

1.  Never,  under  any  circumstances,  place  anything  on 
the  pans,  or  remove  anything  from  them,  except  when  they 
are  at  rest  on  the  baseboard. 

2.  Never  touch  any  of  the  weights  with  your  fingers. 

3.  Weigh    anything   wet   or   "dirty"   in   a   beaker,  or 
other  vessel,  and  see  that  the  outside  of  the  vessel  is  clean 
and  dry. 

4.  Never  leave  anything  on  the  pans  after  weighing. 

It  is  a  general  rule  in  weighing  to  put  the  substance  in 
the  left-hand  pan,  and  the  weights  in  the  other  one. 
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34.  The  Weights.  These,  which  are  usually  contained 
in  a  wooden  case  (fig.  40),  are  multiples  or  fractions  of 
1  gram. 


Fig.  40. 

The  usual  range  is  from  1  hektogram,  or  100  grams,  to 
1  milligram,  or  y^j  gram,  and  they  will  be  found  to  be  in 
sets  of  4,  viz.  1,  2,  2,  and  5  times  the  mass  of  each  of  the 
following  :  — 

1  gram 

1  dekagram  or  10  grams 

1  decigram    „  T^      „ 

1  centigram  „  T^     „ 

1  milligram  „ 


The  gram  and  all  larger  weights  are  usually  made  of 
brasa 

The  fractions  of  a  gram  are  in  spaces  under  a  glass  slip, 
and  are  usually  made  of  aluminium,  platinum,  or  German 
silver. 

Generally  their  value  is  stamped  on  them  in  milligrams, 
but  in  weighing  they  should  be  treated  as  decimals  of  a  gram. 
Thus 

500  mgrs.  =  -5  gr.,    50  mgrs.  =  -05  gr.,   and  5  mgrs.  =  '005  gr. 
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For  convenience  of  identifying  them,  it  will  be  found  that 
the  500,  50,  and  5  mgr.  weights  are  hexagonal  in  shape,  the 
200,  20,  and  2  mgrs.  square,  and  the  100,  10  and  1  mgrs.  tri- 
angular (fig.  41),  A  good  plan  is  to  rule  and  mark  a  slip  of 


Fig.  41. 

paper  as  below  (fig.  42),  and  paste  it  on  the  front  of  the  balance. 
Then  transfer  all  the  small  weights  from  your  box  to  this  slip 
before  commencing  to  weigh. 


x 

x 

•5 

•2 

•2      . 

•1 

X 

•05 

•02 

•02 

x 
•01 

•005 

x 
•002 

•002 

x 
•001 

Fig.  42. 

The  easiest  way  of  reckoning  up  the  weights  used  in  any 
operation  is  to  count  up  the  weights  missing  from  the  box  or 
slips,  and  check  your  result  by  counting  the  weights  as  you 
remove  them  from  the  pan. 

Thus,  suppose  the  weights  from  those  squares  marked  x 
(fig,  42)  have  been  used,  we  can  see  at  once  that 

•2 +  -2      ='4 

•05-f-Ol    ='06 
•002 +  '001  = '003 

•463  of  a  gr.  has  been  taken. 

35.  To  find  the  mass  of  a  given  substance.  Place 
the  substance  in  the  left-hand  pan.  If  a  liquid,  or  a  powder, 
first  place  it  in  a  tared  vessel  (that  is,  a  vessel  the  weight 
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of  which  has  been  previously  ascertained.  From  the  French 
tarer  meaning  to  counterpoise).  Then  place  in  the  right 
pan  what  you  judge  to  be  about  its  weight,  say  50  grs. 
Raise  the  lever ;  if  the  left-hand  pan  rises  first,  the  weight  is 
too  heavy.  Lower  the  lever  and  replace  the  50  gr.  weight  by  the 
next  smaller,  viz.  20  grs.  This  time  the  right-hand  pan 
rises,  the  weight  is  not  enough.  Add  the  next  weight,  that 
is,  the  other  20  gr.  weight;  still  not  heavy  enough.  It  is 
useless  to  add  the  next  weight,  viz.  10  grs.,  since  this  would 
bring  the  weight  up  to  50  grs.,  which  we  have  seen  to  be  too 
much.  Pass  on  to  the  next  series,  viz.  5,  2,  2  and  1  gr. 
Systematic  weighing  like  this  is  the  most  speedy  and  avoids 
mistakes.  A  beginner  may  sometimes  be  seen  with  all  the 
fractions  of  a  gr.  on  the  pan,  and  he  will  complain  that  he 
cannot  find  the  weight,  as  they  are  not  enough,  and  the 
addition  of  1  gr.  (the  smallest  weight  left)  makes  it  too 
much,  quite  oblivious  of  the  fact  that  the  1  gr.  weight 
together  with  some  of  the  fractions  will  have  the  desired 
effect. 

36.  Method   of  oscillations.     Very   frequently  when 
the  lever  of  a  balance  is  raised,  the  beam  starts  swinging, 
and  the  pointer  oscillates  from  side  to  side  of  the  zero  mark. 
It  will  probably  be  two  or  three  minutes  before  it  comes  to 
rest.     But   we   need   not   wait   for  that.     Note  how   many 
divisions  on  the  scale  past  the  zero  the  pointer  moves  over 
in  one  direction  (say  20).     Then  the  number  on  the  opposite 
side  (17).     This  does  not  necessarily  show  that  the  pointer 
will  not  rest  at  zero,  since  the  amplitude  or  distance  of  the 
swings  is  diminishing,  so  note  the  distance  covered  on  the 
first  side  in  the  next  swing  (14).     Take  the  arithmetic  mean 
or  average  of  the  two  swings  on  the  same  side  (20  and  14 
giving  17),  and  if  this  agrees  with  the  swing  on  the  other 
side,  the  correct  weight  is  in  the  pan.     This  is  even  better 
than  waiting  for  the  balance  to  come  to  rest,  as  sometimes, 
if  the  knife  edges  have  dust  or  rust  on  them,  the  beam  when 
moving  slowly  is  brought  to  rest  in  another  position. 

37.  Double  weighing.     If  the  arms  of  a  balance  are 
not   of  exactly  equal  length,  we  should  not  get  the  true 
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weight  by  the  foregoing  method.  For  the  mechanical 
principle  of  the  Balance  is,  that  the  mass  in  the  left-hand 
pan  (or  more  correctly,  hanging  from  the  left-hand  end  of 
the  beam),  multiplied  by  its  distance  from  the  fulcrum 
=  mass  on  the  other  side,  multiplied  by  its  distance  from 
the  fulcrum. 

Now,  to  take  an  extreme  case,  let  us  suppose  the  left  arm 
to  be  12"  long  and  the  right  arm  11''  long,  and  let  a  mass  M 
in  the  left  pan  be  balanced  by  30  grs.  in  the  right  pan. 

Then  M  x  12  =  30x11, 

,,    30x11 

M= — z-x —  =  27'5  grs. 

Such  an  error  is  of  course  extremely  unlikely,  but  take  the 
case  of  a  balance  standing  in  a  room,  arid  the  sun  shining 
through  a  window,  so  situated,  that  its  light  falls  directly  on 
one  arm  and  not  on  the  other.  The  first  arm  will  expand 
with  the  sun's  heat,  and  so  the  apparent  weight  of  a  substance 
would  not  be  exactly  the  true  one. 

Errors  from  this  cause  may,  however,  be  eliminated  by 
either  of  the  following  methods  of  double  weighing ;  and  one 
of  them  should  always  be  employed  in  cases  where  a  great 
degree  of  accuracy  is  desired. 

38.  I.     Borda's  Method.     Place  the  object  in  the  left- 
hand  pan,  and  put  shot  or  sand  in  the  other  pan,  until  an 
exact  counterpoise  is  obtained.    Then  remove  the  object,  and 
place  weights  in  the  kft-hand  pan,  until  the  sand  or  shot 
is  again  balanced.     Then,  whatever  the  ratio  between  the 
object   and  the  sand  may  be,  the  weights  bear  the  same 
ratio  to  that  of  the  sand,  and  therefore  the  mass  of  the  object 
equals  that  of  the  weights. 

39.  II.     Gauss'  Method.     This  is  the  more  reliable 
method  of  the  two. 

Place  the  mass,  whose  true  weight  is  W,  in  the  left  pan, 
and  counterpoise  with  weights  in  the  other. 

S.     T.  5 
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Note  the  weight  (  =  WJ. 

Then  place  the  mass  W  in  the  right  pan,  and  the  weights 
to  balance  it  in  the  left  one. 

Again  note  the  weight  (  TF2). 

Let  the  lengths  of  the  left  and  right  arms  be  x  and  y  cms. 
respectively. 

Then  by  the  Mechanical  Principle  of  the  Balance  we  get, 
in  the  first  case, 

and  in  the  second  case, 

Multiplying  (i)  and  (ii)  together  we  get 


that  is  Fa=TPiTT2, 

.-.  W  =  VW1W2, 
a  result  which  is  quite  independent  of  the  values  of  x  and  y. 

Here  we  get  W  as  the  Geometric  Mean  between  the  two 
weights  TTj  and  W2.  If  these  are  nearly  alike,  the  Arith- 

/fy  -f  Tf"\ 
metic  Mean  f  — l-^ — - 1  will  give  practically  the  same  value 

for  W. 

Balances  should  be  tested  periodically  by  this  method. 

40.  The  Spring  Balance.  If  a  piece  of  tempered  iron 
wire  be  taken,  which  has  been  coiled  round  a  pencil,  we  get 
a  spring. 

We  ^et  a  precisely  similar  spring  if  we  substitute  for  the 
wire  a  piece  of  rubber  cord. 

In  either  case,  the  value  as  an  instrument  for  determining 
weight  depends  on  the  two  following  reasons. 

1.  Both  are  elastic;  that  is  to  say,  if  either  is  bent 
or  stretched  out  of  shape,  it  tends  to  return  to  its  original 
form. 
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2.  In  both  cases  the  distortion  or  stretching  is  directly 
proportional  to  the  force  applied.  Care  must  be  taken  not 
to  exceed  the  limits  for  which  the  balance  is  graduated,  or  it 
will  be  permanently  distorted. 

It  follows  from  the  above  that  such  a  spring  will  measure 
the  Weight  (or  attractive  force  of  the  earth),  and  not  the  Mass 
of  a  body  attached  to  it ;  but  since  we  have  seen  that  Weight 
is  proportional  to  Mass  at  any  orie  spot,  the  spring  will  serve 
to  determine  Mass  as  well  as  Weight. 

It  has  this  advantage  over  a  balance,  that  it  shows  the 
true  weight  of  a  substance. 

Thus  a  mass  of  lead  weighing  1  kilogram  in 
London,  both  on  a  spring  balance  and  in  an 
ordinary  balance,  would  register  a  weight  of 
1  kilogram  in  the  ordinary  balance  at  the 
equator,  but  less  than  1  kilogram  on  the  spring 
balance,  the  earth's  attractive  force  being  less. 

Since  such  an  apparatus  measures  force ; 
it  is  often  called  a  Dynamometer. 

Commercially,  spring  balances  are  usually 
enclosed  in  metal  cases,  with  a  hook  at  the 
lower  end,  and  a  pointer  passing  over  a  graduated 
scale  (fig.  43). 

A  very  simple  and  delicate  apparatus  may 
however  be  made  by  fastening  a  piece  of  rubber 
cord  (about  2  mms.  diameter)  to  a  ruler,  or  long 
slip  of  wood,  and  tying  a  wire  ring  or  hook  to 
the  other  end  of  the  cord.  Then  if  a  piece  of 
thread  be  bound  round  the  cord  at  any  point,  on 
holding  the  wooden  slip  vertical,  and  attaching 
various  weights  to  the  hook,  the  corresponding- 
positions  of  the  thread  may  be  marked  on  a 
strip  of  paper  pasted  on  to  the  wood. 

If  two  such  readings  are  carefully  taken, a  scale 
may  be  prepared,  all  the  graduations  being  equi- 
distant for  equal  additions  to  the  mass  attached. 
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EXAMPLES  IV. 

1.  Find  the  mass  of 

(a)  a  block  of  wood  of  known  dimensions, 

(6)  a  potato, 

(c)  a  small  stone, 

(d)  a  piece  of  wool, 

(e)  a  dry  sponge, 

(/)     a  sponge  soaked  in   water,  and   squeezed  as   dry  as 
possible. 

2.  Find  the  mass  of  1  oz  in  grams. 

3.  Repeat  Ex.  1,  using  a  spring  balance. 

4.  Weigh  an  egg  or  other  similar  small  body   by   Gauss' 
method. 

5.  Repeat  Ex.  4,  using  Borda's  method. 
Compare  your  answers. 

6.  Take  a  piece  of  tinfoil  of    uniform  thickness.      Cut  out 
1  sq.  in.  and  weigh  it.     Then  cut  out  10  sq.  in.,  weigh  them  and 
deduce  the  mass  of  1  sq.  in.     Why  should  the  latter  result  be  the 
more  correct  of  the  two  ? 

7.  Weigh  the  given  lettered  objects,  and  record  their  masses 
for  future  use.     (These  should  include  lettered  Specific  Gravity 
bottle,  wooden  blocks,  etc.     See  Introductory  remarks.) 


CHAPTER  VI 


THE  MEASUREMENT  OF  AREA. 

41.  Area  of  a  rectangle.  Let  ABCD  be  a  rectangle,  of 
which  the  side  AB=  3  cms.,  and  BG—  4  cms. 

Then  by  drawing  parallels  to  the  sides  1  cm.  apart,  the 
figure  is  divided  into  a  number  of  squares,  the  area  of  each 
being  a  square  centimetre. 


Fig.  44. 


E  C 

Fig.  45. 


Now  there  are  three    horizontal  rows,   each   containing 
four  squares.     Hence  the  area  3  x  4  sq.  cms.,  or  12  sq.  cms. 

Thus  the  area  of  the  rectangle  ==  length  x  breadth. 

This  can  be  shown  to  be  true  in  every  case,  even  when 
the  sides  do  not  contain  an  exact  number  of  centimetres. 


42.     Area  of  a   parallelogram. 
ABCD  out  of  paper. 


Cut   a    parallelogram 
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Draw  AE  perpendicular  to  BG.  Then  cut  off  the  triangle 
ABE  and  place  it  in  the  position  DCF.  The  figure  is  now 
a. rectangle  AEFD,  and  its  area  =  ^l#  x  EF  =  AE  x  BG 
=  height  x  base. 


43.  Area   of    a   triangle.     If  we   draw   AD   parallel 
to  BO,  and  CD  parallel  to  BA,  a  parallelogram  ABGD  is 
obtained. 

Now  by  cutting  out  this  parallelogram,  if  we  cut  off  the 
triangle  A  CD,  it  will  be  found  to  be  exactly  equal  and  similar 
to  ABC. 

Hence  the  area  of  the  triangle  =  J  area  of  parallelogram, 
=  J  height  x  base. 

44.  Area  of  a  circle.     This  may  be  practically  deter- 
mined by  the  following  approximate  method,  for  which  we 
are  indebted  to  Mr  A.  Earl,  of  Tonbridge  School*. 

Draw  a  circle  of  2"  radius.  Divide  its  circumference 
into  12  equal  parts,  by  drawing  two  diameters  at  right 
angles,  and  stepping  off  the  radius  from  their  ends.  Bisect 
these  divisions,  thus  dividing  the  circumference  into  24  equal 
parts.  Join  the  points  of  division  to  the  centre,  cut  out  the 
sectors  so  obtained,  and  paste  them  on  a  card  close  to  one 
another  and  pointing  alternately  up  and  down.  The  figure 
produced  will  be  approximately  rectangular,  and  its  area 
=  height  x  base. 

If  the  last  sector  be  again  bisected,  and  one  half  placed 
at  each  end,  the  approximation  in  shape  to  a  rectangle  will 
be  still  closer. 

*  Practical  Lessons  in  Physical  Measurement,  p.  89. 
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Since  the  height  of  the  rectangle  =  radius  of  circle,  and 
base  =  \  circumference,  it  follows  that 

Area  of  circle  =  r  x  ?rr, 


Also  the  area  of  a  sector  is  seen  from  the  same  construction 
to  be  $?*  .  I,  where  I  is  the  length  of  its  arc. 

45.     Area  of  a  trapezoid.     A  trapezoid  is  a  quadrilateral, 
two  of  whose  sides  are  parallel.- 


Fig.  47. 

If  A  BCD  be  a  trapezoid,  and  AC  be  joined,  the  figure  is 
divided  into  two  triangles  of  equal  height,  viz.  the  perpen- 
dicular distance,  AE,  between  the  parallel  sides  AD,  BC. 

.'.  Area  of  trapezoid  =  sum  of  areas  of  triangles 


—  \  sum  of  parallel  sides  x  perpen- 
dicular distance  between  them. 

46.  Area  of  an  irregular  curved  figure.  This  may  be 
found  in  the  following  way.  Draw  a  straight  line  AB  across. 
the  broadest  part  of  the  figure  (fig.  48).  Divide  AB  into  a 
number  of  equal  parts,  and  draw  perpendiculars  through  the 
points  so  obtained  to  meet  the  curve  on  both  sides.  Then 
by  considering  the  portions  of  the  curve  (as  CD)  between  the 
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ends  of  the  perpendiculars  as  straight  lines,  the  area  is  made 
up  of  a  number  of  trapezoids,  with  a  triangle  at  each  end. 
Its  area  is  the  sum  of  these,  and  is  therefore  approximately 

sum  of  perpendiculars 

x  distance  between  two  consecutive  ones. 


C/ 


Fig.  48. 

If  the  curve  be  terminated  by  straight  lines,  as  in  fig.  49, 
the  two  end  ordinates  must  be  halved. 


Fig.  49. 

47.  A  more  accurate  method  than  the  last  is  to  take 
the  middle  ordinate  of  each  approximate  trapezoid  as  its 
average  height. 

Thus  in  fig.  50,  AB  is  divided  into  seven  equal  parts, 
and  a  perpendicular  is  drawn  at  the  middle  point  of  each  of 
these  parts. 

A  7? 

Then  area  of  figure  =  sum  of  perpendiculars  x  -=- . 
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48.     Measurement  of  area  by  weighing.     Trace  any 
irregular  figure  upon  a  sheet  of   thin  cardboard    or  thick 


Fig.  50. 

paper,  and  cut  the  figure  out  with  a  pair  of  scissors.     On 

the  same  sheet  draw  a  square  of,  say,  2"  side,  and  cut  this 

out  also.     Now  weigh   each 

of   the   two   figures.     Then 

by  comparing  their  weights 

it   is   easy  to  ascertain  the 

area  of  the  first  figure. 

49.  Length  of  a  circu- 
lar arc  and  area  of  a  sector 
by  construction.  The  fol- 
lowing interesting  construc- 
tion for  the  approximate 
length  of  a  circular  arc  is 
due  to  Rankiue. 

Let  A  CB  be  an  arc  of  a 
circle  not  greater  than  a  semi- 
circle. Produce  the  chord  B  A 
to  Z),  making  AD  =  ^AB.  Fig.  51. 

With  centre  D   and  radius 

DB,  describe  an  arc  cutting  the  tangent  at  A  in  E.     Then 
AE  is  equal  to  the  length  of  the  arc  ACB. 

Now  the  area  of  the  sector  OACB 

x  length  of  arc 


=  area  of  A  OAE. 
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50.  Area  by  counting  squares.  Draw  any  closed 
figure  on  squared  paper.  Then  its  area  may  be  found  by 
counting  the  squares  within  it.  A  part  of  a  square  greater 
than  a  half  is  counted  as  a  whole  square,  whilst  a  portion 
less  than  a  half  is  neglected.  The  process  of  counting  is 
shortened  by  first  taking  the  large  squares,  each  of  which 
includes  25  small  ones. 


EXAMPLES  V. 

1.  Draw  a  parallelogram  having  sides  3"  and  2"  long,  and  an 
angle  of  60°.     Cut  it  out  with  scissors  and,  by  cutting  off  a  tri- 
angular piece  from  one  side  and  joining  it  on  to  the  other  side, 
convert  it  into  a  rectangle.     Calculate  its  area  by  measuring  the 
sides  of  the  rectangle. 

2.  Draw  a  similar  parallelogram  to  that  in  Ex.  1.     Find  its 
area  by  multiplying  its  base  by  its  perpendicular  height.     Take 
(a)  the  3"  side,  (6)  the  2"  side  as  base. 

3.  Construct  a  triangle  having  sides  10,  8  and  5  cms.     Find 
its  area  by  taking  each  side  in  turn  as  base. 

4.  Draw  a  trapezoid  and  calculate  its  area  (1)  in  square 
inches,  (2)  in  square  centimetres. 

5.  Draw  a  square  of  3"  side.     Find  its  area  in  square  centi- 
metres.    Hence  calculate  the  number  of  square  centimetres  in 
a  square  inch. 


6.  Describe  a  circle  of  2"  radius.    Divide  one  of  its  quadrants 
by  means  of  your  protractor  into  nine  equal  sectors.    Cut  out  these 
sectors  and  paste  them  close  together  on  a  sheet  of  paper,  pointing 
alternately  up  and  down.     Regarding  the  figure  so  obtained  as  a 
parallelogram,  find  the  area  of  the  quadrant,  and  hence  that  of 
the  whole  circle. 

Deduce  the  value  of  TT. 

7.  Describe  a  semicircle  of  2"  radius.     Divide  the  diameter 
into  eight  equal  parts.     Erect  perpendiculars  at  each  point  of 
division.     Find  its  area  by  the  method  of  Art.  46.     Deduce  the 
value  of  TT. 
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8.  Repeat  Example  7,  but  find  the  area  by  the  method  of 
Art.  47.     Deduce  the  value  of  TT.     Which  of  these  two  methods 
do  you  consider  the  more  accurate  1 

9.  On  a  piece  of  thin  cardboard  draw  a  circle  of  2"  radius 
and  a  square  of  2"  side.     Cut  out  both  figures  and  weigh  them. 
Hence  find  the  area  of  the  circle.     What  is  the  value  of  TT  found 
by  this  experiment  ? 

10.  On  a  sheet  of  squared  paper  draw  a  quadrant  of  a  circle 
of  2"  radius.     Find  its  area  by  counting  the  squares,  and  deduce 
the  value  of  TT. 

11.  Find  the  length  of  the  arc  of  a  quadrant  of  a  circle  of 
2"  radius  by  the  construction  given  in  Art.  49.     What  value  of  TT 
does  this  lead  to  ?     Hence  find  the  area  of  the  quadrant. 

(The   answers   to   Exs.   6 — 11   should  be  tabulated,  and  the 
methods  which  give  the  most  accurate  results  noted.) 

12.  Draw  two  or  three  irregular  figures  on  thin  cardboard, 
place  a  sheet  of  transparent  squared  paper  over  them  and  trace 
them  through.     Find  their  areas  by  the  method  of  weighing,  and 
also  by  counting  the  squares. 

13.  Find  the  areas  of  the  figures  in  Ex.  12  by  the  methods 
of  Arts.  46  and  47. 

14.  Find  the  area  of  the  curved  surface  of  a  wooden  cylinder. 
(Find  the  circumference  and  multiply  by  the  height.)     Also  find 
the  area  of  the  whole  surface. 

15.  Find  the  total  surface  area  of 

(a)  a  retangular  block, 

(6)  a  hexagonal  prism, 

(c)  a  square  pyramid, 

(d)  a  tetrahedron. 

(Wooden  models  of   these  solids  should  be  supplied  to  the 
student.) 


CHAPTER  VII. 


THE  MEASUREMENT  OF  VOLUME. 

51.  Measurement  of  Volume.     The  volume  of  a  sub- 
stance is  the  space  it  fills,  expressed  as  the  multiple  of  some 
unit,  such  as  the  cubic  inch  or  cubic  centimetre  (c.c.). 

The  latter  is  the  one  generally  employed  in  scientific 
work,  and  is  the  one  used  throughout  these  experiments. 
Hence  to  determine  the  volume  of  a  body,  we  have  to  find 
the  number  of  c.c.  that  would  occupy  the  same  space. 

There  are  three  typical  methods  of  doing  this. 

I.    BY  MEASUREMENT. 

52.  This  method  lends  itself  to  all  bodies  having  smooth 
sides  and  simple  geometric  forms. 

The  easiest  case  is  that  of  a  rectangular  block,  that  is, 
one  whose  adjacent  faces  are  all  perpendicular  to  each  other. 

Tn  such  a  case  we  simply  determine  the  number  of  units 
of  length  in  each  of  the  three  edges  which  meet  at  any 
corner  of  the  block,  and  multiply  them  together.  Thus 
a  block  of  wood  15  cms.  long,  8  cms.  wide,  and  5  cms.  thick 
has  a  volume  of  15  x  8  x  5  c.c.  =  600  c.c. 

This  may  be  proved  practically  by  taking  a  number  of 
centimetre  cubes  of  wood,  and  constructing  a  similar  block. 

First  a  row  of  15  is  set  up,  giving  the  length  of  the  block. 
Lf  eight  such  rows  are  placed  side  by  side  we  shall  get  a  block 
whose  top  surface  is  similar  to  the  top  of  the  original  body, 
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and  containing  15x8  or  120  cubic  centimetres,  but  only 
1  cm.  high.  Five  such  groups  laid  on  one  another  will 
give  us  a  block  5  cms.  high,  which  will  be  exactly  like  the 
given  block,  and  which  will  clearly  contain  five  times  120  c.c. 
or  600  c.c.  =  5x8x15  c.c. 

For  masses  of  other  fairly  simple  shapes,  certain  linear 
dimensions  have  to  be  ascertained,  and  then  the  volume  is 
obtained  by  a  series  of  formulae,  the  determination  and  use 
of  which  is  called  mensuration.  Such  determinations  do  not 
come  within  the  scope  of  this  series  of  experiments,  but  for 
convenience  a  table  of  the  more  important  formulae  is 
appended : 

53.  List  of  formulae  for  finding  the  superficial  areas  and 
volumes  of  simple  geometrical  surfaces  and  solids. 

Surface  area  Volume 

Circle  ?rr2 

Cylinder  (Curved)  2?rrA  nr2h 

(Total)  2«rr(#+r) 

Cone  (Curved)  nr  x  slant  k      2 

(Total)  nr  x  (slant  +  r)  3  ^ 

Prism  Height  x  perimeter  of  base         Area  of  base  x  height 

-f  2  area  of  base 

Pyramid  Sum  of  areas  of  triangular        k 

f  r ,  _  x  area  of  base 

faces  +  area  of  base  3 

Sphere  4n-r2  ^  Trr3 

Segment  of  sphere  (Curved)  li  x  2,-irr 
made  by  two 
parallel  planes 

II.      BY    FINDING   THE   VOLUME   OF    DISPLACED   WATER. 

54.  In  the  majority  of  cases,  such  as  that  of  a  stone  or  a 
glass  stopper,  the  shape  being  irregular,  direct  measurement 
cannot  be  used,  and  so  another  method  is  necessary. 

The  most  convenient  way  is  to  find  the  volume  of  water 
displaced  by  the  substance  when  it  is  totally  immersed. 
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.V^thod  1.  Take  a  graduated  cylinder  of  sufficient  diameter 
to  admit  the  solid,  and  partly  fill  it  with  water.  Note  the 
number  of  c.c.  contained*.  Then  carefully  lower  the  solid 
into  the  water  until  it  is  entirely  covered  (do  not  let  it  splash) 
and  again  observe  the  level  of  the  water.  The  increase  in  the 
number  of  c.c.  gives  us  the  volume  of  the  solid.  If  the  solid  be 
lighter  than  water  (wood  or  cork  for  instance),  thrust  it  below 
the  surface  with  a  long  pin  or  thin  piece  of  wire. 

MetJiod  2.  Take  an  ordinary  test-tube,  partly  fill  it  with 
water,  marking  the  level  of  the  water  with  a  strip  of  gummed 
paper  on  the  outside  of  the  tube.  Then  carefully  drop  the  given 
solid  in.  The  level  of  the  water  will  rise.  By  means  of  a  narrow 
tube  suck  up  the  water  until  it  is  again  at  its  original  level,  and 
pour  the  liquid  thus  removed  into  a  beaker  whose  weight  is 
known.  On  again  weighing  the  beaker,  the  increase  of  weight 
gives  us  the  number  of  grams  of  water  removed,  and  as  we 
already  know  that  1  gr.  of  water  occupies  1  c.c.  (Art.  31)  we 
know  the  number  of  c.c.  of  water  removed,  which  gives  us  the 
volume  of  the  solid. 

Method  3.  With  solids  lighter  than  water  we  slightly 
modify  this  process.  Take  a  glass  stopper,  or  piece  of  metal 
that  will  go  into  a  test-tube,  tie  a  piece  of  thread  to  it,  place 
it  in  the  tube  and  partly  fill  with  water  as  before.  Then  with- 
draw the  stopper  by  the  thread,  drop  in  the  solid  and  replace  the 
stopper,  which  by  its  weight  will  immerse  the  solid.  Then 
proceed  as  in  the  last  method. 

Method  4.     (A  modification  of  Method  2.) 

Fill  the  test-tube  quite  full  of  water,  holding  it  over  an  empty 
beaker  of  known  weight.  Then  carefully  drop  the  solid  into  the 
water ;  its  own  volume  of  water  will  overflow  into  the  beaker, 
and  the  increase  in  the  weight  of  the  beaker  enables  us  to 
determine  this  volume.  Any  drops  of  water  adhering  to  the 
outside  of  the  test-tube  should  be  removed  by  touching  the 
inside  of  the  beaker  with  them.  A  better  result  by  this  method 
may  be  obtained  by  substituting  for  the  test-tube  a  glass  cylinder 
with  a  small  spout  near  the  top  (fig.  52). 

A  simple  piece  of  apparatus  for  the  above  method  is  made 
by  taking  a  piece  of  wide  glass  tubing  (A)  about  20  cms.  long 
and  6  cms.  in  diameter,  with  a  cork  at  one  end. 

See  Art.  55  on  the  Meniscus. 
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A  piece  of  glass  tubing  (B)  with  its  ends  bevelled  ab  an  angle 
of  45°  is  passed  through  this  cork,  as  shown  in  Fig.  53. 

The  water  ordinarily  stands  at  the  level  of  the  top  opening 
of  the  tubing.  On  immersing  a  solid  in  the  water,  its  own 
volume  of  water  runs  down  the  small  tube,  and  can  be  caught 
in  a  beaker  and  weighed. 


A 


B 


Fig.  52. 


Fig.  53. 


Method  5.  If  the  given  solid  is  soluble  in  water,  we  must 
immerse  it  in  a  liquid  which  will  not  act  upon  it.  For  instance, 
if  we  place  a  considerable  quantity  of  copper  sulphate  crystals  in 
a  beaker  of  water  and  leave  it  for  some  hours,  the  water  will 
dissolve  as  much  of  the  copper  sulphate  as  it  can,  and  we  shall 
get  what  is  termed  a  saturated  solution.  If  we  now  add  more 
copper  sulphate  crystals  they  will  not  be  affected  by  the  solution. 
We  can  thus  use  this  solution  for  finding  the  volume  of  some 
copper  sulphate  crystals  by  Method  1.  The  other  methods  are 
not  applicable  at  present,  because  1  gr.  of  a  saturated  solution  of 
copper  sulphate  does  not  measure  1  c.c.  When  the  next  chapter 
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(on  specific  gravity)  is  reached,  we  shall  learn  how  to  make  a 
correction  for  this,  and  then  any  of  the  methods  can  be  used. 
Porous  substances  may  be  coated  with  a  thin  layer  of  varnish  to 
prevent  absorption  of  water. 

55.  Meniscus.  If  in  the  preceding  experiments  a  vessel 
be  used  having  a  large  cross-section,  a  slight  alteration  in 
level  will  make  a  considerable  change  in  the  volume.  For 
instance,  if  the  vessel  be  a  cylinder  10  cms.  (nearly  4")  in 
diameter,  its  cross-section  will  be  78'54  sq.  cms.,  and  a 
change  of  height  of  1  mm.  or  '1  cm.  will  involve  a  change  of 
volume  =  78*54  x  '1  c.c.,  or  nearly  8  c.c.  Since  we  cannot  with 
ordinary  appliances  read  much  smaller  divisions  than  mms. 
accurately,  we  reduce  the  probable  error  in  volume  by  using 
as  narrow  a  vessel  as  possible.  Thus  flasks  for  measuring 
given  volumes  of  a  liquid  are  constructed  with  very  narrow 
necks,  and  in  order  to  contain  the  required  volume,  are  filled 
up  to  a  mark  on  the  neck. 

On  the  other  hand,  liquids,  owing  to  what  is  termed  their 
surface  tension,  do  not  present  a  plane  upper  surface  when  in 
tubes,  for  wherever  they  touch  the  glass,  they  "  creep  "  up  it, 
and  the  smaller  the  diameter  of  the  vessel,  the  more  marked 
is  this  curvature,  so  that  in  a  narrow  tube  the  upper  surface 
presents  a  crescent-like  shape  known  as  a  Meniscm. 

With  most  liquids  the  centre  of  this  area  is  its  lowest 
point;  with  mercury,  on  the  other  hand,  it  is  the  highest 
point.  For  experiments  like  the  preceding,  where  two  or  more 
readings  are  taken  in  a  tube  of  uniform  bore,  it  does  not 
matter  which  part  of  the  curve  we  take  as  our  reading,  so 
long  as  we  take  the  readings  from  the  same  part  throughout 
the  experiment.  The  centre  (usually  the  lowest  part)  is  the 
easiest  to  read ;  so  that  we  always  accept  this  as  the  height, 
being  very  careful  to  avoid  parallax  (see  Art.  22). 

In  very  accurate  work,  the  difference  in  the  levels  of  the 
centre  and  edge  of  the  curve  has  to  be  determined,  and,  the 
diameter  of  the  tube  being  known,  the  extra  volume  of  liquid 
calculated. 


VII]  VOLUME    OF   A   LIQUID  81 

III.       BY    FINDING   THE    LOSS   OF   WEIGHT   OF   THE 
SOLID   WHEN   SUSPENDED   IN   WATER. 

56.  This  is  by  far  the  most  accurate  method  of  finding 
the  volume  of  a  solid.   As  however  it  involves  the  principle  of 
Archimedes,  it  is  dealt  with  in  the  next  chapter  (Art.  61). 

57.  Volume  of  a  liquid.    This  is  readily  determined  by 
pouring  into  a  graduated  vessel  (see  Chapter  IX.). 


EXAMPLES   VI. 

1.  Take  12  one-inch  cubes  and  construct  a  block  3"  x  2"x  2". 
Carefully  measure  its  length,  breadth,  and  height  in  centimetres 
and    hence   find   its    volume   in   c.c.      From   this    calculate   the 
number  of  c.c.  in  1   cubic  inch. 

2.  Take  a  pint  measure,  fill  with  water,  and  by  pouring  this 
into    a   measuring    cylinder    graduated    in    c.c.    determine    the 
number  of  c.c.  in  1  pint.     Also  express  this  as  the  decimal  of  a 
litre  (1  litre -1000  c.c.). 

3.  From  your  answers  to   Examples    1    and  2,  deduce  the 
number  of  cubic  inches  in  1   pint. 

4.  Calculate  the  volumes  of  the  following  given  solids  : 

(a)  Sphere. 

(b)  Cone. 

(c)  Cylinder. 
(cT)  Pyramid. 

(Wooden  models  of  these  should  be  supplied.) 

5.  Take  a  cubic  inch  of  wood  and  ascertain  its  volume  in  c.c. 
by  Methods  1   and  3.     Compare  your  result  with  that  obtained 
in  Example  1. 

6.  Take   20  brass    screws   (the    same    size)   and    find    their 
volume.     Hence  deduce  the  volume  of  1  screw.     Keep  a  record 
of  your  result. 

S.     T.  <3 
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7.  Determine  the  volumes  of  the  following : 

(a)  A  pebble. 

(b)  A  small  potato. 

(c)  An  ordinary  cork. 

(d)  A  piece  of  sponge.    (In  this  case  the  true  volume  will 

be  much  smaller  than  the  apparent  volume,  since 
the  water  will  fill  all  the  holes.) 

(e)  An  egg. 

8.  By  Method  five,  find  the  volume  of 

(a)  a  copper  sulphate  crystal  (in  a  saturated  solution  of 

the  salt); 

(b)  a  piece  of  sugar  (in  methylated  spirit  or  alcohol). 

9.  Take  a  small  sphere,  such  as  a  large  leaden  pellet  or  steel 
bicycle  bearing,  measure  its  diameter  as  described  in  Chapter  I, 
and  so  calculate  its  volume. 

Then  take  50  such  pellets  and,  by  dropping  them  into  water, 
determine  the  volume  of  water  displaced,  and  so  calculate  the 
volume  of  each  pellet.  Compare  your  two  answers. 

(a)  "Which  method   would  you    expect   to   be   the   more 

accurate,  and  why? 

(b)  Would  your  result  be  affected  by  taking  500  pellets  ? 

If  so,  why? 

10.  Measure  off  one  metre  of  any  wire,  roll  it  up  in  a  small 
coil  and  find  its  volume  by  any  of  the  above  methods.     Then 
from  the  formula,  volume  =  ?rr2  x  length,  deduce  its  mean  radius, 
and  check  your  result  by  the  micrometer  screw  gauge. 

11.  Find  the  volume  of  metal  in  a  piece  of  uniform  lead 
pipe.     Then   measure  its  external  diameter,  and   calculate  the 
mean  thickness  of  the  metal. 


CHAPTER   VIII. 

THE   MEASUREMENT   OF  SPECIFIC   GRAVITY. 

58.  Density.  The  Density  of  a  substance  is  the  mass 
of  a  unit  volume  of  it,  both  mass  and  volume  being  expressed 
in  any  units  we  may  select.  Thus,  using  the  foot  and  pound 
as  units,  the  density  of  water  (at  60°  F.)  would  be  62*4, 
since  1  cubic  foot  of  water  at  60°  F.  weighs  62*4  Ibs. 

If  we  take  the  foot  and  ounce  as  units>  we  get  1  cub.  ft.  of 
water  =  1000  ozs.  (approximately),  giving  1000  as  the  density 
of  water.  This  is  used  in  many  cases,  some  instruments  for 
determining  densities  of  liquids  being  graduated  on  this 
basis. 

If,  however,  we  employ  the  metric  units,  the  gram  and 
cubic  centimetre,  our  result  is  much  simpler,  since  1  c.c.  of 
water  at  4°  C.  weighs  1  gram.  Thus  the  density  of  water  is  1, 
and  we  shall  use  this  as  our  standard  in  future  experiments. 

It  is  obvious  that  the  weight  of  2  c.c.  of  water  under  like 
conditions  would  be  2  grams,  and  that  of  n  c.c.  would  be 
n  grams,  from  which  we  can  see  (the  density  in  each  case 
being  of  course  the  same)  that  the 

,       .,        2     n       mass 

density  =  -  =  -  =  — -. . 

z      n     volume 

Therefore  if  we  know  the  mass  of  any  object  and  also  its 
volume,  we  can  obtain  its  density  by  dividing  the  latter 
quantity  into  the  former. 

6—2 
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59.  Specific  Gravity.  If,  instead  of  finding  the  actual 
number  of  pounds  or  ounces  per  cubic  foot,  or  grams  per 
cubic  centimetre,  \ve  compare  the  weight  with  that  of  the 
same  volume  of  water,  the  ratio  obtained  is  termed  the 
Specific  Gravity  of  the  substance  in  question. 

Since  the  density  of  water  is  1,  using  the  gram  and  cubic 
centimetre  as  units,  it  follows  that,  using  those  units,  the 
density  and  specific  gravity  of  any  substance  will  be  identical. 
With  other  units,  however,  this  is  not  so. 

For  instance,  the  specific  gravity  of  zinc  is  7'1,  that  is 
to  say  a  given  volume  of  zinc  weighs  71  times  as  much  as  an 
equal  volume  of  water.  But  1  cubic  foot  of  zinc  weighs 
443'04  Ibs. ;  hence,  using  those  units,  the  density  of  zinc  = 
443-04. 

It  follows  from  the  above  that  the  specific  gravity  of  a 
substance  is  always  the  same,  and  is  independent  of  the  units 
employed. 

Unfortunately  the  terms  density  and  specific  gravity  are 
often  very  loosely  applied,  the  latter  being  usually  meant. 

In  the  case  of  solids  and  liquids,  water  is  taken  as  •  the 
standard  for  determining  specific  gravity.  For  instance,  if 
we  are  told  that  the  specific  gravity  of  mercury  is  13'59,  it 
means  that  a  given  volume  of  mercury  weighs  13'59  times 
as  much  as  the  same  volume  of  water. 

The  density  of  gases,  on  the  other  hand,  is  usually  given 
in  terms  of  that  of  hydrogen,  which  is  taken  as  unity. 

The  specific  gravity  of  hydrogen  is  '0000896,  so  that  if 
we  wish  to  compare  the  weight  of  any  gas  with  that  of  the 
same  volume  of  water,  we  must  multiply  its  density  as  given 
in  tables  by  -0000896. 

Sometimes  however  the  density  of  a  gas  is  expressed  as 
a  multiple  of  that  of  air,  which  is  14'432  times  as  dense  as 
hydrogen.  In  such  cases  we  must,  in  order  to  compare  it 
with  water,  multiply  its  density  by  '0000896  x  14-432,  that 
is,  by  -001293. 
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THE  DETERMINATION  OF  THE  SPECIFIC  GRAVITY  OF  A  SOLID. 

60.  A.     By  determining  the  ratio  of  the  Mass  and 
Volume  obtained  in  previous  experiments.     As  we  have 
already  seen  (Art.  58),  the  density  of  a  substance  is  equal  to 
its  mass  divided  by  its  volume,  and  as  we  have  used  the  gram 
and  cubic  centimetre  throughout,  our  results  will  also  give 
us  its  specific  gravity. 

All  other  methods  of  determining  the  specific  gravity 
of  solids  involve  the  application  of  the  principle  of 
Archimedes. 

61.  Principle  of  Archimedes.     This  is,  briefly,  that 
any  substance  when  SUSPENDED  in  water  so  as  to  be  com- 
pletely immersed,  becomes  lighter  by  a  weight  equal  to  the 
weight  of  its  own  volume  of  water. 

Particularly  note  the  word  suspended,  because  if  the  body 
be  resting  on  the  base  of  the  vessel  and  only  surrounded  by 
water,  the  conditions  of  equilibrium  are  entirely  changed. 
We  have  already  seen  that  when  a  solid  is  immersed  in 
water  it  displaces  its  own  volume  of  water.  Let  this  volume 
of  water  weigh  n  grams,  and  imagine  it  surrounded  by  a 
thin  membrane  so  as  to  be  able  to  regard  it  as  a  coherent 
mass.  It  is  clear  that  this  mass  of  n  grams  is  kept  in 
equilibrium  by  the  surrounding  water,  and  if  this  mass  of 
water  be  removed  and  replaced  by  the  exactly  similar  solid, 
the  water  will  still  continue  to  support  n  grams  out  of  the 
total  weight  of  the  solid. 

Hence,  we  may  reason  that  any  substance  should  weigh 
less  in  water  than  in  air,  the  loss  in  weight  being  the  weight 
of  the  same  volume  of  water.  This  is  the  Principle  of 
Archimedes,  and  it  of  course  applies  equally  to  any  other 
liquid. 

The  following  experiments  prove  the  foregoing  statement. 

I.  Take  a  small  solid  metal  cylinder  with  a  hook  at  one 
end  (fig.  54),  and  also  a  thin  metal  case  which  will  just  hold 


PRACTICAL  MATHEMATICS 


[CHAP. 


the  solid.  The  case  is  supported  by  a  wire,  like  a  bucket,  and 
has  a  small  hook  underneath.  The  case  is 
suspended  by  its  wire  handle  from  the  hook 
under  the  beam  of  a  balance  on  which  the 
scale-pan  hangs.  Many  balances  have  a  second 
hook  below  the  first,  which  is  intended  to  be 
used  for  this  purpose.  (Note. — The  scale-pan  is 
not  to  be  removed.)  The  cylinder  is  then  sus- 
pended by  its  hook  to  the  hook  under  the  case, 
and  the  cylinder  and  case  are  counterpoised  by 
weights  or  shot  in  the  other  pan. 

A  glass  beaker  full  of  water  is  then  placed 
in  such  a  position  that  the  cylinder  is  completely 
immersed  whilst  the  case  does  not  touch  the 
water.  The  beaker  must  not  touch  the  scale-  Fig.  54. 
pan,  but  must  be  supported  over  it  by  a  "  bridge." 
(A  flat  ruler  passing  between  the  supports  of  the  scale-pan 
and  supported  by  wooden  blocks  back  and  front,  so  that  the 
pan  shall  not  touch  it  when  the  lever  of  the  balance  is  de- 
pressed, makes  a  very  satisfactory  substitute.)  If  now  the 
balance  be  tried,  it  will  be  found  that  the  cylinder  and  case 
are  lighter  than  the  counterpoise.  Then  very  carefully  fill 
the  case  with  water,  and  it  will  be  found  that  when  it  is 
quite  full  the  cylinder  and  case  are  again  balanced  by  the 
counterpoise.  Thus  the  loss  of  weight  of  the  cylinder  when 
suspended  in  water  has  been  compensated  by  the  weight  of 
water  placed  in  the  case  above,  which  is  exactly  its  own 
volume. 

Example.  Repeat  the  above,  using  methylated  spirit  or 
turpentine. 

II.  Suspend  a  small  metal  ball,  or  other  solid,  from  a 
spring  balance  and  note  its  weight.  Take  the  spouted 
cylinder  used  in  Art.  54,  fill  it  with  water  and  placed  a  tared 
dry  beaker  under  the  spout.  Carefully  lower  the  ball,  still 
attached  to  the  spring  balance,  until  it  is  totally  immersed, 
and  catch  the  overflowing  water.  Weigh  this,  and  also  note 
the  decrease  in  the  weight  of  the  ball  as  recorded  by  the 
spring  balance.  If  carefully  done,  these  two  weights  should 
agree. 
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III.  Repeat   the    last    experiment,   using   a  graduated 
cylinder  partly  filled  with  water. 

Note  the  alteration  in  the  level  of  the  water,  giving  the 
number  of  c.c.  displaced.  Since  1  c.c.  of  water  practically 
weighs  1  gram,  this  gives  us  the  weight  of  displaced  water, 
which  should  be  equal  to  the  decrease  in  weight  recorded 
by  the  spring  balance. 

IV.  To  show  that  the  Principle  of  Archimedes  holds  good 
for  solids  lighter  than  water. 

Take  a  graduated  cylinder  partly  full  of  water  and  note 
its  level.  Also  take  a  lead  pencil  or  a  wooden  rod  and  weigh 
it.  Let  it  weigh  x  grams.  Then  place  it  in  the  cylinder. 
It  will  float  with  most  of  its  volume  submerged.  Then 
carefully  note  the  change  of  water-level.  This  will  be  found 
to  be  x  c.c.,  weighing  x  grams,  and  equals  the  volume  of  that 
part  of  the  rod  which  was  submerged. 

Example.  Repeat  Experiments  III  and  IV,  using  methy- 
lated spirit  instead  of  water. 

We  have  thus  seen  that  a  solid  immersed  in  a  liquid 
becomes  lighter  by  an  amount  equal  to  the  weight  of  the 
liquid  displaced  ;  which  is  the  weight  of  its  own  volume  of  the 
liquid  if  it  be  entirely  submerged,  or  of  that  part  of  its 
volume  which  is  submerged  if  it  be  floating. 

If  the  liquid  used  be  water,  the  loss  of  weight  in  grams 
gives  us  the  volume  of  the  solid  in  cubic  centimetres. 

We  thus  have  a  third  method  of  finding  the  volume  of  an 
irregular  solid,  which  is  capable  of  greater  accuracy  than  any 
of  those  given  in  Chap.  VII  (see  Art.  56). 

62.  B.  The  Hydrostatic  Balance.  The  foregoing 
principle  is  the  foundation  of  this  method  of  finding  volume 
and  specific  gravity. 

Example  1.  Suspend  a  piece  of  lead  by  a  fine  thread  (prefer- 
ably of  silk)  from  the  hook  above  the  left-hand  pan  of  your  balance, 
and  weigh  it  carefully.  Then  immerse  the  lead  in  a  beaker  of 
cold  water  supported  by  a  bridge,  and  again  weigh.  The  loss  of 
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weight  gives  us  the  number  of  c.c.  of  water  displaced,  and  hence 
the  volume  of  the  lead. 

Work  out  as  follows  : 

(weight  in  air       =  33 -65  grs. 

Data  \  on  ^n 

(      „       „  water  =  30-69   „ 

loss  of  weight  =    2'96   „   =  volume  in  c.c. 

wt.  in  air       33 '65     1n  OK 

Specific  gravity  = . ^ — -  —  _  n/,  =11  '00. 

loss  of  wt.       2 '96 

Example  2.  The  substance  is  lighter  than  water,  e.g.  a  piece 
of  deal. 

Suspend  a  piece  of  lead  or  other  metal  so  that  it  is  totally 
immersed  and  carefully  weigh  it.  Then  reweigh  it  with  the 
piece  of  deal  in  the  scale-pan.  Finally  tie  the  piece  of  deal  to 
the  lead,  immerse  in  the  water  and  weigh  again. 

Data. 

Weight  of  lead  in  water  25-73  grs. 

+  deal  in  air  31*27    „ 

with  deal  attached  22-88    „ 

Work  out  as  follows  : 

Weight  of  lead  in  water  +  deal  in  air  =  31-27  grs. 

=  25-73   -„ 


.'.    weight  of  deal  in  air  =  .  5 '54  „ 

Weight  of  lead  in  water  +  deal  in  air      =31-27  „ 

it       »     »     »       „      „     ,,    „  water  =  22-88  „ 

. '.  loss  of  weight  of  deal  =    8 -39  „ 

Then         specific  gravity  =  ^  air  =  ^     -6G. 
loss  of  wt.      8-39 

Example  3.  The  substance  is  soluble  in  water.  Proceed  as 
in  Example  1,  only  use  instead  of  water  some  liquid  in  which  the 
solid  is  not  soluble,  e.g.  a  saturated  solution  of  copper  sulphate. 
The  specific  gravity  of  this  solution  must  be  known  or  determined. 
1  hen  we  first  determine  the  density  of  the  substance  relative  to 
the  solution,  as  in  Example  1. 
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This  answer  must  clearly  be  multiplied  by  the  specific  gravity 
of  the  solution,  in  order  to  find  its  actual  specific  gravity.  A 
simple  case  will  show  this.  Suppose  we  find  the  substance  to 
be  twice  as  dense  as  the  copper  sulphate  solution,  and  the 
specific  gravity  of  saturated  copper  sulphate  solution  is  1'32,  the 
specific  gravity  of  the  solid  must  be  2-64. 

Data.  Weight  of  solid  in  air        8 '7  3  grs. 

„       „      „      „  liquid  2-39    „ 
specific  gravity  of  liquid  1  '32. 
Work  out  as  follows: 

weight  of  solid  in  air        8 '7 3  grs. 
„      „      „  liquid  2-39     „ 

loss  of  weight  —  6*34    ,, 

wt.  in  air 
Density  relative  to  liquid  —  .- 

loss  of  wt. 

Q.y  O 

Specific  gravity  =  —_j  x  1-32  =  1-82. 


63.  C.  Nicholson's  Hydrometer.  This  consists  of 
a  cylindrical  hollow  metal  case  (fig.  55)  with  conical  ends, 
having  a  pan  at  each  end,  and  weighted  so  as 
to  float  vertically  in  water  with  nearly  all  the 
cylinder  submerged. 

When  weights  are  placed  in  the  top  pan  the 
Hydrometer  will  sink  lower  in  the  water,  and  so 
weights  are  added  until  the  level  of  the  water  is 
between  2  marks,  about  '5  cm.  apart,  on  the  wire 
supporting  the  top  pan.     This  wire  being  so  thin, 
the  slightest  alteration  in  the  weights  will  make 
the  instrument  rise   or   sink  and   it  is  therefore 
very  sensitive.     The  weights  thus  added  give  us 
a  standard  weight  or  constant  for  the  particular 
instrument,  and  this  weight  however  added  will 
make  it  sink  to  the  given  mark.     Hence  this  is  called  a 
Hydrometer  of  Fixed  Immersion.     An  elephant  is  sometimes 
weighed  in  India  by  making  it  stand  in  a  barge,  arid  marking, 
with  chalk  or  otherwise,  the  waterline.     On  filling  the  barge 
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subsequently  with  weights  until  the  same  waterline  is  reached, 
the  sum  of  these  weights  will  give  that  of  the  elephant. 
This  is  clearly  a  modified  form  of  Nicholson's  Hydrometer. 

Note. — If  too  heavy  a  weight  be  put  on,  the  hydrometer 
will  sink  until  the  top  pan  rests  on  the  water,  where  it  will  be 
held  by  the  adhesion  of  the  water  to  the  pan.  It  must  then  be 
taken  out  and  thoroughly  dried.  A  pencil  or  piece  of  card  should 
therefore  be  held  under  the  pan  when  adding  weights,  to  prevent 
the  instrument  sinking  too  low. 

To  use  the  hydrometer.  Place  the  given  solid  (say  a  piece 
of  nickel)  in  the  top  pan,  and  add  weights  until  the  hydro- 
meter sinks  to  the  given  mark.  Then  it  is  clear  that  the 
solid  and  the  weights  are  together  equal  to  the  constant  for 
the  instrument.  Now  transfer  the  nickel  to  the  lower  pan 
arid  repeat  the  process.  The  solid,  being  immersed  in  water, 
will  weigh  less  than  before,  so  additional  weights  must  be 
added  to  the  top  pan.  ^The  specific  gravity  is  obtained  as 
follows: 

{Constant =  32'74  grs. 
weights  required  when  nickel  is  in    top    pan  11 '65    „ 
»             »             „             „      bottom    „    14'11    „ 
Work  out  as  follows : 

Constant        .         .         .  32'74grs. 

wts.  with  nickel  in  top  pan  11  *G5    „ 

.'.  wt.  of  nickel  in  air  21  '09 

wts.  with  nickel  in  water  14'11 

»  »  „         air  11-65    „ 

.'.  loss  of  wt.  in  water      =        2'46    „ 

Specific  gravity  =  ^  in  air  =  ?™9_  _  3-57 
f      loss  of  wt.      2-46  " 

For  solids  lighter  than  water  the  lower  pan  frequently 
has  a  gauze  cover  to  prevent  the  solid  from  floating  up.  If 
there  is  no  cover,  the  solid  may  be  tied  down  to  the  lower 
pan. 

Note-— The  weight  required  with  such  a  solid  in  the 
lower  pan  will  be  greater  than  the  constant  for  the  instru- 
ment. 
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64.  D.  The  Specific  Gravity  Bottle  (for  small  bodies 
or  powders).  This  is  a  small  bottle  (fig.  56),  holding  about 
50  c.c.  of  water.  (It  is  usually  kept  in  a  metal  canister 
(fig.  57),  which  also  contains  a  brass  counterpoise  to  the  dry 
bottle,  when  of  course  the  weight  of  the  bottle  can  be  omitted 
in  all  calculations.) 


Fig.  56.  Fig.  57. 

It  has  an  accurately  fitting  ground  glass  stopper,  with 
a  fine  hole  bored  longitudinally  through  it,  so  that  when  the 
bottle  is  quite  full  and  the  stopper  is  pushed  home,  the 
excess  of  liquid  escapes  through  this  hole,  and  air-bubbles 
are  avoided,  whilst  the  veiy  narrow  aperture  eliminates  any 
error  due  to  the  meniscus  at  the  surface. 

For  ordinary  work,  however,  a  small  bottle  with  a  glass 
stopper  will  give  very  satisfactory  results,  if  a  slight  groove 
be  filed  along  the  side  of  the  stopper,  in  order  to  allow  the 
excess  of  liquid  to  escape. 

To  find  the  specific  gravity  of  a  solid  (say  sand)  by  the 
bottle. 

First  weigh  the  sand. 

Then  fill  a  specific  gravity  bottle  with  water  and  weigh 
it,  putting  the  solid  also  in  the  pan  with  the  bottle. 

Partly  empty  the  bottle,  pour  in  the  sand,  again  fill  up 
with  water,  and  reweigh.  Shake  the  bottle  well  to  get  rid 
of  any  air-bubbles  carried  in  with  the  solid. 
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The  loss  of  weight  in  the  last  operation  gives  the  weight 
of  displaced  water,  and  hence  the  volume  of  the  sand. 

(weight  of  sand         .         .         .         .         17  '37  grs. 
+  bottle  full  of  water        84*29    „ 
„       when  sand  is  inside  bottle  70*65    „ 

Work  out  as  follows  : 

weight  of  sand  +  bottle  full  of  water       84*29  grs. 

„       with  sand  inside  bottle        .          70'65    „ 
loss  of  weight         .         .         .         .         13*64    „ 

weight  of  sand      17*37 
Spec,flc  gravity  =    —-  =  = 


If  the  solid  is  soluble  in  water,  a  liquid  must  be  used 
which  has  no  effect  on  it,  and  the  result  multiplied  by  the 
specific  gravity  of  the  liquid,  as  in  Ex.  3,  Art.  62. 

65.  E.  By  the  method  of  Flotation.  Take  a  lead 
pencil,  or  other  similar  body,  of  uniform  cross-section  and 
density. 

Then  carefully  lower  it  into  a  tall  narrow  cylinder  con- 
taining water  until  it  floats,  and  note  exactly  the  length 
of  rod  submerged.  Measure  this  length  and  also  the  total 
length  of  the  rod.  As  an  example  let  three-fourths  of  the 
rod  be  submerged.  Then  the  rod  weighs  as  much  as  three- 
fourths  of  its  volume  of  water  (i.e.  the  volume  of  water 
displaced). 

Hence  its  specific  gravity 

_  length  submerged  _  ^  _  ^ 

~  ~     ~ 


~  volume  ~       total  length 

66.     To  find  the  capacity  of  an  air  cavity  in  a  solid. 

f  frequently  happens  when  metal  castings  are  made,  that 

they  contain  irregular  cavities,-due  to  enclosed  air  or  vapour  ; 

the  determination  of  the  size  of  these  is  important,  as  having 

a  bearing  on  the  strength  of  the  material. 

If  we  know  the  specific  gravity  of  the  substance,  the  size 
of  the  enclosed  cavity  may  readily  be  determined  in  the 
following  way. 
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First  ascertain  the  weight  (  W)  of  the  body.  This,  divided 
by  its  specific  gravity  (s\  will  give  us  the  actual  volume  of 
solid  matter  present.  (Art.  59.) 

Then  find  the  apparent  volume  (V)  of  the  body  by  any 
of  the  foregoing  methods.  The  difference  between  the  two 
results  will  give  us  the  volume  (x)  of  the  cavity  or  cavities 
in  the  solid. 

W 
Thus  x=V-~ . 


SPECIFIC  GRAVITY  OF  LIQUIDS. 

As  in  the  case  of  solids,  there  are  several  methods  of 
determining  the  specific  gravity  of  a  liquid. 

67.  F.  By  the  Hydrostatic  Balance.  To  find  the 
specific  gravity  of  a  saturated  solution  of  nitre.  Weigh  a 
glass  stopper  or  similar  solid  in  air  suspended  from  the  hook 
of  your  balance.  Then  weigh  it  in  water.  The  loss  of 
weight  gives  us  the  weight  of  an  equal  volume  of  water. 
Finally  weigh  it  immersed  in  the  given  solution.  Again 
the  loss  of  weight  gives  us  the  weight  of  an  equal  volume 
of  the  solution.  Hence  the  two  losses  give  us  the  weights 
of  equal  volumes  of  water  and  of  the  solution,  and  we  get 

loss  of  wt.  in  solution  .„  .        *.',.. 

— P —  —. —          —  =  specific  gravity  of  solution, 
loss  of  wt.  in  water 

f  wt,  of  stopper  in  air  19'32  grs. 

Data  „     „        „        „  water       11*59    „ 

[  „     „        „        „  solution     8-65    „ 

Work  out  as  follows : 

wt.  of  stopper  in  air          =  19  "3  2  grs. 

„  „  „  „  water  =11-59  „ 
loss  of  wt.  in  water  =  7*73  „ 

wt.  of  stopper  in  air  =  19'32  grs. 

„  „  „  „  solution  =  8'65  „ 
loss  of  wt.  in  solution  =  10'67  „ 
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Specific  gravity  of  nitre  solution 

_  loss  of  wt.  in  solution  __  10*67 
loss  of  wt.  in  water         7*73 


1-38. 


68.  G.  By  the  Specific  Gravity  Bottle.  To  find  the 
specific  gravity  of  a  saturated  solution  of  common  salt. 

Weigh  the  empty  bottle. 

Fill  it  with  water,  press  the  stopper  well  home,  carefully 
dry  the  outside,  and  weigh  again.  The  increase  gives  us  the 
weight  of  a  certain  volume  of  water. 

Empty  out  the  water,  rinse  out  with  the  salt  solution  to 
remove  any  remaining  drops  of  water,  fill  with  the  solution, 
and  weigh  again. 

We  thus  obtain  the  weights  of  equal  volumes  of  water 
and  of  the  solution,  from  which  we  get 

wt.  of  solution  .  £ 

—c  —       —  =  specific  gravity  of  solution. 
wt.  or  water 

I  wt.  of  bottle  =  37-25  grs, 

Data  „     „       „      +  water      =  87'12    „ 

[  „     „       „      +  solution  =  97-09    „ 

Work  out  as  follows  : 

wt.  of  bottle  +  water     =87*12  grs. 

„  „  empty  bottle  =  37  '25  „ 
wt.  of  water  =  49*87  „ 

wt.  of  bottle  +  solution  =  97'09  grs. 

„  „  empty  bottle  =  37*25  „ 
wt.  of  liquid  =  59*84  „ 


sp.  gr.  of  salt  solution  =  =  1-2. 

69.  To  dry  the  specific  gravity  bottle.  Rinse  out  first 
with  a  weak  solution  of  caustic  potash,  in  order  to  remove 
any  oil  or  grease  that  may  be  in  it 
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Then  wash  out  with  dilute  hydrochloric  acid  to  remove 
any  remaining  alkali,  and  afterwards  several  times  with 
water. 

Finally  rinse  out  with  alcohol  (because  this  evaporates 
more   quickly    than   water),    and    dry   by 
gentle  heat,  or  by  blowing  a   current    of 
air  into  it  (by  a  foot  blowpipe). 

Caution.  Do  not  find  the  specific  gravity 
of  mercury  by  this  method,  unless  a  special 
balance  is  used,  as  the  weight  (nearly 
700  grs.)  will  overstrain  an  ordinary  small 
balance. 

It  may  however  be  treated  like  a 
powder  (see  method  D)  if  it  be  weighed 
first  in  a  crucible,  and  the  weight  of  the 
latter  deducted. 


70.  H.  By  the  Common  Hydro- 
meter. We  have  already  seen  (Art.  65) 
that  we  can  ascertain  the  density  of  a 
wooden  rod  of  uniform  cross- sect  ion  by 
the  method  of  Flotation,  viz.  by  seeing 
what  fraction  of  its  length  is  submerged. 
If  we  now  put  it  into  some  other  liquid 
lighter  or  heavier  than  water,  the  rod  will 
have  more  or  less  of  its  length  submerged, 
respectively.  This  is  the  principle  of  the 
Common  Hydrometer,  also  known  as  the 
Hydrometer  of  Variable  Immersion,  or  the 
Constant  Weight  Hydrometer  (fig.  58). 


Fig.  58. 


71. 


To  make  a  simple  form  of  Hydrometer. 

Take  a  fairly  long  test-tube  and  place  in  it  a  narrow  strip 
of  cardboard  graduated  in  mms.  Also  take  a  tall  beaker  or 
cylinder  containing  water ;  place  the  test-tube  in  it,  and  drop 
small  shot  in  the  tube  until  it  will  float  upright  with  about 
three-fourths  of  its  length  submerged.  Note  on  the  gra- 
duated strip  the  water-level.  From  previous  experiments  we 
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know  that  it  has  displaced  its  own  weight  of  water,  and  that 
the  volume  of  the  submerged  part  of  the  tube  is  equal  to  the 
volume  of  its  own  weight  of  water. 

If  now  we  place  the  test-tube  in  a  liquid  lighter  than 
water,  its  own  weight  of  the  liquid  will  clearly  occupy  more 
space,'  more  liquid  will  be  displaced,  and  it  will  sink  deeper 
in  the  liquid.  On  the  other  hand,  in  a  denser  medium  it 
will  not  sink  so  far.  Therefore  if  we  note  on  the  mm.  scale 
the  lengths  submerged  in  various  liquids,  these  lengths  will 
be  inversely  proportional  to  the  densities  of  those  liquids. 

Thus  in  a  liquid  twice  as  dense  as  water,  only  half  as 
much  of  the  tube  would  be  immersed. 

We  have  in  this  way  made  a  simple  Hydrometer  of 
Variable  Immersion,  an  instrument  which  in  various  forms 
is  used  for  testing  samples  of  milk,  alcohol,  and  other 
liquids. 

Graduation.  If  the  levels  to  which  the  tube  sinks  in 
various  liquids  be  noted,  the  readings  may  at  first  sight 
appear  to  have  no  mathematical  connection  with  the  varying 
densities. 

For  instance,  let  us  consecutively  immerse  it  in  water, 
and  in  liquids  of  specific  gravity  I'l  and  1*2.  Let  GG  mms. 
be  the  reading  in  water,  and  60  in  the  first  liquid ;  then  the 
reading  in  the  second  liquid  would  be  55. 

Thus  as  the  specific  gravity  increases  in  an  arithmetical 
progression  the  length  submerged  does  not  decrease  in  equal 
gradations.  Consequently,  if  we  use  a  uniform  scale  such  as 
the  above,  we  should  have  to  make  a  calculation  after  each 
reading  to  find  the  specific  gravity;  and  it  is  therefore  far 
more  convenient  to  make  a  scale  of  densities  for  each 
instrument,  showing  the  level  to  which  it  will  sink  in 
liquids  of  specific  gravity  I'l,  1'2, 1'3,  &c.  These  graduations 
will  not  be  equidistant,  and  a  rigorous  investigation  of  them 
is  beyond  the  scope  of  this  book*. 

*  If  the  specific  gravity  increases  in  A.  p.  the  distances  between  the  scale 
divisions  decrease  in  H.P.  and  the  graduations  are  obtained  from  a  series  of 
Harmonio  Pencils.  See  Appendix. 
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72.  K.     By   Nicholson's   Hydrometer.     First   weigh 
the  Hydrometer  in  air.     Then  float  it  in  water  and  ascertain 
the  weights  added  in  order  to  make  it  sink  to  the  given  mark. 
The  weight  of  water  displaced  will  be  equal  to  the  weight  of 
the  floating  apparatus,  that  is  to  the  weight  of  the  hydro- 
meter +  the   added   weights.     Repeat  this  with   the   given 
liquid.     Here  again  the  weight  of  liquid  displaced  =  weight 
of  hydrometer  +  added  weights.     But  the  volumes  of  water 
and  liquid  displaced  are  equal;  hence  we  have  the  weights  of 
equal  volumes  of  water  and  the  liquid,  from  which  we  get 

wt.  of  liquid  displaced  .„ 

— r — 7: —     — JT-^J j  =  specific  gravity  of  liquid. 

wt.  of  water  displaced 

{wt.  of  hydrometer  —  5476  grs. 

weights  added  when  in  water     32*37    „ 
„      „  liquid     78-09    „ 

Work  out  as  follows  : 

.„  54-76  +  78-09      132-85 

specific  gravity  =  54.y6+3M7  =8703=  l™' 

Since  many  liquids  might  have  some  action  on  the  metal  of 
which  the  instrument  is  constructed,  it  is  usual  to  employ 
one  made  of  glass  and  weighted  with  mercury,  similar  to  a 
common  hydrometer,  when  it  is  required  for  liquids.  A  small 
cup  at  the  top  serves  to  hold  the  added  weights. 

73.  L.     By  the  U  tube,     (a)    With  two  liquids  that  do 
not  mix.     We  now  come  to  an  entirely  different   series  of 
experiments  by  which  the  specific  gravity  of  a  liquid  may  be 
determined. 

Take  a  glass  tube  with  arms  about  30  cms.  long,  bent 
in  the  form  of  a  letter  U,  clamp  it  upright,  and  pour  in 
mercury  until  it  stands  about  8  cms.  high  on  each  side. 
Note  that  the  two  surfaces  are  in  the  same  horizontal  plane. 
Now  pour  water  into  one  arm  until  it  is  nearly  full.  It  will 
be  found  that  the  mercury  is  at  a  lower  level  on  the  side 
containing  the  water  than  in  the  other  arm. 

S.     T.  7 
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Carefully  measure  the  heights  from  the  bench : 

(a)  to  the  top  of  the  water  column, 

(b)  „     »     „     >,    „  mercury     „ 

(c)  to  the  point  of  contact  of  the  two  liquids  (fig.  59). 


Fig.  59. 

It  is  clear  that  if  the  height  of  the  common  surface  be 
marked  off  on  both  arms,  the  mercury  below  those  marks  is 
in  equilibrium;  that  is,  if  we  removed  everything  above  that 
point  in  each  arm,  the  mercury  below  would  remain  with  the 
heights  in  the  two  arms  equal.  Hence  the  removed  liquids 
must  be  equal  in  weight;  or,  in  other  words,  a  column 
of  mercury  (b  —  c)  cms.  long  weighs  as  much  as  a  column  of 
water  (a  —  c)  cms.  long.  Hence  1  cm.  of  mercury  weighs  as 

id  —  c  .a  —  c 

much  as  ^ cms.  of  water,  that  is  to  say,  mercury  is  7— 

0  ~~  C  0  — ~  C 

times  as  heavy  as  water. 

.£            .,        a  —  c 
.'.  specific  gravity  =  7 . 

0  —  C 
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Particularly  note  that  we  only  measure  lengths,  and  not 
volumes.  The  lower  part  of  the  mercury  is  in  equilibrium  when 
its  two  ends  are  subjected  to  equal  pressures,  and  the  pressure 
of  a  liquid  depends  solely  on  its  "  head,"  or  the  vertical  height 
of  the  column,  and  not  on  its  quantity.  Hence  the  two  arms 
of  the  U  tube  need  not  be  of  the  same  area  in  cross-section. 

(a  =  261  cms. 
Data  \b  =   8'5    „ 

(c=   71    „ 
Work  out  as  follows  : 

v      f  a-c     261-7-1 

specific  gravity  of  mercury  =  ^  --  =  -^  —  ^r- 

0  —~  C         O  O  —  /  "JL 

19 


This  method  may  be  used  for  any  two  liquids  which  do 
not  mix. 

For  liquids  which  mix,  we  may  adopt  either  of  the  two 
following  methods. 

74.  (b)  For  liquids  that  mix.  Method  I.  This  may 
be  used  when  neither  of  them  acts  on  a  third  liquid,  say 
mercury. 

Pour  mercury  into  the  U  tube  until  it  is  3  or  4  cms.  deep 
in  each  arm.  Pour  one  liquid  into  one  arm,  and  then  care- 
fully pour  the  other  liquid  into  the  other  arm  until  the 
mercury  is  again  exactly  level  in  the  two  arms.  The  liquid 
may  be  added  or  removed  drop  by  drop  by  means  of  a  small 
tube.  Bear  in  mind  that  1  cm.  difference  in  level  of  the  liquid 
will  probably  alter  the  level  of  the  mercury  less  than  1  mm. 

Then,  as  before,  the  lengths  of  the  two  columns  of  liquid 
will  be  inversely  proportional  to  their  densities. 

Data 

{(a)     Height  of  water  column  above  bench  24'3  cms. 
(b)          „       „  turpentine  „       „          „      27  "3     „ 
(c)          „       „  mercury       „       „          „        4'5     „ 
Work  out  as  follows: 

-fi  ..       -.  a-c     24-3-4-5      19'8      Ql_ 

specific  gravity  of  turpentine  =  ^—^  =  g^aZ*^  =  2^8  = 

7—2 
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75.     (c)     For    any   liquids.     Method  II.     A    far    more 
accurate  method  than  the  two  last  is  the 
following,  known  as  Hares  method. 

Take  a  U  tube  (fig.  60)  with  a  branch 
tube  leading  into  the  middle  of  the  bend. 
This  branch  is  attached  to  a  rubber 
tube  which  can  be  closed  by  a  clip.  Insert 
the  two  ends  of  the  U  tube  in  beakers 
containing  the  respective  liquids  (say 
water  and  turpentine),  then,  by  means 
of  the  rubber  pipe,  suck  most  of  the  air 
out  of  the  U  tube.  The  liquids  will  rise 
up  the  arms,  but  to  different  heights 
(a  and  b).  (Note. — These  heights  are  to 
be  measured  from  the  surfaces  of  the 
liquids  in  the  respective  beakers,  and  not 
from  the  bench.) 


Now  the  pressures  at  the  surfaces  of 
the  two  beakers  are  the  same  (being  the 
atmospheric  pressure);  and  the  pressures 
at  the  tops  of  the  two  columns  must  be  Fig.  60. 

the  same  since  they  are  in  communication ; 
hence  the  differences  between  these  pressures,  viz.  the  pres- 
sures exerted  by  the  two  columns,  must  be  the  same,  and  so 
if  one  column  be  longer  than  the  other,  the  liquid  in  that 
column  must  be  lighter. 

Thus  we  get 

specific  gravity  =  height  of  water  column  =  a 
height  of  liquid  column      b' 


Data 


cms. 


Work  out  as  follows  : 

specific  gravity  of  turpentine  =     length  of  column  of  water 

length  of  column  of  turpentine 


a     30-2 
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EXAMPLES   VII. 

1.  Calculate  the  specific  gravity  of  the  block  of  wood  and  the 
potato  weighed  in  Chap.  V.  (Ex.  1,  a  and  b). 

2.  Find 

(a)  the  weight,  and 

(b)  the  volume  of  a  piece  of  glass  tubing.     Hence  calcu- 

late its  specific  gravity. 

3.  Find  the  specific  gravity  of  a  glass  stopper, 

(a)  by  the  Hydrostatic  Balance, 

(b)  by  Nicholson's  Hydrometer. 

4.  Find  the  specific  gravity  of  lead  shot, 

(a)  by  Nicholson's  Hydrometer, 

(b)  by  the  specific  gravity  bottle. 

5.  Dissolve    24  grs.   of   nitre  in   100  c.c.  of   water.     Find 
its  specific  gravity, 

(a)  by  the  specific  gravity  bottle, 

(b)  by  a  Hydrometer, 

(c)  by  the  Hydrostatic  Balance, 

(d)  by  the  inverted  U  tube. 

6.  Find  the  specific  gravity  of  methylated  spirit. 

7.  Find  the  density  of  beeswax  compared  with  that  of  the 
methylated  spirit  used  in  Ex.  6,  and  hence  calculate  its  specific 
gravity. 

8.  Find  the  density 

(a)  of  copper  sulphate  crystals, 

(b)  of  crystals  of  nitre, 

in  benzene   of   specific  gravity   '885,  and  hence   calculate    their 
specific  gravity. 

9.  Find  the  specific  gravity  of  wool  by  the  specific  gravity 
bottle. 

10.  Find  the  specific  gravity  of  sugar. 
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11.  Find  the  specific  gravity  of  the  given  solution 

(a)  of  sulphuric  acid, 

(b)  of  hydrochloric  acid. 

12.  Boil  each  of  the  solutions  in  Ex.  11  for  5  minutes  and 
again  find  their  specific  gravity.      Compare  with  your  previous 
results. 

13.  Find  the  specific  gravity  of  the  given  piece  of  wood 

(a)     by  method  A, 
(i)     „       „      E. 

14.  Find  the  specific  gravity  of  an  egg.     Then  boil  it  for 
10  minutes  and,  when  cool,  repeat  the  experiment.     Compare 
your  answers. 

15.  Find,  by  the  method  of  Art.  65,  the  capacity  of  the  air 
cavities  in  the  given  blocks*. 

*  A  series  of  metal   or  wood    blocks  containing   cavities  have   been 
specially  prepared  for  this  experiment  by  Messrs  Baird  and  Tatlock. 


CHAPTER   IX. 


THE  CALIBRATION   OF  TUBES  AND 
GRADUATED  VESSELS. 

76.  Graduated  Vessels.  For  the  purpose  of  ascertaining 
the  volume  of  a  given  quantity  of  a  liquid,  graduated  vessels 
are  employed,  four  different  varieties  being  in  common  use. 

1.  Graduated  cylinders.  These  are  simply  cylinders 
with  a  scale  etched  on  the  glass,  showing  the  volume  of 
liquid  required  to  fill  the  cylinder  up  to  any  given  height. 


E'15"C 

MO 


Fig.  61. 


Fig.  62. 


They  are  of  various  sizes,  the  most  usual  being  1000  c.o,, 
500  c.c.  (fig.  61),  lOOc.c.,  and  5c.c.  (for  mercury). 
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The  accuracy  of  their  graduations  may  be  tested  by  the 
method  of  calibrating  a  tube  described  in  Art.  79. 

2.  Flasks.    These,  when  required  for  volumetric  purposes, 
have  a  mark  on  the  narrow  neck,  the  capacity  up  to  this 
mark,  at  a  given  temperature,  being  accurately  determined,  and 
usually  marked  on  the  flask  (fig.  62). 

To  construct  a  100  c.c.  flask.  Take  a  flask  with  a  capacity 
of  rather  more  than  100  c.c.  Take  a  quantity  of  water, 
carefully  ascertain  its  temperature,  and  then  by  means  of 
tables  find  out  the  density  of  water  at  that  temperature. 
Multiply  that  density  by  the  required  volume,  which  gives 
us  the  weight  at  the  given  temperature  of  the  required 
volume  of  water.  Then  weigh  the  empty  flask,  and  run 
water  in  until  the  increase  in  weight  exactly  equals  the 
required  weight  of  water.  Carefully  mark  the  level  of  the 
water  on  the  flask  by  making  a  scratch  with  a  file. 

Example.     1000  c.c.  flask  is  required. 

n  t    i  weight  of  empty  flask     135*43  grs. 
a  (Temp.  =  18-5°  Centigrade. 

Calculation.  Specific  gravity  of  water  at  18'5°C.  =  '99857. 
That  is  to  say,  1  c.c.  of  water  weighs  '99857  grs.,  therefore 
1000  c.c.  will  weigh  998-57  grs.;  hence  the  flask  must  be  filled 
until  its  weight  equals  998'57  + 135-43  grs.,  that  is  to  say 
1134  grs. 

3.  Pipettes.     These    are    practically    modified    flasks, 
consisting  of  a  tube  with  a  bulb  blown  in  the  middle  (fig.  63), 
having  a  mark  on  the  narrow  part  above  the  bulb,  so  that 
when  filled  up  to  this  mark,  a  specified  volume  of  liquid  is 
contained.     The  liquid  is  retained  in  the  pipette  by  keeping 
the  forefinger   over   the   upper   opening   in  the  tube,   and 
calibration  is  carried  out  as  with  a  flask. 

4u  Burettes.  These  are  tubes  of  25,  50,  or  100  c.c. 
capacity,  with  a  tap,  or  rubber  tube,  and  clip  at  the  lower  end. 
They  are  graduated  in  c.c.  and  tenths  of  a  c.c.  (fig.  64). 

To  use  a  burette.  Fill  with  the  liquid,  and  draw  off  the 
excess  until  the  Meniscus  stands  at  0  (or  any  other  convenient 
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figure).  Then  if  7*8  c.c.  are  required,  run  off  the  liquid 
slowly  until  the  Meniscus  stands  at  7*8  (or  at  the  original 
figure  +7'8). 


Fig.  63. 


Fig   64. 


77.  To  test  the  accuracy  of  a  burette  and  plot  a  table  of 
corrections  for  it.  Take  the  temperature  of  the  room  (say 
15°  C.)  and  ascertain  from  tables  the  specific  gravity  of 
mercury  at  that  temperature  (13'559). 

Carefully  weigh  out  13'559  x  5,  that  is,  67'795  grs.  of 
clean  mercury.  This  mass  of  mercury  will  clearly  occupy 
5  c.c.  at  the  temperature  of  the  room. 

Take  a  glass  tube  of  not  more  than  0'7  cm.  internal 
diameter,  close  one  end,  and  pour  the  mercury  into  it.  Care- 
fully mark  the  level  of  the  mercury  in  the  tube,  either  by 
making  a  scratch  on  the  tube,  or  by  cutting  the  tube  off  at 
the  given  point.  We  thus  have  a  vessel  holding  5  c.c.  of 
mercury  at  the  given  temperature. 

Now  take  a  50  c.c.  burette,  fill  it  up  with  mercury  and 
draw  off  until  the  top  of  the  meniscus  stands  at  0.  Then 
carefully  fill  the  prepared  glass  tube  from  the  burette.  This 
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of  course  draws  off  5  c.c.  of  mercury,  and  if  the  burette  is 
accurate,  the  top  of  the  meniscus  should  read  5.  Carefully 
note  down  the  reading,  and  repeat  the  operation  until  the 
burette  is  empty.  Let  the  successive  readings  be  0,  4'8,  9'5, 
14-5,  19-8,  24-6,  30'3,  35*5,  40*5,  45'3,  50. 

To  plot  a  correction  curve.  Take  a  sheet  of  squared 
paper  and  draw  vertical  and  horizontal  axes  from  one  corner. 
Graduate  both  axes  from  0  to  50,  the  horizontal  readings 
being  those  on  the  burette,  whilst  the  vertical  ones  are  the 
true  volumes. 

Plot  points  having  the  burette  readings  for  abscissae  and 
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10       15       20      25       30       35      40      45      50 

Reading  on  the  Burette 

Fig.  65. 


the  total  volume  withdrawn  for  ordinates,  and  join  the  points 
so  obtained  (fig.  65).  Also  draw  a  straight  line  from  0  to 
the  point  (50,  50). 

The  vertical  distance  between  the   two  lines  over  any 
burette  reading  will  give  the  amount  of  error  up   to  that 
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point.     Also  the  ordinate  of  the  plotted  curve  at  any  point 
will  give  the  true  volume  of  the  burette  up  to  that  point. 

If  readings  in  an  experiment  do  not  start  from  zero, 
differences  must  be  taken. 

Example.  Liquid  was  run  out  from  the  burette  until  the 
meniscus  shifted  from  124  to  32.  The  true  volume  drawn  off 
is  required. 

From  the  graph  we  find  that  the  true  volume  removed  when 
the  burette  read  124  was  13.  Also  the  final  true  volume  was 
31 -6.  Hence  the  actual  volume  drawn  off  was  31 '6  — 13  = 
18-6  c.c. 


78.     Calibration  of  a  tube. 

(a-)  To  find  the  capacity  of  a  tube.  Cut  off  about  20 
centimetres  of  the  tube,  taking  care  that  the  planes  of  the 
ends  are  perpendicular  to  the  axis.  Clean  carefully  by  rinsing 
with  potash  and  dilute  hydrochloric  acid,  if  necessary,  then 
with  water,  and  finally  with  alcohol.  If  the  bore  be  large 
enough,  push  a  wad  of  cotton  wool  through  it. 

Immerse  the  tube  in  a  shallow  trough  containing  mercury; 
see  that  the  tube  is  quite  full  of  mercury ;  then  lift  it  out 
with  a  finger  over  each  end  of  it,  run  the  mercury  into  a 
crucible  of  known  weight,  and  weigh  carefully.  If  we  were 
using  water,  the  weight  in  grams  would  give  us  the  volume 
in  c.c.,  since  1  c.c.  of  water  weighs  1  gram.  But  since  1  c.c. 
of  mercury  weighs  13'59  grams,  the  weight  of  mercury  must 
be  divided  by  13'59  to  get  the  capacity  of  the  tube  in  c.c. 

Example.  The  weight  of  mercury  in  a  tube  20  cms.  long 
=  79-25grs. 

Then  the  capacity  of  the  tube  equals 
wt.  of  mercury     7 9 '25 

-TF59-      =IM9=       ic'c" 

(6)  To  find  the  average  cross-section  of  the  same  tube. 
Proceed  as  in  (a)  and  divide  the  resulting  volume  by  the 
length. 
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Example.     The  volume  =  5'83  c.c.,  and  the  length  -  20  cms. 

volume 
Then  area  of  cross-section  -  ^ 

=  -^--  =  '2915  sq.  cm. 

(c)  To  find  the  average  radius  of  the  same  tube. 
Since  the  area  of  cross-section  of  the  tube  is  equal  to  the 
square  of  the  radius  multiplied  by  7r(=3'1416),  we  get 
from  (6) 

area  = 

whence  r  = 

V        7T 

/•9915          .— 

=  7-0928  =  -305  cm. 
3'141o 

The  foregoing  methods  will  give  us  the  capacity,  area 
of  cross-section,  and  radius,  of  a  tube,  but  they  do  not  enable 
us  to  ascertain  if  the  bore  is  uniform.  To  ascertain  this  we 
must  employ  a  modified  form  of  the  method  for  calibrating 
a  burette,  already  described  (Art.  77). 

79.     To  calibrate  a  glass  tube. 

METHOD  1.  For  a  tube  of  narrow  bore.  Draw  up  into 
the  tube  a  column  of  mercury  not  exceeding  4  cms.  in 
length,  without  any  break  in  it.  Measure  its  length,  then 
incline  the  tube  so  as  to  make  it  move  about  3  or  4  cms. 
along  the  tube,  and  measure  it  again.  Repeat  this  every 
few  cms.  Then  take  the  average  length  of  all  the  readings. 
Empty  the  mercury  into  a  crucible  of  known  weight  and 
weigh  it.  The  specific  gravity  of  mercury  for  this  experi- 
ment may  be  taken  as  13'59.  Then  since  13'59grs.  of 
mercury  occupy  1  c.c.,  we  can  calculate  the  volume  of  mercury 
by  dividing  the  weight  by  13'59.  Finally,  since  this  volume 
equals  the  area  of  the  cross-section  multiplied  by  the  length, 
we  get  the  cross-section  if  we  again  divide  the  volume  by  the 

(average)  length.    Thus,  cross-section  -  ^ght  of  mercury 

lo'oy  x  length 
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Example.     The   following   were   the  lengths  of  a  thread   of 
mercury  weighing  2'455grs. 

4 '3  cms. 
4-25  „ 
4-3  „ 
4-3  „ 
4-35  „ 
44  „ 
4-45  „ 
44  „ 
8|2-75*,, 

Average  =  4'34  cms. 

Then 

2*455 
cross-section  (average)  =  1 3.59  x  4.34  =  '0416  sq.  cm. 

To  find  the  mean  radius. 

Since  Trr2  =  cross-section, 

cross-section 
we  get  r  =  — , 


section 
r 


/cross- 

=  V'        ~7T 

In  the  example  given, 


/•0416      11K  11K 

r  =  A/-      —  =  *115  cm.  or  riomms. 

V          7T 

80.  METHOD  2.  For  a  wider  tube.  If  the  tube  be  more 
than  *2  cm.  radius  it  will  be  impossible  to  keep  the  mercury 
thread  unbroken.  In  this  case  we  proceed  by  a  method  very 
similar  to  that  used  for  calibrating  a  burette. 

Tightly  fix  a  cork  in  one  end  of  the  tube,  and  clamp  the 
tube  in  an  upright  position  with  the  closed  end  down.  Also 
fix  an  inverted  centimetre  scale  behind  the  tube,  with  its 
zero  mark  at  the  top  of  the  cork.  Take  a  narrow  graduated 
5  c.c.  cylinder  (or  the  tube  used  in  calibrating  the  burette), 
fill  it  with  mercury,  pour  it  into  the  given  tube,  and  read  off 
its  height  on  the  scale.  Repeat  this  until  the  tube  is  full. 
Find  the  difference  between  each  pair  of  readings,  and  take 

*  The  4,  being  the  same  in  all  cases,  should  not  be  included  in  the 
addition  or  division. 
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the  average  of  these  differences.  This  gives  the  average 
length  of  a  column  containing  5  c.c.  of  mercury.  Then 
proceed  as  in  Method  1. 

If  the  various  levels  be  marked  on  the  tube  with  a  file, 
or  by  small  strips  of  gummed  paper,  we  have  a  graduated 
burette. 

Example. 

Readings.  Differences. 

0       cms. 

3-65    „  3-65  cms. 

7-35    „  3-70  „ 

1MO    „  3-75  „ 

14-75    „  3-65  „ 

18-35    „  3-60  „ 

21-90    „  3-55  „ 

25-40    „  3-50  „ 

7  1  4-40  „ 

Average  length  =  3  -6  2  9  cms. 

K 

Then       cross-section  (average)  =  =  1  '378  sq.  cms. 

' 


yi'378 
-  =  '66  cm.  or  6  -6  mms. 
7T 


EXAMPLES    VIII. 

1.  Take  a  flask  and  calibrate  it  to  hold  half  a  litre  (500  c.c.) 
at  0°  C. 

2.  Take  a  burette,  test  its  accuracy,  and  plot  a  correction 
curve  for  future  use. 

(Note.     Make  a  mark  on  the  burette,  and  use  it  with  the 
correction  table  in  future  experiments.) 

3.  Take  a  glass  tube  10  cms.  long  and  about  '3cm.  internal 
diameter. 

Find  (a)     its  capacity, 

(b)  its  average  cross-section, 

(c)  its  average  radius. 

4.  Ascertain  if  the  bore  of  the  tube  in  Ex.  3  is  uniform. 

5.  Repeat  Ex.  3  and  4  with  a  tube  about  1  cm.  diameter. 


CHAPTER  X. 

THE  SLIDE  EULE. 

81.  Use  of  the  Slide  Rule.     The  slide  rule  is  really 
a  graphic  table  of  Logarithms,  and  a  knowledge  of  the  latter 
is  essential  for  an  intelligent  use  of  the  rule. 

Without  going  into  the  Theory  of  Logarithms,  we  may 
here  briefly  recapitulate  their  more  important  properties : 

(1)  To  multiply  two   numbers  together,  we  add  their 
Logarithms. 

(2)  To  divide  one  number  by  another,  we  subtract  the 
Logarithm  of  the  latter  from  that  of  the  former. 

(3)  To  find  a  given  power  of  a  number,  we  multiply  its 
Logarithm  by  that  power. 

(4)  To  find  a  given  root  of  a  number,  we  divide  its 
Logarithm  by  that  root. 

82.  The  Logarithm  of  a  number  consists  of  two  parts : 

(«)  The  Decimal  part,  called  the  Mantissa.  This  is 
always  the  same  for  the  same  sequence  of  figures,  and  is 
obtained  from  the  tables. 

(b)  The  Integral  part,  called  the  Characteristic.  The 
value  of  this  is  controlled  solely  by  the  position  of  the 
decimal  point  in  the  number. 

Thus,  Iog103  =  -4771. 

loglo  30  =  Iog10  (3  x  10)  =  log,0  3  +  Iog10 10 
=  •4771  +  1  = 
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Similarly 

log  30,000  =  log  (3  x  10,000)  =  log  3  +  log  10,000 

=  -4771  +  4  =  4-4771  (since  10,000  =  104). 


Finally       log  -003  =  log        gg  =  log  3  -  log  1000 
=  •4771-3. 

Strictly  speaking  this  gives  us  —  2'5229  as  an  answer,  but 
in  order  to  keep  the  mantissa  the  same  for  the  same  sequence 
of  figures  for  all  positions  of  the  decimal  point,  the  conven- 
tional form,  —  3  +  '4771,  is  adopted.  This  is  generally  written 
3-4771,  and  is  spoken  of  as  bar  three.  It  must  be  carefully 
remembered  that  the  mantissa  is  always  positive. 

The  following  practical  rules  may  be  adopted  for  finding 
the  characteristic  of  a  logarithm  : 

i.     For  whole  or  mixed  numbers. 

Subtract  one  from  the  number  of  figures  to  the  left  of 
the  decimal  point. 

Example.     The  characteristic  of  the  logarithm  of 
2794-62-4-1=3. 

ii.     For  decimals. 

Add  one  to  the  number  of  cyphers  before  the  first 
significant  figure,  and  make  the  result  negative. 

Example.     The  characteristic  of  the  logarithm  of 
•0000763=  -(4  +  1)  =  5. 

The  question  of  finding  the  Characteristic  is  dealt  with  in 
such  detail  because  a  slide  rule,  like  Tables,  only  gives  us 
the  mantissa.  Under  certain  circumstances  the  position  of 
the  decimal  point  can  also  be  calculated,  but  generally 
common-sense  is  the  best  guide. 

Example.  To  multiply  8  '3  by  7  -5.  Either  logarithms  or  the 
slide  rule  gives  us  6225  us  the  figures  in  the  answer  and  a 
moment's  thought  shows  it  to  be  62-25. 
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83.  To  make  a  simple  Slide  Rule.     Take  a  strip  of 
cardboard  10"  long  and  1"  wide,  and  draw  a  straight  line  AB 
down  the  centre  of  it  longitudinally.     Mark  the  figure  1  at 
the  left-hand  end  both  above  and  below  AB,  and  at  a  distance 
of  3*01"  from  A  (=  10  log  2)  draw  a  transverse  line,  which 
is  marked  2.     Repeat  with  all  the  digits  up  to  10.     Then 
interpolate  with  shorter  lines  for  1*5,  2*5,  &c. 

Finally  carefully  cut  along  the  line  AB,  and  we  have  two 
similar  logarithmic  scales,  one  of  which  is  shown  in  fig.  66. 

Such  a  couple  of  scales  constitutes  a  slide  rule  in  its 
simplest  form. 

84.  Description  of  the  Slide  Rule.     The  Tavernier- 
Gravet  slide  rule,  which  is  the  one  ordinarily  used,  consists 
of  a  flat  ruler  of  wood,  frequently  faced  with  celluloid  (fig.  67). 

On  this  are  engraved  four  scales,  which  are  known  as  the 
A,  By  G  and  D  scales  respectively,  starting  from  the  top. 

The  D  scale,  on  the  lower  part  of  the  ruler,  is  a  logarithmic 
scale,  engraved  as  described  in  Art.  83,  its  length  being  25  cm. 

The  A  scale,  at  the  top  of  the  ruler,  consists  of  two  similar 
scales  to  D,  exactly  half  size,  and  placed  end  to  end. 

Between  A  and  D  is  a  piece  of  wood  sliding  longitudinally 
in  a  groove.  This  is  known  as  the  slide,  and  it  is  the  ability 
to  set  the  index  of  the  scales  on  this  slide  opposite  any  given 
number  on  A  or  D  that  constitutes  the  value  and  use  of  the 
instrument.  The  slide  is  engraved  with  two  scales  B  and  G, 
exact  facsimiles  of  A  and  D  respectively.  Thus  G  and  D 
or  A  and  B  resemble  the  two  similar  logarithmic  scales 
described  in  the  last  article. 

There  is  also  a  bridge  called  the  cursor  which  slides  along 
the  ruler  and  carries  some  device  (either  two  knife  edges,  or 
a  vertical  line  ruled  on  glass)  enabling  us  to  accurately  align 
divisions  on  the  upper  and  lower  scales. 

All  four  scales  begin  and  end  with  the  figure  1,  which  is 
known  as  the  left-hand  or  right-hand  index  of  the  scale. 

8—2 
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On  the  scales  G  and  D  the  right-hand  index  is  10  times 
the  value  of  the  left-hand  index,  to  which  we  can  give  the 
value  of  any  power  of  10. 

Thus  if  the  left  index  =      1,  the  right  index  =  10. 

„      -100  „  „     =1000. 

3)  J3  ==       "J-  5J  3>  =      *• 

In  general       „         „      =  10n  „  „     =10n  +  1. 

In  the  same  way,  on  the  scales  A  and  B  the  middle  index 
is  10  times,  and  the  right-hand  index  100  times,  the  value  of 
the  left-hand  index,  the  value  of  the  latter  being  optional. 

85.  Operations  with  the  Slide  Rule.  The  following 
are  the  more  important  and  commonly  occurring  processes 
where  the  Slide  Rule  may  be  employed  with  advantage. 

I.  Multiplication.  We  have  seen  (Art.  81)  that  to 
find  the  product  of  two  numbers  we  must  find  the  sum  of 
their  logarithms.  Hence  we  must  find  the  combined  lengths 
of  the  two  logarithmic  distances  on  the  ruler  and  slide 
respectively. 

RULE.  Move  the  slide  so  that  the  left-hand  index  of  scale 
B  is  exactly  under  one  of  the  given  numbers  on  the  ruler  scale 
A.  Then  find  the  other  number  on  the  slide,  and  the  reading 
immediately  above  it  will  be  the  required  product. 

Example.  To  multiply  2'75  by  3'15.  The  setting  of  the 
slide  is  shown  in  fig.  68.  The  distance  ae  is  clearly  equal  to 
the  sum  of  the  lengths  ab  and  cd;  but  ab  and  cd  are  lengths 
representing  the  logarithms  of  2  -7  5  and  3'15  and  ae  represents 
the  sum  of  these  logarithms.  Hence  we  get 


=  ae, 

that  is,  log  2-75  +  log  3-15  =  log  8-66, 

therefore  2'75  x  3-15  =  8-66. 

(The  true  product  =  8*6625.) 

Since  the  lower  scales  on  slide  and  ruler  are  twice  the 
size  of  the  upper  ones,  the  above  operations  may  be  carried 
out  equally  well  on  them,  and  with  a  greater  degree  of 
accuracy.  Sometimes,  however,  when  using  the  lower  scales, 
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if  1  on  the  slide  is  set  to  the  given  number  on  the  ruler,  the 
other  number  on  the  slide  will  be  found  to  be  beyond  the  end 
of  the  ruler.  In  this  case,  the  right-hand  index  of  the  slide 
must  be  set  opposite  the  first  number,  when  the  product  can 
be  readily  found. 

Example.  Required,  the  product  of  8  5  and  7'5.  If  we  Bet 
the  left-hand  index  of  scale  C  against  8 '5  on  Z>,  we  shall  find  that 
7*5  on  C  projects  beyond  the  end  of  D.  If  however  we  set  the 
other  end  of  C  against  8*5  on  D,  we  shall  find  6375  immediately 
below  7*5.  Therefore  the  answer  is  clearly  63-75. 

Note.  After  a  little  practice  it  will  be  found  quite  easy 
to  estimate  another  figure  when  the  answer  comes  between 
two  graduations.  In  the  above  case,  for  instance,  the  product 
is  half  way  between  635  and  640  on  the  ruler. 

There  are  many  other  ways  of  finding  the  above  product. 
For  example,  the  functions  of  slide  and  ruler  may  be  reversed, 
but  the  beginner  will  be  better  advised  to  keep  to  one 
method  until  he  has  a  complete  grasp  of  the  use  of  the  rule. 

It  should  be  noted  that  we  can  obtain  the  complete 
multiplication  table  for  any  number  by  one  operation  on 
the  slide  rule. 

Thus  if  we  set  the  left-hand  index  of  B  against  2*5  on  A, 
every  number  on  B  has  2'5  times  its  value  immediately  above 
it.  This  is  of  great  value  when  bringing  a  series  of  numbers 
to  percentage  values,  a  process  often  required  in  chemical 
and  other  problems.  Instances  will  be  found  in  the  examples 
at  the  end  of  this  chapter. 

86.  II.  Division.  There  are  many  ways  of  finding  a 
quotient  on  the  slide  rule,  but  the  following  is  probably  the 
simplest,  and  the  one  capable  of  most  general  employment. 

RULE.  Set  the  divisor  on  tlie  slide  against  the  dividend 
on  the  ruler,  and  read  off  the  quotient  on  the  ruler  opposite 
1  on  the  slide.  Here  again  the  lower  scales  are  the  best. 

Example.  To  divide  725  by  62-5.  Set  625  on  the  lower  scale 
of  the  slide  against  725  on  the  ruler.  It  will  be  found  that  1  on 
the  slide  coincides  with  116  on  the  ruler,  and  since  62  clearly 
goes  about  11  times  into  725  our  answer  will  be  11-6. 
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87.  III.     Continued  Multiplication   and  Division. 
We  frequently  require  the  product  of  a  series  of  fractions. 
This  is  done  by  the  use  of  cursor  and  slide,  multiplication 
and  division  being  performed  alternately.     The  method  is 
best  explained  by  an  example. 

Example.     Required,  the  value  of 
23  x  71x39 
2-5  x  680  x  17' 

(1)  Set  25  on  B  against  23  on  A. 

(2)  Whilst  in  this  position  set  the  cursor  to  71  on  B  and 
then  alter  the  slide  until  68  coincides  with  the  cursor. 

(3)  Set  the  cursor  to  39  on  the  B  and  alter  the  slide  until 
17  coincides  with  the  cursor. 

(4)  Read  off  the  figure  on  A  opposite  1  on  the  B. 
This  is  22  and  gives  us  the  figures  of  our  answer. 

To  place  the  decimal  point,  evaluate  the  fraction  roughly,  thus 

23 

^=  =10  approximately 

71  _   1 

680  "  10 

hence  their  combined  value  is  about  1.     Also  17  goes  into  39 
twice,  hence  the  answer  =  2-2. 

(The  correct  answer -2-2037.) 

If  there  are  more  factors  below  than  above,  it  will  be  found 
simplest  to  put  in  a  series  of  units  in  the  numerator.     Thus,  if 

27  x  11 

we  require  to  evaluate  —. — — — 77; — -^-n.  work  it  out  as  if  the 
14  x  23  x  42x63 

.      ..  27x11x1x1 

fraction  were   -r — =  - — iir~ ~CQ  • 
14  x  23  x  42  x  63 

88.  IV.   To  raise  a  number  to  a  given  power.     This 
can  of  course  be  done  by  continued  inultiplication.     Thus 
2'75  =  2-7  x  2-7  x  2'7  x  27  x  2'7.     But  in  the  two  most  com- 
monly occurring  cases  of  square  and  cube  a  simpler  method 
is  available. 
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If  any  point  (say  4'2)  is  taken  on  the  top  scale  A,  its 
distance  from  the  left-hand  end  of  the  scale  =  log  4'2.  Then, 
since  the  bottom  scale  D  is  twice  the  length  of  the  top  one 
it  is  clear  that  the  same  distance  on  the  bottom  scale 
=  £log4'2,  that  is  to  say,  =log\/4'2. 

In  other  words,  any  number  on  the  bottom  scale  has  its 
square  vertically  above  it  on  the  top  scale. 

(i)  To  square  a  number.  RULE.  Find,  the  number  on 
the  bottom  scale,  and  by  means  of  the  cursor  read  off  its 
square  on  the  top  scale. 

The  slide  is  not  involved  in  this  process  at  all 

(ii)  To  cube  a  number.  RULE.  Set  1  on  the  slide  G 
to  the  number  on  D  and  read  of  its  cube  on  A  opposite  the 
given  number  on  B. 

This,  from  the  last  paragraph,  clearly  gives  us 

2  log  x  4-  log  #  =  3  log  x, 
hence  \ve  get  a?  as  our  result. 

89.  V.  To  find  the  Square  Root  of  a  number.  This 
of  course  will  be  the  reverse  process  of  that  for  finding  a 
square.  We  find  our  number  on  the  top  scale  of  the  ruler 
and  read  off  the  number  vertically  below  it  on  the  bottom 
scale. 

We  here  meet  with  an  apparent  difficulty.  Let  us  take 
as  an  example 


Since  the  top  scale  is  duplicated,  49  occurs  twice  on 
it,  giving  readings  of  2*21  and  7  respectively  at  the  bottom. 
3ne  of  these  is  the  square  root  of  4'9  and  the  other  of 


s       e  square  roo    o       '     an     te  oter  o 
4-9  x  10.    The  following  rules  will  overcome  any  difficulty  in 
this  respect. 

(i)     For  whole  or  mixed  numbers  : 

If  there  are  an  odd  number  of  digits  to  the  left  of  the 
decimal  point,  use  the  left-hand  top  scale,  if  an  even  number, 
the  right-hand  one. 
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(ii)     For  decimals : 

If  there  are  an  odd  number  of  cyphers  before  the  first 
significant  figure,  use  the  left-hand  top  scale,  if  an  even 
number  (or  no  cyphers)  the  right-hand  one. 

Examples,     (a)     To  find  the  value  of  \/371'5. 

By  rule  (i),  there  being  an  odd  number  of  figures  before  the 
decimal  point,  we  use  the  left-hand  top  scale,  getting  as  our 
result  19-2. 

(b)     To  find  the  value  of  V-0000765. 

By  rule  (ii),  there  being  an  even  number  of  cyphers  before  the 
first  significant  figure,  we  use  the  right-hand  top  scale,  setting  the 
cursor  at  765  and  getting  as  our  result  '00875. 

90 *.  VI.  To  find  the  Cube  Boot  of  a  number.  Com- 
pletely withdraw  the  slide  and  replace  it  the  other  way  up 
(so  that  all  the  figures  on  it  are  upside  down).  This  is  called 
inverting  it.  Then  set  the  index  of  the  slide  scale  G  against 
the  given  number  (say  64)  on  A,  and  find  by  inspection  that 
reading  on  D  which  is  the  same  as  the  reading  on  the 
adjacent  slide  scale  immediately  above  it  (B).  This  is  fairly 
easy,  since  the  numbers  increase  in  opposite  directions.  As 
was  the  case  with  square  root,  we  shall  find  two  such  coinci- 
dences, one  being  ^64  and  the  other  ^6 '4.  If  we  set  the 
other  end  of  the  slide  against  64  we  shall  obtain  a  third 
coincidence,  which  =  \/(64  x  10)*  Usually  we  can  tell  at 
sight  which  of  these  is  the  correct  result,  but  the  following 
general  rule  will  prevent  any  error. 

(i)     For  whole  or  mixed  numbers. 

(a)  If  there  are  3  figures  (or  any  multiple  of  3)  to 
the  left  of  the  decimal  point,  set  the  right-hand  end  of  the  slide 
against  the  number  on  the  top  left-hand  scale  and  read  the 
right-hand  coincidence  at  the  bottom. 

Thus  V640  -  8-62. 

(b)  If  there  are  2,  5,  8,  etc.  (that  is,  3n  —  1)  figures  to 
the  left  of  the  decimal,  proceed  as  above  and  read  the  left- 
hand  coincidence  at  the  bottom. 

Thus  A/64  =  4. 

1  An  easier  method  of  finding  cube  roots  is  given  in  Art.  97. 
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(c)  If  there  are  1,  4,  7,  etc.  (that  is,  3n  +  1)  figures  to 
the  left  of  the  decimal,  set  the  left-hand  end  of  the  slide 
against  the  number  on  the  top  right-hand  scale  and  read 
the  left-hand  coincidence  at  the  bottom. 

Thus  ^61  =  1-85. 

Note.  With  this  setting,  the  right-hand  coincidence  gives 
us  the  same  result  as  (b). 

(ii)     For  decimals. 

The  simplest  method  is  to  move  the  decimal  point  3  (or 
some  multiple  of  3)  places  to  the  right,  until  the  value  of  the 
number  lies  between  1  and  1000.  Then  extract  the  root 
according  to  rule  (i).  If  the  point  was  moved  3  places  the 
decimal  point  precedes  the  first  figure  of  the  answer,  and  for 
every  additional  3  places,  a  cypher  follows  the  decimal  point. 

Example.  To  find  the  cube  root  of  '0000755.  Move  the 
decimal  point  six  places ;  we  thus  get  75  *5.  Extract  the  root 
according  to  i.  b.  We  thus  get  422,  hence  the  answer  will  be 
•0422. 

91.  VII.     Reciprocals.     When  we  have  a  numbers,  we 

often  require  its  reciprocal,  that  is  to  say,  - . 

x 

If  we  invert  the  slide  as  for  cube  root  and  find  the  number 
on  Z),  by  using  the  cursor  we  find  its  reciprocal  vertically 
above  it  on  (7,  of  course  bearing  in  mind  that  one  of  the 
two  numbers  must  be  a  decimal1. 

92.  VIII.     Mensuration  formulae.     The  slide   rule  is 
particularly  applicable  to  these. 

At  the  point  314  on  the  left  of  the  scales  A  and  B  will 
be  found  a  longer  graduation  than  usual.  This  is  to  enable 
us  to  find  the  number  TT  easily. 

Also  at  the  point  785  on  the  right  of  the  same  scales  is 
a  similar  distinguishing  mark  indicating  ^ . 

The  result  can  be  also  obtained  by  dividing  1  by  the  given  number,  as 
in  Art.  86. 
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The  following  simple  rules  will  be  found  useful.  The 
student  may  evolve  the  more  advanced  ones  for  himself  as  he 
gets  better  acquainted  with  the  slide  rule. 

1.  To  find  the  circumference  of  a  circle,  given  its  radius. 
Set  the  left-hand  index  of  the  slide  to  TT  on  A  and  read 
off  the  circumference  on  A  above  the  diameter  on  B. 

2.  To  find  the  area  of  a  circle,  given  its  radius  or  diameter. 
Set  the  slide  as  above  and  take  the  reading  on  A  above  the 
radius  on  G. 

*7T 

Or : — Set  the  right-hand  index  of  the  slide  to  7-  and  take 
the  reading  on  A  above  the  diameter  on  C. 

Other  mensuration  formulae  will  be  found  in  Art.  53. 
The  student  should  think  out  the  easiest  way  of 'solving  each 
on  the  rule. 

93.     IX.     The     solution     of     quadratic     equations. 

Reduce  the  quadratic  to  the  form 

X*  +  px  +  q  =  0, 
p  and  q  being  expressed  as  decimals  (if  necessary). 

Then  invert  the  slide  and  set  the  index  opposite  q  on  D. 
Finally,  if  q  is  positive,  slide  the  cursor  along  until  the 
numbers  on  C  and  D  add  up  to  p.  These  will  be  the  roots, 
and  must  have  the  opposite  sign  to  p. 

If  q  is  negative,  numbers  must  be  sought  whose  difference 
is  equal  to  p,  and  the  smaller  of  the  two  roots  will  have  the 
same  sign  as  p,  the  other  root  having  the  opposite  sign. 

Example  1.  y?  +  Sx  +  1 2  =  0. 

Set  the  end  of  the  inverted  slide  to  12,  and  by  the  cursor  find 
coincident  figures  on  C  and  D  whose  sum  is  8.  These  will  be 
found  to  be  6  and  2. 

Hence  x  =  —  6  or  —  2. 
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Example  2.  2^  -  3ic  -  35  =  0. 

We  first  get  v? -  l'5x- 17'5  =  0. 

Setting  the  end  of  the  slide  to  175,  we  find,  by  the  cursor,  numbers 
on  C  and  D  whose  difference  is  T5.     These  are  5  and  3-5. 

Hence  x  =5  or  -3  -5. 

94.  The  use  of  the  scales  on  the  back  of  the  slide. 
Most  slide  rules  have  also,  on  the  back  of  the  slide,  three 
scales: 

1.  A  scale  of  sines,  marked  S. 

2.  „         „     tangents,  marked  T. 

3.  „         „     logarithms,  in  the  centre,  and  looking  like 
a  plain  scale  of  millimetres. 

These  are  often  of  great  use  in  calculations  of  a  trigono- 
metrical nature,  and  a  brief  description  of  the  method  of 
using  them  is  here  given. 

X.     Scale  of  sines.     To  find  the  sine  of  an  angle. 

Method  1.  Completely  withdraw  the  slide  and  insert 
it  with  the  trigonometrical  scales  to  the  front,  and  so  that 
the  sine  scale  is  in  contact  with  A.  Then  if  the  slicje  be  run 
home,  the  sine  of  any  angle  on  the  sine  scale  (S)  is  im- 
mediately above  it  on  A. 

The  value  of  the  numbers  on  A  for  this  purpose  ranges 
from  -01  to  1. 

Thus  sin    2°      ='0349, 

sin    5°40'='0988, 
sin  15°       =  -259, 
sin  40°       =  -643,  etc. 

The  sine  scale  includes  all  angles  from  35'  to  90°,  and  we 
can  use  this  setting  to  plot  the  sine  curve. 

To  find  the  cosine  of  an  angle.  Since  cos#  =  sin  (90  —  6) 
we  simply  find  the  sine  of  the  complementary  angle  as 
above. 

Thus  cos  74°  30'  =  sin  15°  30'  =  '267. 
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To  multiply  a  sine  by  a  number.  Set  the  end  of  the 
sine  scale  under  the  given  number  on  A,  and  read  off  the 
number  on  A  above  the  given  angle. 

Example.  1  7  sin  1  0°  20'  =  3  -05. 

To  find  6  where  sin  6  =  T  •     Set  the  end  of  the  sine  scale 

under  b  on  A,  then  under  a  on  A  will  be  found  the  required 
angle. 

Example.     Sin  0  =  T5T. 

Set  the  end  of  the  sine  scale  under  17  on  either  of  the  scales 
on  J,  and  under  5  on  the  other  scale  on  A  read  off  the  angle  thus, 


The  two  scales  on  A  are  here  employed  because  the 
characteristics  of  a  and  b  respectively  differ  by  an  odd 
number  (i.e.  1).  Had  the  characteristics  been  the  same,  or 
differed  by  an  even  number,  both  a  and  b  would  have  been 
taken  on  the  same  half  of  A. 

Method  2.  Another  method  by  which  the  foregoing 
results  can  be  obtained  without  reversing  the  slide  is  as 
follows.  A  small  opening  is  cut  in  the  back  of  the  slide  rule 
at  the  right-hand  end  through  which  a  part  of  the  back  of 
the  slide  can  be  seen  ;  at  the  edge  of  this  opening  is  a  vertical 
index  line  touching  the  sine  scale. 

If  then  the  slide  be  drawn  out  until  the  given  angle  6 
coincides  with  the  index  line,  the  value  of  sin  6  or  cos  (90  —  0) 
will  be  found  on  B  below  the  right-hand  index  of  A. 

If  the  reading  is  on  the  right  half  of  B  the  value  of  the 
sine  lies  between  '1  and  1,  but  if  on  the  left  half,  between 
•01  and  1. 

Example.     Sin  9°  30'  =  '165. 

To  find  the  cosecant  or  secant  of  an  angle. 

Since  cosec  6  is  the  reciprocal  of  sin  6,  we  set  the  slide  as 
just  described,  and  read  off  cosec  6  on  A  above  the  left-hand 
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index  of  B,  bearing  in  mind  that  cosec  0  cannot  be  less  than 
unity.     Thus  in  the  last  example 

cosec  9°  30'  =6-06. 
Similarly 

sec  9-  30'  =  cosec  80°  30'  =     JL- 


To  find  0  by  Method  2  when  sin  #  =  r  we  set  a  on  B  to 

b  on  A  and  read  off  the  value  of  6  at  the  index  line  on  the 
sine  scale. 

95.     XI.    Scale  of  tangents. 

To  find  the  tangent  or  cotangent  of  an  angle. 

Method  1.  Reverse  the  slide  and  run  it  home  so  that  the 
tangent  scale  (T)  is  next  to  D.  Then  below  any  angle  on  T 
can  be  read  its  tangent  on  D,  the  value  of  the  readings  on  D 
lying  between  '1  and  1. 

Examples.  Tan  7°  20'  =  -1286, 
tan  17°  30'  =  -3153, 
tan  37°  -754. 

Since  cot  6  =  tan  (90  —  6\  to  find  cot  6  we  obtain 
tan  (90  -  0). 

Examples.     Cot  71°  =  tan  (90°  -  71°) 
=  tan  19° 
=  -3442. 

Since  tan  5°  43'  =  -1,  and  tan  45°  =  1,  and  the  value  of  D 
lies  between  those  limits,  the  tangent  scale  is  only  graduated 
between  5°  43'  and  45°. 

If  6  be  less  than  6°,  however,  sin  6  is  practically  equal  to 
tan  0,  so  that  we  find  the  required  numbers  on  the  sine  scale. 

For  tangents  of  angles  greater  than  45°  we  have 

tan  6  =     *     =  -    -*— 

cot0     tan  (90-0)' 

so  that  we  first  find  tan  (90  -  0),  which  is  less  than  45°,  and 
then  find  the  reciprocal  (Art.  91). 
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Example.     Required  tan  73°. 

1  1 


tan  (90  -73)"      tan  17" 

3-27. 


•3057 

The  cotangent  of  an  angle  less  than  45°  can  be  found  in  a 
similar  manner. 

Method  2.  We  can  also  find  the  tangent  or  cotangent 
of  an  angle  without  reversing  the  slide,  by  a  process  exactly 
similar  to  that  for  finding  the  sine.  The  slide  is  drawn  out 
until  6  coincides  with  the  index  line  (usually  in  a  second 
opening  at  the  other  end  of  the  rule).  Then  the  value  of 
tan  0  is  read  off  on  C  above  the  index  of  D,  and  the  value  of 
cot  0  on  D  below  the  index  of  C.  Hence  by  this  method  we 
obtain  by  a  single  movement  the  value  of  the  tangent  or 
cotangent  of  any  angle  (except  those  of  angles  less  than 
5°  40'  or  greater  than  84°  20').  This  is  preferable  to  Method  1 
for  most  purposes. 

Note.  The  tangents  of  angles  greater  than  84°  20',  and 
the  cotangents  of  angles  less  than  5°  40'  vary  too  rapidly  to 
be  obtainable  on  a  slide  rule. 

To  find  0  when  tan  0  =  j- . 

Set  a  on  G  opposite  b  on  D  and  read  off  the  angle  6  at 
the  index  line  on  the  tangent  scale. 

Example.     If  a  =  1 1  -2  and  b  =  17 '5, 

tan  0  =  ii|  and  0  =  32°  38'. 
17'5 

96.     XII.    Solution  of  triangles. 
Case  1.     Given  the  angles  and  one  side. 

This  is  the  commonest  case,  occurring  repeatedly  in 
surveying  and  other  operations.  We  have 

a  b  c 

sin  A     sin  B     sin  G y 

and   proceed   by  Method   1,  Art.    94,  as   in   the   following 
example. 
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In  a  given  triangle,  A  -  35°  30',  B  --  18°  40',  and  a-  154  yds. 
Required  the  length  of  b. 

a&mfi 


Here  b  — 


sin  ^1 

154  sin  18°  40' 


Reverse  the  slide  and  set  35°  30'  on  Sunder  154  on  A.  Then 
the  number  on  A  above  18°  40'  on  S  will  be  the  length  of  b,  and 
is  found  to  be  84-5  yards. 

Case  2.     Given  two  sides  and  the  included  angle. 

The  determination  of  the  remaining  angles  and  side  in 
this  case  require  several  calculations.  On  the  whole,  an 
adaptation  of  the  ordinary  trigonometrical  formula  is  the 
easiest,  as  shown  in  the  following  example. 

In  the  triangle  XYZ,  x  =  5  f  t.,  y  =  7  ft.  and  ^=32°.  Required, 
the  other  angles. 

V         V  1 

Here  tan  =-Z±.  =  y-^-  cot  16°  -  i  cot  1  6°. 

2         y  +  x  6 

Set  16°  on  the  tangent  scale  to  the  index  line,  run  the  cursor 
to  the  right-hand  index  of  C  (which  shows  on  D  the  value  of 
cot  16°),  set  6  on  C  to  the  cursor  line  (in  order  to  divide  by  6) 
and  run  the  cursor  to  the  index  of  C.  Note  the  corresponding 
number  on  D  (in  this  case  5815),  and  move  the  slide  until  this 
number  on  C  is  above  the  index  on  D.  Then  on  the  tangent  scale 

Y—  X 

opposite  the  index  line  will  be  found  the  value  of  —  -  —  ,  in  this 

case  30°  10'. 

Then  I=3(riO' 

also 


2  2 

Thus  by  addition  Y=  104°  10' 

and  by  subtraction  JT=  43°  50'. 

Although  at  first  sight  this  appears  to  be  complicated,  with  a 
little  practice  it  becomes  very  simple. 
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97.     XIII.   The  logarithmic  scale. 

This  is  a  scale  of  even  graduations,  between  the  S  and  T 
scales  on  the  back  of  the  slide,  and  enables  us  to  find  the 
mantissa  of  any  logarithm  to  3  places  of  decimals, 

To  find  the  logarithm  of  a  given  number. 

Set  the  left-hand  index  of  G  to  the  number  on  D  and  read 
off  the  mantissa  on  the  logarithm  scale  against  the  index  line. 

The  chief  use  of  this  scale  is  to  enable  us  to  obtain 
uickly  powers  and  roots  of  a  number.  This  is  illustrated  in 
"  e  following  example. 

Required,  the  value  of  ^4325. 

Set  the  index  of  C  to  4325  on  D  and  take  the  reading  on  the 
log.  scale  ;  in  this  case  636.  Since  the  characteristic  is  3,  we  get 
log  4325 -3-636. 

Divide  this  (mentally)  by  11,  and  we  get 

log  I|/i325  =  T\-  log  4325  =  -331. 

Then  set  '331  on  log.  scale  to  the  index  line  and  read  off  onD 
the  number  opposite  the  index  on  C,  giving  as  our  answer  2-141. 

(By  calculation  ^4325  -  2'1406.) 

This  will  in  many  cases  be  found  to  be  the  easiest  method  of 
finding  cube  roots. 


EXAMPLES   IX 

1.     Find  the  following  products  : 

(a)  4  x  3-5. 

(b)  40  x  3-5. 

(c)  2-75  x  3-65. 

(d)  7-3  x -27  x  1-85. 

(e)  -112x47-6. 
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2.  Find  the  following  quotients : 

(a)  7-5  *  3. 

(6)  8-75-2-25. 

(c)  3-25  -4-  6-5. 

(d)  112^-140, 

(e)  -075  i  -0028. 

3.  Simplify  the  following  : 

(a)     ^xllx4-! 
W     9      15     32* 

^42      _37^     4075 
:/Vrf«  x  435  x    -82"  * 


43  x  2950 

(c) 


1  x  23x1-6  x  -84' 
7x8x9x10 


v/     1x2x3x4x5' 

4.  By  means  of  the  formula 

273  + 1      760 
-273-   C7~' 

where  t  =  temperature  in  degrees  centigrade,  p  —  pressure  in 
mm.,  and  V=  volume  at  0°  C.  and  760  mm.  (normal  temperature 
and  pressure),  find  what  would  be  the  volume  at  182°  C.  and 
950  mm.  of  22-32  litres  of  gas  at  normal  temperature  and 
pressure. 

5.  Find  the  squares  of  17,  2-3,   11-5,   '85,  -05. 

6.  Find  the  cubes  of  the  same  numbers. 

7.  Find  the  square  roots  of  625,  62'5,  6'25,   '763,   '8,   3. 

8.  Find  the  cube  roots  of  12-5,  -000125,  87-5,  270,  4760000. 

9.  Find  the  reciprocals  of  the  following  numbers  :    27,    8, 
•25,    -05,    17,    2-32,    -03. 

10.  Find  the  circumference  of  a  circle  whose  radius  is : 

(a)  5    inches. 

(*)  2-5      „ 

(c)  7-3  ft. 

(d)  4-35  yds. 
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11.  Find  the  areas  of  the  same  circles. 

For  tJie  following  questions  the  formulae  given  in  Art.  53  may 
be  employed. 

12.  Find  the  weight  of  an  iron  ball  5  inches  in  radius,  if 
1  cubic  foot  of  iron  weighs  450  Ibs. 

(Weight  =  |«r« 


13.  Find  the  curved  surface  and  volume  of  a  cylinder  whose 
height  is  1  ft.  2  in.  and  the  diameter  of  whose  base  is  1  yard. 

14.  Find  the  volume  of  a  pyramid  16  inches  high  standing 
on  a  square  base  of  1  foot  side. 

15.  A  conical  tent  has  a  base  diameter  of  10  ft.  and  is  9  ft. 
high.      Find 

(a)     The  area  of  ground  covered. 

(6)      The  number  of  sq.  ft.  of  canvas  required. 

(c)     The  volume  of  air  enclosed. 

16.  Find  the  surface  area  of  a  sphere  7  in.  in  radius. 

17.  Find  the  cost  of  painting  the  outside  of  a  hemispherical 
dome  24  ft.  in  diameter,  at  the  rate  at  3d.  per  sq.  yard. 

18.  A  map  is  drawn  to  the  scale  of  6  in.  to  the  mile.     Set 
the  slide  rule  so  as  to  enable  you  to  read  off  the  number  of  yds. 
which   are   represented  by  any  given  distance  in   inches,   and 
determine   the   true   distance   apart   of    places   whose   distance 
apart  on  the  map  is  : 

(a)  2-75  in. 

(b)  -825  „ 

(c)  4-5     „ 

19.  Find  the  time  of  vibration  of  a  pendulum  3-25  metres 
long,  taking  the  force  of  gravity  as  equal  to  981  dynes.      (For 
formula  see  Art.   185.) 

20.  Find  the  percentage  composition  of  NaNO3. 

(Na  =  23,  N  =  U,  O  =  16.) 

21.  Find  the  percentage  composition  of  KaCraO7. 

(K  =  39,  Or  =52,  O=16.) 

9—2 
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22.  Solve  the  equations: 

(a)  x2-  10*  +  21-0, 

(b)  a?  +    4#-45  =  0. 

(c)  x*+12x+lQ=.Q. 

(d)  a;2-12tf-16:-0. 

(e)  2a2-  15*  +28-0. 
(/)     6or  +     .r-15-0. 

23.  In  the  triangle  ABC,  A  =  45°,  .5  =  69°,  c  =  42  ft.     Find 
the  lengths  of  the  other  two  sides. 

24.  In    the    triangle    ABC,   a  —  45    inches,    b  —  37    inches, 
(7  =  53°.     Completely  solve  the  triangle. 

25.  The  horizontal  shadow  of  a  vertical  pole  is  73  ft.  when 
the  sun's  altitude  is  29°.     Find  the  height  of  the  pole. 

26.  Find  the  length  of  the  shadow  of  the  pole  in  Question 
25  when  the  sun's  altitude  is  34°. 


27.     Find  the  value  of  (a) 


28.  Find  the  logs,  of  725,  6-15,  32-625,  -00085. 

29.  Plot  the  curve  pv  =  73-2.     (Boyle's  Law.) 


CHAPTER  XI. 

FURTHER  GRAPHICAL  METHODS. 

98.  We  have  already  discussed  in  Chapter  II  the  graphs 
of  simple  functions,  and  we  have  shown  how  such  graphs  may 
be  readily  plotted  by  finding  a  comparatively  small  number 
of  points  on  each,  and  joining  them  up  by  a  continuous 
curve.  More  complex  functions,  however,  cannot  be 
accurately  plotted  by  this  method,  without  taking  such 
a  large  number  of  points  as  to  make  the  process  extremely 
laborious.  The  purpose  of  the  following  articles  is  to  show 
how  to  obtain  the  shapes  of  such  graphs  by  simpler  and  less 
tedious  means.  For  the  methods  of  this  chapter  we  are 
largely  indebted  to  Professor  Chrystal's  kindness  in  allowing 
us  to  make  use  of  his  admirable  exposition  of  the  subject1. 

Transformation  of  Co-ordinates.  In  order  to  examine 
the  shape  of  a  curve  at  any  particular  point,  the  most 
convenient  plan  is  to  shift  the  origin  to  this  point,  keeping 
the  axes  parallel  to  their  former  directions. 

Let  OX,  OF  be  the  original  axes,  arid  let  (h,  k)  be  the 
co-ordinates  of  the  point  0'  to  which  we  wish  to  shift  our 
origin.  Let  O'X',  O'Y'  be  the  new  axes.  Then  if  the 
co-ordinates  of  any  point  P  referred  to  the  old  axes  be  (#,  y), 
and  referred  to  the  new  axes  (X,  Y),  we  see  from  fig.  69 

that  ON=x,        PN=y, 

X,      PN'=Y, 


1  Introduction    to    Algebra,   by  Professor   G.    Chrystol,   Chapter    XXV 
(A.  and  C.  Black,  London). 
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Y 

Y' 

P 

0' 

N'      X' 

0 

K                         NX 

Hence 


Thus,  if  in  any  equation  we  substitute 

X  +  h  for  x, 
and  Y+k  for  y, 

we  obtain  the  equation  of  the  same  locus  referred  to  parallel 
axes  through  the  point  (h,  k). 

As  an  example,  consider  the  locus  represented  by 
y-  2  +(*-!)•. 

If  we  transform  to  parallel  axes  through  the  point  (1,  2), 
we  must  write 

X  +  l  for  x, 

and  F+2  for  y. 

The  equation  will  then  become 


99.     Graph  of  a  function  containing  a  number  of 
linear  factors.     Let 

y  =  (x  -  a)  (x  -  b)  (as  -  c)f(x). 
Then  y  vanishes  when  x  =  a,  or  6,  or  c. 
Let  OA=o,     OB  =  b,     0(7 


c. 
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The  shape  of  the  curve  where  it  crosses  the  axis  of  x  will 
be  (roughly)  either  the  continuous  or  the  dotted  line  in 
fig.  70. 


\ 


Fig.  70. 

Now  let  a  =  b  ;  then  A  and  B  coincide,  and  the  curve 
touches  OX  at  this  point,  so  that  y  has  a  turning  value  =  0. 
This  case  is  shown  in  fie.  frl. 


AB 
Fig.  71. 


C\    X 


If    a  =  b  =  c,   the   point   becomes   a   point   of  infl 
•f    i  »\ 


(Art.  18). 


exion 


Thus  if 


y  «(*-«)*/(*), 

there  will  be  a  turning  value  at  the  point  where  x  =  a  if  n 
be  an  even  integer,  but  a  point  of  inflexion  if  n  be  an  odd 
integer  greater  than  1. 
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x' 


Fig.  74. 

Thus  the  curve  gradually  approaches  the  axes  without 
ever  meeting  them.  Also,  if  c  be  positive,  when  a?  is  a  very 
small  positive  quantity,  y  is  a  very  large  positive  quantity, 
whilst  if  x  be  a  very  small  negative  quantity,  y  is  a  very  large 
negative  quantity.  Similar  remarks  apply  to  very  small 
values  of  y. 

Hence  the  curve  consists  of  two  branches,  one  lying  in 
the  quadrant  XOY,  and  the  other  in  the  quadrant  X'OY'. 
Both  branches  approach  nearer  and  nearer  to  the  axes  the 
farther  they  recede  from  the  origin,  i.e.  the  axes  are  asymptotes 
to  the  curve.  The  graph  is  represented  in  fig.  75.  If  c  be 
negative  the  curve  lies  in  the  quadrants  YOX',  XO  Y'. 


Here  again  (fig.  76)  the  axes  are  asymptotes  to  the 
curve,  but  in  this  case,  if  c  be  positive,  y  is  positive  for  all 
values  of  x,  so  that  the  curve  lies  in  the  quadrants  XOY, 
X'OY. 

If  c  be  negative,  the  curve  will  be  inverted,  since  y  must 
be  negative  for  all  values  of  a?. 
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X' 


Fig.  76. 

101.  Method  of  Approximations.  If  x  be  a  very 
small  fraction  of  the  unit  of  length,  then  a?  is  very  small 
in  comparison  with  x,  a?  very  small  in  comparison  with  a?, 
and  so  on. 

To  illustrate  this  let  a?  =  '01,  the  unit  of  length  being  an 
inch. 

Then  ^=-0001, 

and  ^-  -000001. 
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Now  with  ordinary  drawing  instruments  it  is  impossible  to 
measure  a  distance  less  than  '01",  so  that  a?,  a?,...  may  be 
neglected  without  making  any  apparent  difference  when  x 
is  as  small  as  this.  As  x  increases,  however,  x°,  x*,  .  .  .  will 
also  increase;  and  when  #  =  :!,  #2  =  '01,  and  can  no  longer 
be  neglected,  since  its  magnitude  is  now  appreciable.  The 
value  of  a?  in  this  case  is  "001,  which  is  still  too  small  to  be 
measured  in  a  figure,  so  that  the  cube  and  higher  powers  of 
x  may  be  neglected  when  x  does  not  exceed  "I". 

These  facts  may  be  taken  advantage  of  in  finding  the 
shape  of  the  graph  of  a  function  in  the  neighbourhood  of  a 
point  where  x  —  0. 

Consider  the  function 


When  x  is  very  small,  e.g.  not  greater  than  '01",  the  terms 
2#2  and  S^3  may  be  neglected,  and  the  curve,  for  such  values 
of  x,  will  practically  coincide  with  the  straight  line 

y=<°  ..............................  (i). 

This  straight  line  is  therefore  a  tangent  to  the  curve  at  the 
origin  ;  but  we  do  not  yet  know  on  which  side  of  the  line 
the  curve  will.  lie.  To  ascertain  this  let  x  gradually  increase, 
but  not  become  greater  than  'V.  Then  the  term  2#2  can 
no  longer  be  neglected,  although  S^3  is  still  too  small  to  be 
appreciable.  Hence  for  values  of  x  which  do  not  numerically 
exceed  1",  the  curve  will  coincide  with 


........................  (2). 

Since  2#2  is  always  positive,  the  ordinate  of  (2)  exceeds  that 
of  (1)  by  a  positive  quantity,  and  consequently  the  curve 
(2)  lies  entirely  above  (1)  for  both  positive  and  negative 
values  of  x. 

Hence  the  shape  of  the  graph  for  small  values  of  x  is 
that  shown  in  fig.  77. 

The  equation  (1)  is  said  to  be  a  first  approximation,  and 
(2)  a  second  approximation  to  the  curve  at  the  origin. 
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Fig.  77. 


When  the  function  contains  a  constant  quantity,  e.g. 


we  can  get  rid  of  this  quantity  by  transforming  the  origin  to 
the  point  (0,  2).     The  equation  then  becomes 


and  the  above  method  gives  the  shape  of  the  graph  at  the 
new  origin,  i.e.  at  the  point  whose  original  co-ordinates  were 
(0,  2). 

When  the  function  contains  the  reciprocals  of  x,  #2,  a?.  .., 
very  small  values  of  x  will  give  us  very  large  values  of  y. 


Suppose 


*  =  -01; 


then 


x 


-  =  10,000, 


and 


-  =  1,000,000. 
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The  relative  importance  of  the  terms  is  now  reversed, 
since  -  is  much  greater  than  -,  —  much  greater  than  -  ,and 

ffi*  X    OU  SO 

so  on. 

Now  in  dealing  with  very  large  quantities,  those  of 
ordinary  magnitude  become  too  insignificant  to  be  con- 
sidered. Thus  the  population  of  a  large  town  is  usually 
given  in  so  many  thousands,  the  odd  hundreds,  tens  and 
units  being  omitted;  the  distance  between  two  towns  is 
stated  to  be  so  many  miles,  all  fractions  of  a  mile  (though 
they  may  amount  to  some  hundreds  of  yards)  being  dis- 
regarded ;  the  area  of  an  estate  is  computed  in  acres,  the 
odd  square  yards  being  neglected.  So  in  the  case  of 
numbers,  1  is  so  small  in  comparison  with  1000  as  to  be 
negligible;  and  similarly  1000  is  equally  small  in  comparison 
with  1,000,000,  and  therefore  negligible. 

Thus  for  very  small  values  of  x,  -  may  be  neglected  in 

tc 

comparison  with  —  ,  and  —  in  comparison  with  —  . 

X  XT  ocr 

Let  us  consider,  for  example,  the  form  of  the  graph  of  the 
function 

1      2      1 
^-i-1' 
for  very  small  values  of  x. 

A  first  approximation  is  given  by 


This  curve  is  similar  to  that  in  fig.  76. 
A.  second  approximation  gives  us 


This  shows  that  when  X  is  positive,  the  ofdinate  of  (2)  is 
less  than  that  of  (1);  but  when  x  is  negative,  the  ordinate  of 
(2)  is  greater  than  that  of  (1). 
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Thus  for  small  values  of  as  the  graph  of  the  given  function 
will  approximate  to  the  curve  in  fig.  76,  but  will  lie  below 
the  right-hand,  and  above  the  left-hand  branch. 

102.  Approximations  for  very  large  values  of  x. 
Here  the  preceding  cases  are  reversed,  since  when  x  is 

very  large,  -  is  very  small. 

Let  y  =  x  4-  2#2  +  3^. 

Then  for  very  large  values  of  #,  a  first  approximation  to 
the  shape  of  the  curve  is  given  by 

y  =  3a"  ...........................  (1). 

A  second  approximation  is 

(2), 


showing  that  the  curve  lies  above  (1)  for  large  positive  or- 
negative  values  of  x. 


Now  consider  the  function 

a?  '  x 


_1      2       3 
2/----2  +  ^- 


In  this  case,  when  x  is  very  large,  -  is  very  small,  and  a 

\b 

first  approximation  is  given  by 

1 


the  curve  shown  in  fig.  75. 
A  second  approximation  is 


showing  that  the  curve  lies  below  the  corresponding 
branch  of  (1),  but  approaches  it  very  closely  when  x  is  very 
large.  The  student  should  draw  rough  diagrams  to  illustrate 
this  case,  and  also  that  in  the  last  article. 
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103.     Method  of  dealing  with  a  fractional  function. 

a?  +  2a?  +  3 
Suppose  ^STTgSTS' 

This  function  can  be  expanded  as  a  series  in  either 
ascending  or  descending  powers  of  #,  by  dividing  the 
numerator  by  the  denominator. 

To  obtain  the  first  series  we  must  arrange  both  numerator 
and  denominator  in  ascending  powers.  The  division  will 
then  be  as  follows: 


-Q- 

40? 


1*        3" 

Hence  the  function  may  be  written 


This  form  will  give  a  close  approximation  to  the  shape  of 
the  graph  for  small  values  of  a,  but  is  useless  for  large  values, 
since  a?  and  higher  powers  have  been  neglected. 

Transforming  the  origin  to  the  point  (0,  1),  we  get 


Y=  —  +  -— 

A  first  approximation  at  the  new  origin  is  given  by 

Fs==T' 

and  the  curve  will  lie  on  the  upper  side  of  this  tangent. 
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Now   perform    the    division   with    the    numerator    and 
denominator  arranged  in  descending  powers  of  x. 


— 
x 


X 


This  gives  us 


This  form  gives  the  shape  of  the  curve  for  very  large 
values  of  x,  but  is  useless  for  small  values,  since  the  terms 

involving  —  ,  —  ,  ...  have  been  neglected. 

Also  when  #==  oo  ,  y—\. 

Transforming  the  origin  to  the  point  (0,  1),  we  obtain 


A  first  approximation  is  given  by 


Hence  for  very  krge  values  of  X,  the  curve  approximates 
to  that  shown  in  fig.  75,  the  new  axis  of  x  being  an 
asymptote. 

If  we  now  find  a  few  points  on  the  curve  by  giving 
x  values  and  finding  the  corresponding  values  of  y,  we  are 
in  a  position  to  completely  trace  it. 


10 


y 

s. 

0 

1 

2 

3 

4 

-1 

-2 

+  00 

1 

3 

3-6 

3 

2-45 

•3 

•27 

1 
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The  curve  is  shown  in  fig.  78.     It  will  be  noticed  that 
there   are   turning  values  at   the  points  where  #=±T7, 


Fig.  78. 

giving  37  for  a  maximum  value  of  y,  and  0*2  for  a  minimum 
value. 


104.     We  will  now  give  a  few  examples  of  graphs  of 
functions,  drawn  by  the  aid  of  the  preceding  methods. 

Example  (1).  y  =  (3?  -  I)2. 

This  may  be  written 

y  =  <«-!)•  (s+l)1, 

showing  (Art.  99)  that  the  curve  touches  the  axis  of  x  at  the 
points  whose  abscissae  are  +  1,  and  that  y  has  a  turning  value 
(=0)  at  each  of  these  points. 

Transforming   the   origin  to  the  point  (1,  0),   the  equation 
becomes  Y 


A  first  approximation  at  the  new  origin  is  given  by 


showing  that  the  curve  in  this  neighbourhood  is  of  the  form 
shown  in  fig.  9. 
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Again  transform  the  origin  to  the  point  (—  1,  0),  and  we  get 


Hence  form  of  curve  at  this  point  is  also  given  by 


To  find  the  form  of  the  curve  for  large  values  of  x,  expand 
the  original  equation,  and  we  get 

g  =  »*-2aj*  +  l. 

A  first  approximation  at  infinity  is  given  by 

y  =  x\ 
This  curve  is  shown  by  a  dotted  line  in  fig.  79. 


Fig.  79. 
A  second  approximation  is 


showing  that  the  real  curve  lies  below  the  dotted  one  for  large 
values  of  x. 

10—2 
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Next  find  a  few  corresponding  values  of  x  and  y  :— 


0 

±1 

±2 

±3 

1 

0 

9 

64 

The  curve  is  the  continuous  line  shown  in  fig.  79,  the  unit 
for  x  being  1",  and  for  y,  J". 

It  will   be  seen  that  y   has  a  maximum   value   (=1)   when 


Example  (2).  y  =  x  (x  -  1  )3. 

This  may  be  written 

y  -  x4  -  3x*  +  3x*  -  x. 

A  first  approximation  when  x  is  very  small  is 

y  =  -x, 
which  is  the  tangent  to  the  curve  at  the  origin. 

A  second  approximation  is  given  by 
y  =  -  x  +  Sor2, 

showing  that  the  curve  lies  above  the  tangent  for  small  positive 
and  negative  values  of  x. 

Now  transform   the   origin   to  the   point    (1,  0),    which   is 
evidently  a  point  of  inflexion  (Art.  99). 

The  equation  then  becomes 


=  X4  +  X3. 
Here  Y  '  —  X3  is  a  first  approximation  at  the  new  origin. 

At  infinity,  the  curve  approximates  to 

y  =  x*, 
a  second  approximation  being 

»'-*-**; 

showing  that  for  large  positive  values  of  x  the  curve  lies  below 
y  =  x\  and  for  lavge  negative  values,  above. 
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Next  we  find  a  few  points  on  the  curve. 


147 


0 

1 

2 

3 

-1 

-2 

±00 

0 

0 

2 

24 

_. 

8 

54 

00 

The  graph  is  shown  in  fig.  80.     It  may  be  seen  that  y  has 
a  turning  value  when  x  =  '3  (approximately). 


Example  (3). 

This  may  be  written 


Fig.  80. 

1 
~^1 


1  —  x~ 
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Transforming  the  origin  to  (0,  -  1),  the  equation  becomes 

A  first  approximation  for  small  values  of  X  gives 

showing  that  the  curve  touches  OX  on  its  lower  side  at  the  new 
origin. 

Now  divide  1  by  or5-  1,  and  we  obtain  as  a  quotient 

--  +  -      - 

Hence   a   first   approximation   for   very   large   values    of   x 

1 
gives  us  y~!&* 

the  shape  of  which  is  shown  in  fig.  76. 
A  second  approximation  is  given  by 
=  J.       I 

showing  that  the  graph  lies  above   the    curve   y  —  ~2  for  large 
values  of  x. 

The  following  series  of  points  may  now  be  obtained  : — 


0 

±1 

±•5 

±2 

±00 

-1 

00 

-1-33 

•33 

0 

It  should  be  noted  that  when  x  is  numerically  just  greater 
than  1,  y  has  a  very  large  positive  value;  whilst  when  x  is  just 
less  than  1,  y  has  a  very  large  negative  value.  This  shows  that 
x  =  1  and  x  =  —  1  are  asymp totes,  and  that  the  part  of  the  curve 
between  these  lines  approaches  them  on  the  negative  side  of  the 
x  axis,  whilst  on  the  outer  sides  of  the  lines  it  approaches  them 
on  the  positive  side. 

The  curve  can  now  be  drawn,  and  it  is  shown  in  fig.  81. 


Example  (4). 


By  division  in  ascending  powers  of  x,  we  get 
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Fig.  81. 
Transforming  the  origin  to  the  point  (0,  1),  this  becomes 

A  first  approximation  for  small  values  of  X  is 

By  division  in  descending  powers  of  x,  we  obtain 
=  a._l_I_ 

A  first  approximation  for  large  values  of  x  is 

and  a  second  approximation 

_l 

x' 
Hence  y  =  x  is  an  asymptote. 

Corresponding  values"  of  x  and  y  are  tabulated  below  : 


0   ) 

•5 

1 

2 

3 

_  ^ 

—  2 

-3 

1 

•9 

1 

1-8 

2-8 

0 

-1-4 

-2-6 
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Transforming;  the  origin  to  (0,  -  1),  the  equation  becomes 

A  first  approximation  for  small  values  of  X  gives 

showing  that  the  curve  touches  OX  on  its  lower  side  at  the  new 
origin. 

Now  divide  1  by  a?-  1,  and  we  obtain  as  a  quotient 

=  1  +  1 +1+ 

Hence   a   first   approximation   for   very   large   values    of   x 

I 


gives  us 


»=;?• 


the  shape  of  which  is  shown  in  fig.  76. 
A  second  approximation  is  given  by 

1       1 


showing  that  the  graph  lies   above   the    curve   y  =  — 2  for  large 
values  of  x. 

The  following  series  of  points  may  now  be  obtained  :— 


0 

±1 

±•5 

±2 

±00 

-1 

00 

-1-33 

•33 

0 

It  should  be  noted  that  when  x  is  numerically  just  greater 
than  1,  y  has  a  very  large  positive  value;  whilst  when  x  is  just 
less  than  1,  y  has  a  very  large  negative  value.  This  shows  that 
x  =  1  and  x  =  -  1  are  asymptotes,  and  that  the  part  of  the  curve 
between  these  lines  approaches  them  on  the  negative  side  of  the 
x  axis,  whilst  on  the  outer  sides  of  the  lines  it  approaches  them 
on  the  positive  side. 

The  curve  can  now  be  drawn,  and  it  is  shown  in  fig.  81. 


Example  (4).  y 

By  division  in  ascending  powers  of  #,  we  get 
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Fig.  81. 

Transforming  the  origin  to  the  point  (0,  1),  this  becomes 

Y^-X^-X3-  .... 
A  first  approximation  for  small  values  of  X  is 

Y^-X\ 

By  division  in  descending  powers  of  x,  we  obtain 
1       1 

y=*-i-rf-- 

A  first  approximation  for  large  values  of  x  is 

y  =  x, 
and  a  second  approximation 

1 

y=a--. 

Hence  y  —  x  is  an  asymptote. 

Corresponding  values' of  x  and  y  are  tabulated  below  : 


0   ) 

•5 

1 

2 

3 

-1 

-2 

-3 

1 

•9 

1 

1-8 

2-8 

0 

-1-4 

-2-6 
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Also  since  the  equation  may  be  written 
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it  is  seen  that  when 
and  when 

The  curve  may  now  be  drawn,  as  in  fig.  82. 


#  =  +  GO  ,     y  =  +  oo  , 
x  =  —  oo          =  —  oo  . 


Fig.  82. 


Example  (5).  y 


Multiplying    out   the   numerator    and  dividing    by    the    de- 
nominator in  ascending  powers  of  x,  we  get 
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Transforming  the  origin  to  the  point  (0,  6),  this  becomes 

Hence  a  first  approximation  for  small  values  of  X  is 

Y=-X, 
and  a  second  approximation 


This  shows  that  Y  =  —  X  is  a  tangent  at  the  new  origin,  and 
that  the  curve  lies  above  this  line  for  small  positive  and  negative 
values  of  X. 

Division  in  descending  powers  of  x  gives  us 

2 

y  =  x  +  4c  +  -+  .... 
x 

A  first  approximation  for  large  values  of  x  given 


and  a  second  approximation  gives 

y  =  x  +  4. 

This  is  evidently  an  asymptote. 
Also  a  third  approximation 


—  x 


shows  us  that  the  curve  lies  above  the  asymptote  for  large  positive 
values  of  x,  and  below  it  for  large  negative  values. 

Again,  when  x  —  —  1,  y  —  oo  . 

Also  if  x  be  very  little  less  than  —  1  (numerically),  y  is  a  very 
large  positive  quantity,  whilst  if  x  be  just  greater  than  —  1,  y  id 
a  very  large  negative  quantity. 

Hence  x  =  —  1  is  another  asymptote,  and  the  curve  approaches 
it  in  the  upward  direction  on  its  right,  and  in  the  downward 
direction  on  its  left. 

A  series  of  points  on  the  curve  is  tabulated  below  : 


0 
6 

1 

2 

3 

—  1 

Q 

-3 

—  4 

6 

6-67 

7-5 

00 

0 

0 

-  -67 
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The  curve  can  now  be  drawn,  and  is  shown  in  fig.  83. 


Fig.  83. 


EXAMPLES   X. 

Examine  the  nature  of   the  following  curves  at  the  points 
indicated : 

1.  y  =  x(x-\)\  at  (0,  0)  and  (1,  0). 

2.  y  =  x*(x-  2),  at  (0,  0)  and  (2,  0). 

3.  y=Z(x-  l)3(£c  +  2)2,  at  (1,  0)  and  (  -  2,  0). 
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>  at  (0>  °°  )  and  (l>  °°  )- 

+       afc  (0)  °°  )  and  (~  lj  °°  >' 

6.     y  =  ,  »*  (0,  0),  (1,  GO  )  and  (-1,  GO  ). 


10.        = 


Draw  the  graphs  of  the  following  functions  : 
11.     y  =  x(x*-l).        12.     y  =  x>(x+l).        13.     y 
14.      y  =  aj3(aj  +  l).         15.     y  =  (aja-l)».  16.     y 

X+l  (^-l)2  in  X—l 

17'        =  -  la        ^-'  19'        =       - 


27-  ri?Tj;  28-  ^a- 

29.     y  =  (^-l)(^-4).  30.     y  =  ~ 


CHAPTER  XII. 

VECTORS. 

105.  Scalar  and  Vector  quantities.  In  dealing  with 
physical  quantities  capable  of  measurement,  we  meet  with 
two  distinct  varieties,  namely,  (1)  those  which  have  only 
magnitude,  called  scalar  quantities,  and  (2)  those  which  have 
direction  as  well  as  magnitude,  called  vector  quantities. 

Thus  area,  volume,  mass,  density,  temperature,  energy 
are  scalar  quantities,  since  they  have  magnitude  but  not 
direction  ;  whilst  the  displacement  of  a  point,  velocity, 
acceleration,  force,  momentum  are  vector  quantities,  since 
they  possess  direction  as  well  as  magnitude. 

The  primary  idea  of  a  vector  is  the  transference  of  a 
point  from  a  fixed  position  A  to  another  fixed  position  B. 
This  displacement  is  represented  by  the  straight  line  AB 
in  magnitude  and  direction,  and  may  be  written  AB,  the  bar 
placed  over  the  letters  indicating  that  the  direction  as  well 
as  the  length  of  the  line  is  to  be  taken  into  account. 

There  is  one  other  point  to  be  noticed  in  defining  a  vector, 
namely,  its  seme,  i.e.,  whether  it  acts  from  A  to  B  or  from 
B  to  A.  When  the  former  is  meant  it  is  written  AB,  and 
when  the  latter,  BA. 

Hence  1BA  =  - 


In  a  diagram  the  sense  is  usually  indicated  by  an  arrow- 
head 
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Since  two  parallel  vectors  of  the  same  magnitude  and 
sense  indicate  the  same  or  equal  displacements,  they  are 
equal. 

A  vector  is  frequently  specified  by  the  symbol  Aa°,  where 
A  denotes  the  length  of  the  vector,  and  a°  the  angle  it  makes 
rith  some  fixed  direction.     Thus  if  due  East  be  taken  as 
jhe  fixed  direction,  5'635°  means  a  vector  5*6  units  long  in  the 
jtion  35°  North  of  East,  or,  as  it  is  frequently  written, 
35°  N.     Angles  are  always  to  be  measured  in  the  anti- 
clockwise direction. 

106.  Vector  Addition.  If  a  point  be  moved  from  A  to  B, 
and  then  from  B  to  (7,  the  two  displacements  are  denoted  by 
the  vectors  AB,  EG,  respectively.  Now  these  two  displace- 
ments are  together  equivalent  to  the  single  displacement  A  G, 
since  the  final  result  of  the  two  operations  is  to  move  the 
point  from  A  to  C.  This  is  expressed  by  the  equation 


which  is  an  example  of  vector  addition.     It  does  not  assert 

that  the  two  sides  AB,  BG  of  the  triangle 

ABC  are  together  equal  to  the  third  side 

AG,  but  that   the   result   of  moving  a 

point  from  A  to  B  and  then  from  B  to 

G  is  the  same  as  if  it  were  moved  direct 

from  A  to  G 

A  (J 

Similarly,  if  a  point  be  moved  from  Fig.  84. 

A  to  the  points  B,  (7,  D,  E,  successively, 
the  final  displacement  will  be  represented  by  AEy  and  hence 


This  gives  us  the  following  rule  for  finding  the  sum  of  a 
number  of  vectors. 

Construct  a  polygon  whose  sides  are  equal  and  parallel 
to  the  vectors,  taking  care  that  their  arrow-heads  are 
circuital.  Their  sum  is  the  vector  joining  the  starting  point 
to  the  finishing  point,  or  the  closing  side  of  the  polygon 
with  its  arrow-head  non-circuital.  The  order  in  which  the 
vectors  are  taken  makes  no  difference  to  the  result. 
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Example  1.     Find  the  sum  of  the  vectors 
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Take  a  line  OX]  make  with  it  angles  of  27°,  76°,  142°,  243°, 
measuring  off  the  lines  so  obtained  Oa=3,  Ob  -  4'2,  Oc  =  2'7, 
Od  =  5'l  units  of  length. 


Fig.  85. 
Draw  AB  parallel  and  equal  to  Oa, 

T)f1  f\l 

/>o        „  „  „   uo, 

CD       „  „  „    Oc, 

DE  ,    Od. 


Then  AE  is  the  sum  of  the  given  vectors.     Its  length  is  found  to 
be  2 '7  units,  and  it  makes  an  angle  of  106°  with  OX. 

Hence  the  required  sum  =  2'7106<>. 

The  student  should  work  out  this  example  for  himself, 
taking  the  vectors  in  different  order.  In  each  case  the  sum 
will  be  the  same,  showing  that  the  order  of  the  terms  can 
be  varied  at  will  without  affecting  the  result. 

107.  Vector  Subtraction.  We  know  that  B0  =  -  OB ; 
hence  (fig.  86)  OA-  OB  =  5T 
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Fig.  86.  Fig.  87. 

Example  2.     Suppose  we  require  to  know  the  value  of 

Draw  a  line  OX  to  represent  the  initial  direction. 
Draw       OA  =  4  units  inclined  at  78°  to  OX, 
and  OB -6-2  „  „  „    27°    „      „ 

Then  since  OA  —  OB  =  BA,  we  have, (fig.  87) 

This  process  can  be  reduced  to  vector  addition  as  follows 


=  00 


Meaning  of  vector  subtraction.  The  vector  AB  indicates 
the  position  of  B  relative  to  A.  If,  then,  we  know  the 
positions  of  two  points  A  and  B  relative  to  a  third  point  0 
(fig.  86),  the  relative  positions  of  A  and  B  can  be  found  by 
taking  the  difference  between  the  vectors  OA  and  05,  since 


OB-OA=AB. 

Example  3.  Oxford  is  53  miles  from  London  in  the  direction 
W.  19°  N.,  and  Cambridge  is  48  miles  from  London  in  the 
direction  E.  81°  N.  What  is  the  position  of  Cambridge  relative 
to  Oxford? 
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The  required  position  is  the  difference  of  the  vectors  from 
London  to  Oxford  and  from  London  to  Cambridge.  Denoting  the 
towns  by  their  initial  letters,  and  taking  E.  as  initial  direction, 


.'.  OC=LC-LO 

=  4881.-53161». 
Plotting  these  vectors  as  in  fig.  88,  we  obtain 


or,  in  words,  Cambridge  is  65  miles  from  Oxford  in  the  direction 

R27°N. 


Fig.  89. 

108  Composition  of  velocities.  When  a  body  has  two  or 
more  velocities  simultaneously  (as  in  the  case  of  a  man  walking 
on  the  deck  of  a  moving  ship,  or  a  boy  swimming  in  water 
where  there  is  a  current),  these  velocities,  being  vector 
quantities,  can  be  compounded  in  a  single  resultant  velocity 
by  vector  addition. 

Example  4.  A  ship  is  sailing  N.E.  at  10  miles  an  hour,  and 
a  sailor  walks  across  the  deck  from  left  to  right  at  4  miles  an 
hour.  Find  the  resultant  velocity  of  the  sailor. 

Taking  East  as  the  initial  direction,  draw  OA  =  1045°  to 
represent  the  ship's  velocity,  and  2Z?=4315«  to  represent  the 
sailor's  velocity  relative  to  the  ship. 

Then  OB=  10 -833=  =  resultant  velocity  of  sailor. 
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109.  Relative  velocity*  When  two  bodies,  P  and  Q,  have 
different  velocities,  the  term  relative  velocity  is  used  to 
denote  the  velocity  which  one  appears  to  have  to  a  person 
moving  with  the  other.  It  is  clearly  equal  to  their  relative 
displacement  in  unit  time. 

Thus  if  03jfig.  90)  denote  P's  velocity,  and  ~OB  Q's 
velocity,  then  AB  =  velocity  of  Q  relative  to  P, 


and 

If 
then 


„    Q. 


AS=Bfr-A 


Fig.  90. 


Fig.  91. 


Hence  the  velocity  of  Q  relative  to  P  is  the  resultant  of 
Q's  velocity  and  P's  reversed  velocity.  This  is  the  most 
usual  way  of  determining  the  relative  velocity  of  two  moving 
bodies. 

Example  5.  A  motor-car  is  travelling  in  a  direction  E.  32°  N. 
at  1 5  miles  an  hour,  and  the  wind  is  blowing  from  the  N.W.  at 
8  miles  an  hour.  What  does  the  velocity  of  the  wind  appear  to 
be  to  the  driver  ? 

The  velocity  of  the  wind  =  8315°  =  OA  (fig.  91), 

»          »         »    »    car  =1532°, 

.'.      „          „         „     „    car  revers.ed  =  15aia«  =  i5j 
.'.     velocity  of  wind  relative  to  car  =  OB—  IS'S^, 

S.    T.  II 
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i.e.  the  apparent  velocity  of  wind  is  15 '3  miles  an  hour  from  the 
direction  E.  62°  N. 

Note  that  in  speaking  of  the  wind's  velocity,  the  direction 
from  which  it  is  blowing  is  always  given. 

E-xample  6.  A  ship  A  is  5  miles  to  the  north  of  a  ship  J3. 
The  former  is  sailing  at  10-5  miles  per  hour  in  a  north-easterly 
direction.  The  latter  is  going  at  1 3  miles  an  hour  in  a  straight 
line,  and  in  such  a  direction  as  to  intercept  A.  Find  this  direc- 
tion, and  also  the  time  which  elapses  before  B  overtakes  A. 

Let  0  and  C  (fig.  92)  be  the  initial  positions  of  the  two 
ships,  so  that  00  =  5  miles. 


Fig.  92. 


Draw  OP  to  represent  A's  velocity. 

Now  the  velocity  of  A  relative  to  B  must  be  in  the  direction 
due  South. 
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With  centre  P  and   radius  =  J5's  velocity,   describe  a  circle 
cutting  OC  in  Q. 

Then  OQ  is  the  velocity  of  A  relative  to  B. 
Draw  CD  parallel  to  QP  to  cut  OP  in  D. 
D  is  the  place  where  the  ships  meet. 

The  direction  CD  in  which  E  travels  is  found  by  measurement 
to  be  E.  55°  N.,  and  CD  =  20  miles. 

Hence    the    time    which    elapses     before     they     meet  =  f -° 
=  1-54:  hours,  or  1  hr.   32  mins. 


EXAMPLES   XI. 

Evaluate  the  following  vector  sums  and  differences  : 


2.  5-418'  +  3-8104-  +  4-3214°. 

3.  O^  +  11  '7UO-  +  8-51B5-  +  1  l-l^. 

4.  13-5^-lS^. 

5.  582°  +  7153°  —  6'5tf" 

6.  8-5li—1288.+  6MOo-9-5M0.. 

7.  A  river  is   180  yards  broad,  and  the  current  flows  at 
2  miles  an  hour.     A  boy  swims  across  it,  striking  out  at  right 
angles  to  the  current  with  a  speed  of  3  miles  per  hour.     Find 
his  resultant  velocity,  and  the  position  of  the  point  at  which  he 
arrives  on  the  opposite  bank. 

8.  If  in  the  last  question  the  swimmer  wishes  to  cross  the 
river  at  right  angles,  in  what  direction  must  he  strike  out  ? 

9.  Rain  is  falling  vertically,  speed  5  miles  an  hour,  on  a 
man  walking  at  4  miles  an  hour.     At  what  angle  to  the  vertical 
must  he  hold  his  umbrella  to  make  the  rain-drops  hit  the  top  at 
right  angles  1 

11—2 
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10.  A  boat  that  can  sail  4  knots  is  at  a  point  A,  and  wants 
to  intercept  a  steamer  that  is  at  B,  due  West  of  A,  and  making 
11  knots  in  the  direction  E.  20°  N".     Find  in  what  direction  the 
boat  should  steer,  showing  how  much  choice  of  direction  she  has 
without  failing  to  intercept;  give  in  degrees  the  angle  within 
which  her  course  must  lie. 

11.  A  ship  sailing  due  N.  at  13  miles  an  hour  passes  close 
to  a  buoy  at  mid-day.     Another  ship  sailing  due  E.  at  18  miles 
an  hour  passes  the  same  buoy  half-an-hour  later.     At  what  time 
are  the  ships  nearest  to  one  another,  and  what  is  their  shortest 
distance  apart  ? 

12.  A  train  is  running  at  30  miles  per  hour  in  the  direction 
"W.  35°  S.,  and  the  engine  leaves  a  steam  track  in  the  direction 
E.  10°N.     The  wind  is  known  to  be  blowing  from  the  N.E.; 
find  its  velocity. 

13.  A    river   which   is    2   miles   wide   is   flowing   between 
parallel  straight  banks  at  the  rate  of  4  miles  an  hour.    A  steamer 
starts  from  a  point  A  on  one  bank  and  steers  a  straight  course  at 
7  miles  an  hour.     Show  on  a  graph  the  distance  above  or  below 
A  of  her  point  of  arrival  at  the  other  bank,  as  a  function  of  the 
inclination  of  her  course  to  the  direction  of  the  river. 

Hence  find  how  she  should  be  steered  to  arrive  half-a-mile 
below  A,  and  the  time  this  journey  would  take. 


CHAPTER  XIII. 

GEAPHICAL  STATICS. 

110.  IN  this  chapter  the  student  is  assumed  to  have 
already  acquired  a  knowledge  of  the  more  elementary 
principles  and  propositions  of  theoretical  statics,  which  are 
here  applied  to  the  solution  of  problems  by  graphical 
methods. 

Since  forces  are  vector  quantities,  they  can  be  com- 
pounded by  vector  addition ;  in  other  words,  the  resultant 
of  a  number  of  forces  acting  on  a  body  is  their  vector  sum. 
Thus  the  truth  of  the  propositions  known  as  the  parallelo- 
gram, triangle  and  polygon  of  forces  is  at  once  apparent. 

There  is  one  property  in  which  a  force  cannot  be  com- 
pletely represented  by  a  vector,  namely,  line  of  action.  All 
parallel  vectors  of  the  same  magnitude  are  equal,  but  equal 
and  like  parallel  forces  do  not  produce  the  same  effect  on  a 
body,  nor  do  equal  unlike  parallel  forces  counterbalance  each 
other  unless  they  act  in  the  same  straight  line.  The  magni- 
tude and  direction  of  the  resultant  can,  however,  always  be 
found  by  vector  addition,  and  when  the  forces  act  at  the 
same  point,  the  resultant  must  also  act  at  this  point.  In 
the  case  in  which  the  forces  are  not  concurrent,  the  line  of 
action  of  the  resultant  is  found  by  another  method  which 
will  be  explained  later. 

In  solving  problems  graphically  two  diagrams  are  always 
necessary.  In  the  first,  called  the  space  diagram,  the  actual 
lines  of  action  and  points  of  application  of  the  forces  are 
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shown,  and  the  various  parts  of  the  body  on  which  they  act, 
their  actual  distances  apart  being  drawn  to  scale,  but  not  the 
forces  themselves.  In  the  second  figure,  called  the  force 
diagram,  the  forces  are  arranged  circuitally  as  vectors,  their 
magnitudes  (drawn  to  scale)  and  directions  being  conse- 
quently shown,  but  not  their  lines  of  action. 

We  will  now  give  a  series  of  examples  to  illustrate  the 
different  kinds  of  problems  which  arise  from  the  con- 
sideration of  forces  acting  at  a  point  in  the  same  plane. 


Example  1. 
at  a  point  0. 


To  find  the  resultant  of  two  forces  P,  Q,  acting 


P  A 

Fig.  93. 


B 


Suppose  P  =  10  Ibs.  weight,  Q  =  7  Ibs.  weight. 

Draw  AB  parallel  to  OP,  and  10  units  in  length. 

Draw^C        „        „   OQ,    „      7      „      „       „ 

Join  AC.     Then  AC  represents  the  resultant  of  P  and  Q. 

Measuring  AC,  we  find  its  length  to  be  7 '3  units,  and  the 
4:5°.     Hence  the  resultant  is  a  force  of  7 '3  Ibs.,  and  is 
inclined  at  45°  to  the  direction  of  P. 

Example  2.     To  resolve  a  given  force  into  two  components 
making  given  angles  with  it. 

Let  the  given  force  P  =  40  Ibs.  weight,  and  let  the  required 
components  make  angles  of  50°  and  28°  with  it. 

Draw  OQ,  OR  in  the  directions  of  the  components. 
Draw  AB  parallel  to  OP  =  40  units. 


AC 
BG 


„  OQ, 

„  RO. 


and 


Then  Q  is  represented  by  AC,  and  ==  14-5  Ibs.  weight, 


R 


CB, 


32 
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Fig.  94. 

The  left-hand  figure  is  the  space  diagram,  which  shows  the 
lines  of  action  of  the  forces,  but  their  magnitudes  are  not  drawn 
to  scale. 

The  right-hand  figure  is  the  force  diagram,  in  which  the 
actual  magnitudes  of  the  forces  are  represented. 

Example  3.  Four  forces,  whose  magnitudes  are  2,  3,  5  and 
4  Ibs.  weight,  act  at  a  point,  their  lines  of  action  being  inclined 
at  50°.  Find  their  resultant. 

First  construct  the  space  diagram,  which  shows  the  four  forces 
acting  at  angles  of  50°,  the  forces  not  being  drawn  to  scale.  Next 
construct  the  force  diagram  as  follows  : — draw  AB  parallel  to  02, 
and  make  it  2  units  in  length.  Draw  BC  parallel  to  03,  making 
it  3  units  in  length.  Draw  CD,  DE  parallel  to  05,  04,  respec- 


Fig.  95. 
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tively,  and  of  lengths  5  and  4  units.  Then  the  resultant  is 
represented  by  AE,  which  is  a  force  of  9'1  Ibs.  weight  acting 
at  O  and  making  an  angle  of  94°  with  AB,  i.e.  with  the  2  Ibs. 
force. 

This  process  being  vector  addition,  the  order  in  which  the 
forces  are  taken  will  clearly  make  no  difference  in  the  result. 

Example  4.  A  mass  of  5  Ibs.  is  suspended  by  two  strings 
3  ft.  and  5  ft.  long  from  two  points  A ,  J3,  situated  in  a  horizontal 
line  6  ft.  apart.  Find  the  tensions  of  the  strings. 


5  Ibs. 


Fig.  96. 


First  construct  the  space  diagram  on  the  left,  which  must  be 
carefully  drawn  to  scale.  Then  draw  DE  parallel  to  the  5  Ib. 
force  and  5  units  long,  EF  parallel  to  string  CB,  and  DF  parallel 
to  string  AC.  This  gives  the  force  diagram.  Measure  EF  and 
FD ;  they  are  2*8  and  4 '4  units,  respectively. 

Hence  1\  =  44  Ibs.  weight, 

TZ  =  2  -8  Ibs.  weight. 

Example  5.  A  smooth  ring  carrying  a  weight  of  10  Ibs.  is 
hung  on  a  string  which  is  suspended  from  two  fixed  points.  The 
ring  is  acted  on  by  a  horizontal  force  which  pulls  it  to  one  side, 
so  that  the  two  portions  of  the  string  make  angles  of  40°  and  70° 
with  the  vertical.  Find  the  magnitude  of  the  force  and  the 
tension  of  the  string. 
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10 


Fig.  97. 

OA  and  OB  are  the  directions  of  the  two  portions  of  string, 
whose  tension  T  is  the  same  throughout;  P  is  the  horizontal  force. 
Now  we  have  three  unknown  force^,  viz.  P  and  the  two  tensions. 
Since  the  latter  are  equal  in  magnitude  we  can  replace  them  by 
their  resultant,  which  bisects  the  angle  between  them.  Draw  OG 
bisecting  the  angle  A  OB.  Then  the  ring  is  in  equilibrium  under 
the  action  of  three  forces,  viz.  the  weight  of  JO  Ibs.,  the  horizontal 
force  P,  and  a  force  along  OG.  Construct  the  triangle  of  forces 
DEF,  having  its  sides  parallel  to  these  three  lines.  Then  from  D 
and  J^draw  parallels  DG,  FG  to  AO,  OB. 

EF  represents  the  force  P,  and  =  2 '7  Ibs,  weight. 

FG  and  GD  represent  the  tensions  of  OB  and  OA,  each  of 
which  —  9 '2  Ibs.  weight. 


EXAMPLES   XII. 


1.     Find  graphically  the  resultant  of  the  following  pairs  of 
forces : 

(1)  5  Ibs.  weight  and  7  Ibs.  weight,  acting  at  an  angle  of  70°. 

(2)  27  Ibs.  weight  and  17  Ibs.  weight,  acting  at  right  angles. 

(3)  7-23   Ibs.   weight  and    11'47  Ibs.    weight,    acting  at  an 
angle  of  137°. 
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2.  Resolve  a  force  of  100  Ibs.  weight  into  two  components 
making  angles  of  40°  and  50°  with  its  line  of  action. 

3.  Resolve  a  force  of  57  Ibs.  weight  into  two  components 
making  angles  of  90°  and  35°  with  its  line  of  action. 

4.  A  force  of  36  Ibs.  weight  is  resolved  into  two  components, 
whose  magnitudes  are  27  and  18  Ibs.  weight.     Find  their  direc- 
tions. 

5.  A  force  of  50  Ibs.  weight  is  resolved  into  two  components, 
one  of  which  is  30  Ibs.  weight,  and  the  other  makes  an  angle  of 
30°    with   the  given  force.     Find   the   direction  of   the   former 
component,  and  the  magnitude  of  the  latter. 

6.  Three  forces,  whose  magnitudes  are  12,   15  and  20  Ibs. 
weight,  act  at  a  point  and  are  in  equilibrium;  find  the  angles 
between  their  lines  of  action. 

7.  Four  forces,  whose  magnitudes   are  2,   5,   3  and  7  Ibs. 
weight,  act  at  a  point,  the  angle  between  the  first  and  second 
being  50°,  the  second  and  third  75°,  and  the  third  and  fourth  90°. 
Find  their  resultant  in  magnitude  and  direction. 

8.  Five  forces,  whose  magnitudes  are  12,  8,  5,  9  and  14  Ibs. 
weight,  act  at  a  point,  the  angle  between  any  adjacent  pair  being 
70°.     Find  the  force  which  would  keep  them  in  equilibrium. 

9.  Three  forces,  whose  magnitudes  are  22,  18-5,  and  27*3 
Ibs.  weight,  act  at  a  point,  their  respective  directions  being  east, 
north-west,  and  south-west.     Find  their  resultant. 

10.  A  mass  of  26  Ibs.  is  supported  by  two  strings  inclined 
at  40°  and  70°  to  the  vertical.     Find  the  tensions  of  the  strings. 

11.  A  string,  having  masses  of  50  Ibs.  attached  to  its  ends, 
is  supported  over  two  smooth  pulleys,  6  ft.  apart,  in  the  same 
horizonal  plane,  and  a  third  mass  of  10  Ibs.  is  attached  to  a  point 
of  the  string  between  the  pulleys.     Find  the  position  of  equi- 
librium. 

12.  A  uniform  rod,   8  feet  long,   and  weighing  7   Ibs.,    is 
suspended  from  a  fixed  point  by  two  strings,  4J  and  6  feet  in 
length,  attached  to  its  extremities.      Find  the  tensions  of   the 
strings. 
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13.  A  mass  of    1   cwt.    is  supported   on   a   smooth   plane, 
inclined  at  34°  to  the  horizontal,  by  a  rope  attached  to  a  point 
in  the  upper  edge  of  the  plane.     Find  the  tension  of  the  rope 
and  the  pressure  between  the  mass  and  the  plane. 

14.  A  sphere  of  radius  1  foot  and  mass  20  Ibs.  rests  on  two 
parallel   horizontal   bars   equidistant   from  the  ground   and   14 
inches  apart.     Find  the  pressures  between  the  sphere  and  the  bars. 

15.  A  smooth  ring  of  mass  2  Ibs.  is  threaded  on  a  vertical 
circular  hoop  of  3  ft.  diameter,  arid  is  fastened  by  a  string  of 
length  15  inches  to  the  highest  point  of  the  hoop.     Find  the 
tension  of  the  string,  and  the  pressure  between  the  hoop  and 
the  ring. 

16.  A  sack  weighing  2  cwt.  hangs  by  a  rope.     Find  what 
horizontal  pull  on  the  sack  is  necessary  to  deflect  the  rope  30° 
from  the  vertical. 

17.  By  exerting  a  pull  of  150  Ibs.  weight,  what  mass  can 
a  man  haul  up  a  smooth  surface  inclined  at  25°  to  the  horizontal  1 

18.  AC,  BC  are  weightless  rods,  hinged  to  one  another  at  (7, 
and  to  a  vertical  wall  at  A,  B.     600  Ibs.  is  suspended  from  C. 
Find  the  force  exerted  in  each  rod.     (AC  is  horizontal  and  —  32", 
BC  =  67-5",  and  B  is  below  A.) 

19.  Two  men,  who  are  lifting  by  ropes  a  block  of  wood, 
exert  pulls  of  45  pounds  and  65  pounds  respectively.     The  ropes 
are  in  the  same  vertical  plane  j  the  rope  to  which  the  smaller 
pull  is  applied  makes  an  angle  of  25°  with  the  vertical,  and  the 
rope  to  which  the  other  pull  is  applied  makes  an  angle  of  33° 
with  the  vertical  on  the  opposite  side.     Determine  graphically 
the  actual  weight  of  the  block  of  wood  if  it  is  just  lifted  by  these 
two  men. 

20.  Two  smooth  planes  intersect  in  a  horizontal  line,  and 
a  sphere  rests  between  them :  show  how  to  draw  a  triangle  of 
forces  for  the  weight  of   the  sphere  and  the  reactions   of  the 
planes. 

If  the  angle  between  the  planes  is  0,  and  one  of  the  planes  be 
vertical,  show  that  the  weight  of  the  sphere  and  the  reactions  of 
the  planes  are  as  1  :  cot  0 :  cosec  0. 
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111.  Equilibrium  of  a  body  acted  on  by  three 
forces.  If  three  forces  keep  a  body  in  equilibrium  their 
lines  of  action  must  be  in  the  same  plane;  and  they  either 
pass  through  the  same  point  or  are  parallel. 

The  line  of  action  of  an  unknown  force,  such  as  the 
reaction  at  a  hinge,  can  frequently  be  determined  from  the 
above  consideration. 

Example  6.  A  uniform  rod  AB  is  moveable  about  a  hinge  at 
A,  arid  is  kept  in  equilibrium  inclined  at  45°  to  the  vertical  by 
a  horizontal  force  at  B.  Find  the  magnitude  of  this  force,  and 
the  magnitude  and  direction  of  the  reaction  at  A. 


W 


YW 


l''i«.  98. 


The  weight  (  W)  of  the  rod  acts  vertically  through  its  middle 
point  C.  Let  the  horizontal  force  (P\  meet  the  line  of  action  of 
rinjfc 

Then  the  reaction  (K)  at  A  must  pass  through  Z>.  The  space 
diagram  can  now  be  drawn. 

Now  construct  the  triangle  of  forces  for  IF,  P  and  K. 
Representing  IT  by  3",  we  find  FG  =1-5",  GE=3-3G"\ 


and  the  line  of  action  of  7?  is  inclined  at  27°  to  the  vertical. 

1  In  reproducing  the  above  and  several  other  diagrams,  the  scale  has 
been  reduced. 
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Example  7.  A  uniform  gate  weighs  100  Ibs.,  its  centre  of 
gravity  being  3'  from  the  line  joining  its  hinges,  which  are  2 '5' 
apart.  If  the  weight  of  the  gate  is  entirely  supported  by  the 
lower  hinge,  find  the  reactions  at  the  hinges  in  magnitude  and 
direction. 

Let  A,  B  be  the  hinges,  C  the  centre  of  gravity  of  the  gate. 
Then  since  all  the  weight  is  supported  by  the  hinge  £,  the 
reaction  at  A  (Rj)  must  be  horizontal.  Let  this  meet  the  line 
of  action  of  the  weight  in  D.  Then  BD  is  the  line  of  action  of 
jK  the  reaction  at  B. 


100 


100  Ibs. 


Fig.  99. 

Now  take  EF~  100  units  parallel  to  DC,  and  draw  the  force 
triangle  EFG. 

Measuring  its  sides  we  find  that 

7?!=  120  Ibs.  weight,    ^2=  156  Ibs.  weight, 

and  the  line  of  action  of  7?2  makes  an  angle  of  48°  with  the 
vertical. 

112.  Four  forces  in  equilibrium.  If  a  body  be  in 
equilibrium  under  the  action  of  four  forces,  the  resultant  of 
any  pair  must  be  equal  and  opposite  to  the  resultant  of  the 
other  pair. 

This  fact  makes  the  special  case  of  the  equilibrium  of 
four  non-parallel  forces  easy  to  deal  with. 

Example  8.  A  uniform  heavy  beam  AB  rests  with  one  end 
A  on  a  smooth  horizontal  plane  AC>  and  the  other  end  B  on 


172 


PRACTICAL  MATHEMATICS 


[CHAP. 


a  smooth  inclined  plane  (77?.  It  is  prevented  from  slipping  by 
a  string  AC.  Find  the  tension  of  this  string  and  the  reactions 
of  the  planes. 


Fig.  100. 

The  reactions  Rlt  J?2,  at  A,  B,  act  perpendicular  to  the  planes 
AC,  CB.  Produce  the  line  of  action  of  the  weight,  TF,  to  meet 
R2  in  D.  Then  since  resultant  of  jft2  and  W  is  equal  and  opposite 
to  that  of  Rl  and  T,  AD  is  the  line  of  action  of  each.  Draw  EF 
to  represent  TF,  FG  parallel  to  AD  and  EG  parallel  to  DB.  Then 
GE  represents  7?2,  and  GF  the  resultant  of  W  and  Rz.  Draw 
FH  parallel  to  T,  and  GH  parallel  to  Rlt  Then  HG  represents 
Rlt  and  FH  represents  T.  Hence  all  the  forces  are  determined. 


EXAMPLES   XIII. 

1.  A  uniform  trap-door,  which  is  moveable  about  a  horizontal 
hinge,  is  held  open  at  an  angle  of  40°  by  a  horizontal  string 
attached  to  the  middle  point  of  the  rim  opposite  to  the  hinge. 
If  the  weight  of  the  door  be  28  Ibs.,  find  the  tension  of  the  string 
and  the  reaction  of  the  hinge. 

2.  A  cylinder,   5  ft.   diameter,   10  ft.   long,   and  weighing 
7000  Ibs.,  stands  with  its  axis  vertical,  and  a  horizontal  force 
is  applied  to  it  at  the  top.     What  must  be  the  value  of  this 
force  that  it  may  just  tilt  the  cylinder,  assuming  that  it  cannot 
slip? 
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3.  A  uniform  rod  AB,  weighing  10  Ibs.,  is  hinged  to  a  fixed 
point  at  A,  and  is  pulled  aside  from  the  vertical  by  a  horizontal 
force  at  B.     If  in  the  position  of  equilibrium  the  rod  be  inclined 
at  45°  to  the  vertical,  find  the  magnitude  of  the  force,  and  the 
magnitude  and  direction  of  the  reaction  of  the  hinge. 

4.  DEF  is  a  bent  lever,  E  being  the  fulcrum ;  DE  is  vertical 
and  2  ft.  long,  EF=  1  ft.,  z_  DEF=  120°.     A  horizontal  force  of 
56  Ibs.  weight  is  applied  at  D.     What  vertical  force  at  F  will 
balance  it1?     Find  the  resultant  of  the  two  forces,  showing  its 
line  of  action. 

5.  A  uniform  glass  stirring  rod,  20  cms.  long  and  weighing 
35  grams,  rests  in  a  cylindrical  beaker,  10  cms.  high  and  7  cms. 
in  diameter,   which    stands   on    a  horizontal   table.      Find  the 
reactions  between  the  rod  and  the  beaker. 

6.  A  uniform  beam   10  ft.   long   and  weighing  50  Ibs.  is 
suspended  from  a  fixed  point  by  two  strings  of  lengths  6  ft.  and 
8  ft.  attached  to  its  extremities.     Find  their  tensions. 

7.  A  uniform  rod  AB,  6  ft.  long  and  weighing  12  Ibs.,  rests 
with  one  end  A  against  a  smooth  vertical  wall,  the  other  end  B 
being  attached  by  a  string  BG  to  a  point  G  of  the  wall  vertically 
above  A.     If  in  the  position  of  equilibrium  AB  is  inclined  to  the 
wall  at  an  angle  of  50°,  find  the  height  of  G  above  A,  and  the 
tension  of  the  string. 

8.  A  uniform  ladder  20  ft.  long  and  weighing  87  Ibs.,  rests 
with  one  end  on  the  ground,  and  the  other  against  a  vertical 
wall,   the  end  on  the  ground  being  attached  by  a  string  to  a 
point  at  the  foot  of  the  wall.     If  the  inclination  of  the  ladder 
to   the  horizontal  be    65°,  and  both  the  wall  and  ground  are 
smooth,  find  the  tension  of  the  string  and  the  reactions  at  the 
ends  of  the  ladder. 

9.  Find  the  tension  and  reactions  in   Question  8,   if   the 
ladder  projects  5  feet  over  the  top  of  the  wall. 

10.  A  body  whose  mass  is  2  cwt.  rests  on  a  smooth  inclined 
plane ;    it  is  maintained  in  position  by  a  force  of    40  pounds 
acting  parallel  to  the  surface  of  the  plane,  and  by  a  horizontal 
force  of  110  pounds.     Determine  the  angle  of  inclination  of  this 
plane. 


174 


PRACTICAL   MATHEMATICS 


[CHAP. 


113.  The  funicular  polygon.  To  find  the  resultant  of 
any  number  of  forces,  P,  Q,  -K,  S,  T,  acting  on  a  body  in  one 
plane. 

Denote  their  lines  of  action  by  ab,  be,  cd,  de,  ef. 
Draw  AB  to  represent  P, 

SC  „         „        Q, 

CD  „         „       R, 

DE  „         „        S, 

EF  „         „        T. 

Then  their  resultant  is  represented  in  magnitude  and 
direction  by  AF. 

ABCDEF  is  called  the  force  polygon. 

To  determine  the  line  of  action  of  the  resultant. 


Fig.  101. 


Take  any  point  0  within  the  force  polygon  and  join  it  to 
the  angular  points  A,  B,  C,  D,  E,  F.  Through  any  point 
H  in  ab,  draw  oa  parallel  to  OA,  and  ob  parallel  to  OB, 
meeting  bo  in  /.  Through  /  draw  oc  parallel  to  0(7,  meeting 
cd  in  K.  Continue  this  process,  the  last  line  of  being 
parallel  to  OF. 

Let  of  meet  oa  in  N.  Then  N  is  a  point  in  the  line  of 
action  of  the  resultant,  which  can  now  be  drawn. 
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To  prove  this  construction. 

Since  the  force  AB  is  equivalent  to  the  two  forces  AO, 
OS,  P  is  equivalent  to  a  force  A  0  along  oa,  and  a  force  01? 
along  ob.  Similarly  Q  is  equivalent  to  a  force  BO  along  ob, 
and  a  force  OG  along  oc. 

Proceeding  thus  we  see  that  P,  Q,  Ry  S,  T  are  finally 
equivalent  to  a  force  AO  along  oa  and  a  force  OF  along  of, 
i.e.  to  a  force  AF  through  N. 

The  polygon  HIKLMN  is  called  a  funicular  polygon. 

Conditions  for  the  equilibrium  of  a  number  of  forces  in 
one  plane.  If  the  force  polygon  closes  the  resultant  is  zero. 
Hence  this  must  be  one  condition  for  equilibrium.  Now  in 
this  case  F  and  A  will  coincide,  and  so  will  the  rays  OA,  OF. 
Hence  HN  and  MN  will  either  coincide  or  be  parallel.  In 
the  former  case  the  forces  will  be  in  equilibrium ;  in  the 
latter  case  they  will  reduce  to  a  couple. 

Consequently  the  conditions  of  equilibrium  are  that  both 
the  force  polygon  and  the  funicular  polygon  should  close. 

114.  Case  of  parallel  forces.  The  force  polygon  here 
reduces  to  a  straight  line.  The  method  of  procedure  is 
exactly  the  same  as  for  non-parallel  forces.  As  this  case, 
however,  is  one  of  very  frequent  occurence  in  Statics,  the  full 
construction  for  the  resultant  is  appended. 


S.     T. 
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Let  P,  Q,  R,  S,  T  be  a  series  of  parallel  forces  acting  on 
a  body.  Denote  their  lines  of  action  by  ab,  bo,  cd,  de,  ef. 

Draw  AB  to  represent  P,  BC  to  represent  Q,  and  so  on. 
Then  the  line  joining  the  first  point  A  to  the  last  point  F 
represents  the  resultant  of  the  forces. 

Take  any  point  0,  and  join  it  to  A,  B,  C,  D,  E,  F. 

Through  any  point  H  in  ab  draw  oa,  ob  parallel  to  OA, 
OB,  the  latter  meeting  be  in  /.  Through  /  draw  oc  parallel 
to  0(7,  meeting  cd  in  K.  Continue  in  this  way,  the  last  line 
drawn  being  of  parallel  to  OF.  If  N  be  the  point  of  inter- 
section of  oa  and  of,  the  resultant  will  pass  through  N. 

Conditions  for  the  equilibrium  of  parallel  forces.  As  in 
the  case  of  non-parallel  forces,  the  necessary  and  sufficient 
conditions  are  that  both  the  force  polygon  and  funicular 
polygon  should  close.  If  the  force  polygon  close,  but  not  the 
funicular  polygon,  the  forces  reduce  to  a  couple. 

Example  9.  Find  the  resultant  of  two  like  parallel  forces 
of  5  Ibs.  and  8  Ibs.  weight  acting  on  a  body,  their  lines  of  action 
being  6  feet  apart. 

Draw  AB  to  represent  the  5  Ib.  force,  and  BC  to  represent 
the  8  Ib.  force;  then  A  C  represents  the  resultant,  which  is  13  Ibs. 

Take  any  point  0,  and  join  OA,  0£,  OC. 

Through  any  point  If  in  ab  draw  oa,  ob,  parallel  to  OA,  OB, 
the  latter  meeting  bo  in  K.  Through  K  draw  oc  parallel  to  OC, 
meeting  oa  in  7.  Then  /  is  a  point  in  the  line  of  action  of  the 
resultant,  which  is  now  completely  determined. 

A 


Fig.  103. 


XI  ll] 


CASE  OF  PARALLEL  FORCES 


177 


Example  10.  A  weight  of  100  Ibs.  is  slung  on  a  pole  6  feet 
long  and  weighing  20  Ibs.,  being  attached  to  a  point  2  feet  from 
one  end.  If  the  pole  be  carried  by  two  men  who  each  put  one 
end  on  their  shoulders,  find  the  proportion  of  the  weight  supported 
by  each. 


100    20 


Fig.  104. 

Let  P,  Q  be  the  pressures  on  the  men's  shoulders.  Denote 
the  100  Ib.  weight  by  ab,  and  the  20  Ib.  weight  by  be. 

Draw  AB,  EG  to  represent  these  weights. 
Join  any  point  0  to  A,  B,  C. 

Then  draw  the  sides  of  the  funicular  polygon  which  are 
parallel  to  OA,  OB,  OC. 

The  fourth  side  od  closes  the  polygon. 

Draw  OD  parallel  to  od.  Then  DA  represents  P  and  CD 
represents  Q.  These  are  found  by  measurement  to  be  77  and 
43  Ibs.  weight,  respectively. 

Example  11.  Forces  of  1,  2,  3  and  4  Ibs.  weight  act  along 
the  sides  of  a  square  taken  in  order.  Find  the  magnitude  and 
line  of  action  of  their  resultant. 

First  construct  the  force  polygon  ABODE.  Join  any  point 
0  to  the  angles  of  this  polygon,  and  through  a  point  in  the  force 
ab  draw  parallels  to  OA,  OBt  the  latter  meeting  the  force  be. 

12—2 
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Continuing  in  this  way,  the  funicular  polygon  is  constructed. 
The  point  in  which  oa  meets  oe  is  a  point  in  the  line  of  action 
of  the  resultant,  which  is  represented  in  magnitude  and  direction 
by  AE. 

115.  Resultant  of  a  single  force  and  a  couple.  The 
effect  of  a  couple  is  unaltered  if  it  be  transferred  to  any  other 
position  whatever  in  its  own  plane,  and  the  forces  and  arm 
can  be  changed  at  pleasure  to  any  other  values,  provided  the 
moment  of  the  couple  is  unaltered  in  magnitude  and  sign. 

Thus,  if  the  forces  be  each  6  Ibs.  and  the  arm  4  ft.,  and 
the  forces  act  east  and  west,  they  may  be  changed  to  forces 
of  3  Ibs.  acting  north  and  south,  having  an  arm  of  8  ft. 

This  property  enables  us  to  find  very  readily  the  resultant 
of  a  single  force  and  a  couple. 

Example  12.  A  force  of  9  Ibs.  weight  acts  on  a  body  along 
a  given  straight  line  A£,  and  a  couple  whose  moment  is  +  36  ft.  Ibs. 
also  acts  on  the  body  in  the  same  plane  as  AB.  Find  their 
resultant. 

Take  each  force  of  the  couple  as  9  Ibs.  weight.  Then  its  arm 
will  be  4  ft. 

Let  one  force  of  the  couple  act  along  BA.  Then  it  will  be 
balanced  by  the  force  along  AB. 
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•Dibs. 


Fig.  106. 


Hence  the  resultant  is  a  force  of  9  Ibs.  weight  acting  parallel 
to  AH  at  a  distance  of  4  ft.  from  it. 

If  the  moment  of  the  couple  had  been  -  3G  ft.  Ibs.,  tho 
resultant  would  have  been  a  force  of  9  Ibs.  weight  parallel  to  AJJ 
and  4  ft.  from  it  on  the  opposite  side. 


EXAMPLES  XIV. 

1.  Find  the  magnitude  and  line  of  action  of  the  resultant  of 
two  like  parallel  forces  P,  Q,  acting  at  the  points  J,  7?,  respec- 
tively, in  the  following  cases  : — 

( 1 )  P  =  5  Ibs.  weight,     Q  =  l  Ibs.  weight,     AB=--6tt. 

(2)  P=-  6  Ibs.  weight,     Q  =  2  Ibs.  weight,     A£=2it. 

(3)  P  =  27  Ibs.  weight,   (?  =  13  Ibs.  weight,   AB  =  8  ft. 

2.  Find  the  magnitude  and  line  of  action  of  the  resultant  of 
two  unlike  parallel  forces  in  the  following  cases  : — 

(1 )  P  =  8  Ibs.  weight,     Q  =  5  Ibs.  weight,     AB=3  ft. 

(2)  P  =  3  Ibs.  weight,     Q  =  4  Ibs.  weight,     AB  =  4  f t. 

(3)  P  =  1 5  Ibs.  weight,  (2  =  11  Ibs.  weight,  AB  =  Q  ft. 

3.  A  plank  is  placed  across  a  stream  12  ft.  wide,  and  a  man 
of  11  stone  weight  walks  across  it.     Find  the  pressures  on  the 
supports  due  to  his  weight  when  he  is  one-third  of  the  way 
across. 

4.  A  ladder  30  ft.  long  and  weighing  78  Ibs.,  its  centre  of 
gravity  being  12ft.  from  one  end,  lies  on  the  ground.     A  man 
commences  to  lift  it  at  the  end    farthest   from  its  c.G. ;    find 
the   pressure   between    the    ground    and    the   ladder   when   the 
end  is  just  raised. 
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5.  A  uniform  bar  3  ft.  long  and  weighing  5  Ibs.  has  weights 
of   1,  2,  3  and  4  Ibs.  attached   to  it  at  intervals  of   1  ft.,  and 
is  supported  in  a  horizontal  position  at  points  6  inches  from  its 
ends.     Find  the  pressures  on  the  supports. 

6.  A  rod  of  negligible  weight  6  ft.  long  is  loaded  at  points 
1,  2,  3,  4  and  5  feet  from  one  end  with  masses  of  2,  7,  3,  1  and 

4  Ibs.  respectively.     Find  the  point  about  which  it  will  balance. 

7.  Four  forces   P,   Qy  7?,  /$,  act  outwards  at  the  angular 
points  of  a  square  A  BCD.     Their  magnitudes  are  respectively 
3,  5,   4  and  6  Ibs.  weight,  and  their  directions  are  as  follows : 

/>!/?=  120°,   Q2JA  =  130\  RCD  =  UW,   Sj5<7=1508.     Find    the 
magnitude  and  line  of  action  of  their  resultant. 

8.  Five  forces  of  10,  5,  8,  3  and  7  Ibs.  weight  act  outwards  at 
the   angular   points   of   a    regular   pentagon,    each    force   being 
inclined  at  120°  to  the  side  adjacent  to  it  in -the  same  order. 
Find  the  force  which  will  keep  them  in  equilibrium. 

9.  Draw  a  straight  line  on  your  paper.     Suppose  a  force  of 

5  Ibs.   weight  to   act  along  this  line   from   left  to  right.     Let 
a  couple  of  moment  20  ft.  Ibs.  act  in  the  plane  of  the  paper. 
Find  the  resultant  of  the  force  arid  couple. 


100 


Fig.  107. 
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10.  Fig.  107  represents  a  number  of  strings  knotted  together 
at  P,  Q  and  R,  and  passing  over  smooth  pulleys  at  S,  T  and  U. 
If  the  vertical  strings  carry  weights,  and  that  hanging  from  the 
pulley  S  is  100  grams,  find  the  other  weights. 

116.  Jointed  framework  of  rods.  If  the  rods  be 
weightless,  and  acted  on  only  by  forces  at  their  extremities, 
then  each  rod  is  kept  in  equilibrium  by  two  forces,  one  at 
each  end.  These  must  therefore  be  equal  and  opposite.  If  ft 
denote  one  of  these  forces,  then  R  is  called  the  stress  in  the 
rod.  If  the  forces  on  the  rod  act  towards  each  other,  it  is  in 
a  state  of  compression,  and  is  called  a  strut ;  if  the  forces  act 
away  from  each  other,  the  rod  is  in  a  state  of  tension,  and  is 
called  a  tie. 

When  the  rods  are  heavy,  or  are  acted  on  by  forces  other 
than  at  their  extremities,  the  reactions  at  the  hinges  will 
not  generally  be  in  the  directions  of  the  rods.  The  full 
discussion  of  this  case  is  not  within  the  scope  of  the  present 
work. 

Example  13.  A  triangular  frame  ABC,  whose  weight  may 
be  neglected,  rests  vertically  on  supports  at  B  and  C,  BC  being 
horizontal,  and  lOOlhs.  is  suspended  from  A.  Eind  the  stresses 
in  the  rods  forming  the  frame. 


Fig.  108. 

Draw  DA7  to  represent  the  lOOlbs.  weight,  DO  parallel  to  AC, 
and  EO  parallel  to  BA.      Through  0  draw  OF  parallel  to  CB. 
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Then  since  A  is  in  equilibrium  under  three  forces,  DEO  is  the 
force  triangle  for  this  point. 

Hence  DO  and  OE  represent  the  stresses  in  the  rods  AB,  AC, 
each  of  which  is  evidently  a  strut. 

Similarly  the  joint  B  is  in  equilibrium  under  three  forces,  one 
of  which  is  represented  by  OE.  Hence  OEF  is  the  force  triangle 
for  this  point,  and  P  is  represented  by  EF,  whilst  the  stress 
in  BC  is  represented  by  FO.  Therefore  BC  is  a  tie.  Also  Q  is 
represented  by  FD. 

Example  14.  Fig.  109  represents  a  framework  of  5  rods 
resting  in  a  vertical  position  on  two  supports,  and  having  a 
weight  W  applied  at  its  highest  point.  Find  the  stress  in  each 
rod. 


W 


Fig.  109. 

Let  a,  b,  c,  d,  e  denote  the  spaces  between  the  lines  of  action 
of  the  forces. 

First  find  the  reactions  of  the  supports,  by  considering  the 
whole  frame  as  a  rigid  body.  This  is  done  by  taking  DE  to 
represent  W,  and  drawing  DO,  OE,  parallel  to  bd,  ae.  Through 
0  draw  00  parallel  to  the  line  joining  the  points  of  support. 
Then  EC,  CD  represent  the  reactions. 

Next  consider  the  forces  acting  at  the  left-hand  joint. 

Draw  CA  parallel  to  ca,  and  EA  parallel  to  ea.  Then  CA 
represents  the  stress  in  rod  ca,  which  is  therefore  a  tie,  while  AE 
represents  the  stress  in  rod  ae,  which  is  consequently  a  strut. 

Now  consider  the  joint  abc.  Construct  the  force  triangle  A  CB. 
Then  CB,  BA  represent  the  stresses  in  cb,  ba,  which  are  therefore 
ties. 

Finally,  join  BD,  which  represents  the  stress  in  bd.  Thus  all 
the  stresses  have  been  found. 
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EXAMPLES  XV. 

1.  Four  equal  light  rods  are  hinged  together  so  as  to  form 
a  square  A  BCD,  B  and  D  being  joined  by  a  fifth  rod.     The 
frame  is  suspended  from  A,  and  a  mass  of  100  Ibs.  is  attached  to 
it  at  C.     Find  the  stress  in  the  rod  BD. 

2.  An   equilateral    triangle   ABC   is   formed  of  light  rods 
hinged  together  at  their  extremities,  and  two  points  />,  E  in 
AB  and  AC,  such  that  AD=%AB  and  AE  =  ±AC,  are  joined  by 
a  tightly  stretched  string,  the  tension  of  which  is  T.     Find  the 
reactions  at  the  joints. 

3.  A  quadrilateral  ABCD  is  formed  of  light  rods  hinged  at 
their  extremities,  B  and  D  being  joined  by  another  rod,  and  the 
frame  is  suspended  from  A,  a  mass  of  25  Ibs.  being  attached  to 
it  at  C.      Find  the  stresses  in  the  various  rods,  the  dimensions 
of   the  frame  being  as  follows  : 


4.  A  bar  AC,   13ft.  long,  carrying  a  load  of    56  Ibs.  sus- 
pended from  the  end  (7,  is  hinged  to  a  support  at  A.     A  prop  BC, 
7  ft.  long,  hinged  at  B  and  C,  holds,  the  bar  in  position.     The 
points  A,   B   are   9  ft.   apart   in   a    horizontal  line.     Find    the 
stresses  in  AC  and  CB. 

5.  A  wall-crane  consists  of  two  bars,  AJ3,  BC,  whose  respec- 
tive lengths  are  8ft.  and  12ft.,  hinged  together  at  B,  and  to 
a  vertical  wall  at  A   and   (7,   which  are   15ft.  apart,   A   being 
uppermost.     A  chain  DBE,  fixed  to  a  winch  at  J),  passes  over 
a  smooth  pulley  at  B,  and  supports  a  weight  E  of  150  Ibs.,  the 
part  J)B  being  horizontal.     Find  the  stresses  in  AB  and  BC. 


500  Ibs. 


15  cwt. 


Fig.  110, 
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6.  Find  the  stresses  in  rods  forming  the  crane  in  fig.  110, 
stating  which  rods  are  ties  and  which  are  struts. 

7.  Find  the  stresses  in  the    rods  in  the   roof   frame-work 
shown  in  fig.   111. 

8.  Find   the   stresses   in    the   rods   of    the   frame-work    in 
fig.    112  (Warren  girder). 

117.  Friction.  When  two  rough  bodies  are  in  equi- 
librium in  contact  with  one  another,  the  resultant  reaction 
between  them  is  not  generally  in  the  direction  of  the  normal. 

Thus  in  fig.  113,  if  PN  be  the  normal  at  the  point  of 
contact  of  the  two  surfaces,  and  PQ,  PR  be-  drawn  inclined 
to  PN  at  the  angle  of  friction,  \,  then  the  resultant  reaction 
may  act  anywhere  within  the  angle  QPR.  If  it  act  along 
PQ  or  PR  the  friction  is  limiting,  and  one  body  is  on  the 
point  of  sliding  along  the  other. 

Example  15.  A  mass  of  weight  W  is  placed  on  a  rough 
horizontal  plane,  and  is  acted  on  by  a  force  P  making  an  angle 
6  with  the  plane.  Find  the  magnitude  of  P  when  the  mass  is 
on  the  point  of  slipping,  and  also  find  the  direction  in  which  P 
must  act  in  order  that  it  may  have  the  least  possible  magnitude. 

Let  A.  be  the  angle  of  friction.  Then  when  the  mass  is  on 
the  point  of  slipping,  the  resultant  reaction  It  is  inclined  at  an 
angle  A  to  the  normal. 

Draw  the  space  diagram  (fig.  114). 

Construct  the  force  triangle  ABC  for  the  three  forces  W,  ft,  P. 
Then  BC  represents  P 
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Fig.  114. 

The  shortest  line  that  can  be  drawn  from  B  to  AC  is  the 
perpendicular  BD.  Hence  P  is  least  when  it  is  perpendicular 
to  R,  i.e.  when  it  is  inclined  to  the  given  plane  at  the  angle  of 
friction  X. 

Example  16.  A  uniform  ladder  40  ft.  long  and  weighing 
80  Ibs.  is  placed  with  one  end  on  the  ground  and  the  other 
leaning  against  the  wall  of  a  house,  its  inclination  to  the 
horizontal  being  50°.  If  the 
coefficient  of  friction  between 
the  ladder  and  ground  be  J, 
and  between  the  ladder  and 
wall  J,  find  how  far  a  man 
whose  weight  is  120  Ibs.  can 
ascend  before  the  ladder  begins 
to  slip. 

Let  AB  (fig.  115)  be  the 
ladder.  Draw  the  lines  of  action 
of  the  reactions,  Jt,  /S',  in  their 
limiting  positions,  which  make 
angles  of  tan"1^-  and  tan"1^ 
respectively  with  the  normals  to 
the  ground  and  wall.  Let  these 
reactions  meet  in  E,  and  draw 
the  vertical  line  EG.  Then  G  . 
is  the  highest  possible  position 
of  the  common  C.G.  of  the  man 
and  ladder. 


Fig. 
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For  the  reaction  at  A  must  fall  within  the  angle  JEA^f,  and 
the  reaction  at  B  within  the  angle  EBN,  so  that  in  every  case 
in  which  the  friction  is  not  limiting,  the  intersection  of  these 
lines  of  reaction  will  lie  to  the  left  of  EG. 

Now  if  C  be  the  middle  point  of  the  ladder,  CG  is  found 
by  measurement  to  be  6  ft. 

Hence  if  H  be  the  highest  position  of  the  man, 

£#=T8A  x  6 -4ft. 
.'.  the  man  can  ascend  30  ft.  before  the  ladder  slips. 

The  point  //  can  also  be  found,  if  desired,  graphically,  by  the 
method  employed  for  parallel  forces. 


EXAMPLES  XVI. 

1.  A  body  is  placed  on  a  rough  horizontal  plane,  which  is 
gradually  tilted.     When  its  inclination  to  the  horizontal  reaches 
50°,  the  body  just  begins  to  slip.     Find  the  amount  of  friction 
called  into  play  for  different  inclinations  of  the  plane,  and  draw 
a  graph  showing  the  relation  between  the  force  of  friction  and 
the  inclination  of  the  plane  to  the  horizontal. 

2.  A  body  weighing  20  Ibs.  is  placed  on  a  rough  horizontal 
plane,  and  is  acted  on  by  a  force  P  at  an  angle  of  25°  with  the 
plane.     If  the  coefficient  of  friction  be  -J-,  find  the  least  value  of  P 
which  will  just  begin  to  move  the  body. 

3.  A  slab,  5  Ibs.  in  weight,  rests  on  a  horizontal  plane.     A 
horizontal  pull  of  1  pound-weight  would  just  move  it.     To  what 
angle  (to  the  nearest  degree)  can  the  plane  be  tilted  before  the 
slab  slips  ? 

4.  A  mass  of  50  Ibs.  is  placed  on  a  rough  plane  inclined  to 
the  horizontal  at  35°,  and  is  acted  on  by  a  force  parallel  to  the 
plane.     If   the   angle   of   friction   be   40°,   find  the  least  value 
of  the  force  which  will  make  the  mass  move  (1)  up  the  plane, 
(2)  down  the  plane. 

5.  A  block  of  stone  weighing  500  Ibs.  lies  on  a  plane  inclined 
at  20°  to  the  horizontal,  and  has  to  be  moved  up  the  plane  by  a 
rope  attached  to  it.     The  angle  of  friction  between  the  stone 
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and  the  plane  is  35°.  Find  the  force  required  to  move  the  stone 
when  the  rope  is  pulled  (1)  in  the  direction  of  the  plane,  (2)  at 
an  angle  of  20°  with  the  plane,  (3)  at  an  angle  of  40°  with  the 
plane. 

By  general  reasoning,  when  the  angle  of  friction  is  A°,  de- 
termine the  direction  in  which  the  rope  must  be  pulled  to  make 
the  force  required  to  move  the  stone  as  small  as  possible. 

6.  A  ladder,  40  feet  long  and  weighing  1  cwt.,  rests  with 
one  end  on  the  ground  and  the  other  against  a  vertical  wall,  the 
inclination  of  the  ladder  to  the  ground  being  50°.     If  the  angle 
of  friction  between  the  ladder  and  the  ground  be  25°,  and  between 
the  ladder  arid  wall  20°,  find  how  far  a  man  of  eight  stone  weight 
can  ascend  the  ladder  before  it  slips. 

7.  A  uniform  beam,   of  weight  50  Ibs.,  rests   in   limiting 
equilibrium  with  its  ends  on  two  equally  rough  planes  inclined  at 
30°  and  60°  respectively  to  the  horizontal,  the  beam  itself  being 
inclined  at  20°  to  the  horizontal.     If  the  vertical  plane  containing 
the   beam   be  perpendicular  to   both  planes,  find  the  angle  of 
friction  between  the  beam  and  planes. 

8.  A  cubical  block  of  wood  rests  on  a  horizontal  plane,  and 
is  pulled  by  a  horizontal  string  attached  to  the  middle  point  of 
one  of  its  upper  edges,  the  direction  of  the  string  being  perpen- 
dicular to  this  edge.     Show  that  the  cube  will  slide,  or  topple 
over,  according  as  the  coefficient  of  friction  is  <  or  >  J. 

9.  A  uniform    ladder,    12  feet  long  arid  weighing  60  Ibs., 
rests  with  one  end  on  the  ground  and  the  other  projecting  over 
the  top  of  a  vertical  wall  8  feet  high,  the  foot  of  the  ladder  being 
6  feet  from  the  bottom  of  the  wall     If  the  angle  of  friction  be- 
tween the  ladder  and  the  wall  or  ground  be  28°,  find  the  least 
horizontal  force  which  must  be  applied  to  the  foot  of  the  ladder 
to  make  it  slip  (1)  towards  the  wall,  (2)  away  from  the  wall. 

10.  C  and  D  are  two  small  rough  pegs,  one  foot  apart,  in  a 
straight   line   inclined   to  the  horizon   at  an  angle  of  60°.     A 
uniform  rod  ACDB,  of  10  Ibs.  weight  and  3  feet  in  length,  is 
placed  in  this  line,  under  C  and  over  D,  so  that  AC  —  BD  =  1  foot. 
Find  the  least  weight  which,  suspended  from  the  upper  end  B, 
will  keep  the  rod  in  the  above  position,  the  angle  of  friction 
between  the  rod  and  pegs  being  45°. 


CHAPTER  XIV. 

CENTRE  OF  GEAVITY. 

118.  The  object  of  the  present  chapter  is  to  show  how 
the  centres  of  gravity  of  various  bodies  may  be  determined 
(1)  graphically,  (2)  experimentally.     As  these  methods  lend 
themselves  most  readily  to  the  case  of  uniform  areas,  i.e.  thin 
slices  of  uniform  thickness  and  material,  the  examples  con- 
sidered will  be  mostly  of  this  nature. 

119.  To  find  the  C.G.  of  a  uniform  quadrilateral. 
Let  ABCD  (fig.  116)  be  the  quadrilateral.    Draw  the  dia- 
gonals AC,  £D,  intersecting  at  E. 


Fig.  116. 

Make  CF=AE. 

Then  the  C.G.  of  the  quadrilateral  coincides  with  that  of 
the  triangle  FDB. 
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For  the  C.G.'s  of  A's  ADC,  EDF  coincide,  since  their 
medians  through  D  are  identical. 

Similarly  the  C.G.'s  of  A's  ABC,  EBF  coincide.  Also 
A  ADC  :  A  ABC=  A  EDF  :  A  EBF. 

Hence  C.G.  of  quadrilateral  coincides  with  C.G.  of  A  BDF, 
and  can  be  found  by  drawing  the  medians  of  this  A. 

120.  The  C.G.  of  an  area,  which  can  be  divided  up  into 
parts   whose  relative  weights  and    centres   of  gravity   are 
known,  can  be  readily  found. 

The  figure  must  be  supposed  to  be  held  vertically  in  a 
fixed  position.  Then  the  weights  of  the  various  parts  form 
a  series  of  parallel  forces,  whose  resultant  can  be  found  by 
the  method  of  Art.  114.  The  C.G.  lies  in  the  line  of  action 
of  this  resultant.  Now  suppose  the  figure  to  be  turned 
through  a  right  angle,  its  plane  still  remaining  vertical,  so 
that  the  lines  of  action  of  the  weights  are  perpendicular  to 
their  former  direction.  Again  find  their  resultant.  The 
point  of  intersection  of  its  line  of  action  with  that  of  the 
former  resultant  is  the  C.G.  of  the  figure. 

If  such  a  figure  have  an  axis  of  symmetry,  i.e.  a  line 
which  divides  it  into  two  parts  which  are  exact  reflections  of 
each  other,  the  C.G.  must  lie  in  this  axis.  Hence  by  assuming 
this  line  to  be  horizontal,  only  one  operation  is  necessary  to 
determine  the  position  of  the  centre  of  gravity. 

121.  To  find  the  C.G.  of  an  irregular  area.   Method  1. 
Divide  the  figure  up  into  a  number  of  strips  by  equidistant 
parallel  chords  (fig.  117). 

Consider  these  chords  as  parallel  forces  acting  on  the 
body. 

Draw  AQ  parallel  to  the  chords,  arid  set  off  along  it 
AB,  BC,  CD,...  any  convenient  fraction  of  the  lengths  of 
ab,  be,  cd, ....  (In  the  present  example  the  fraction  chosen 
wasf) 

Find  the  resultant  of  these  forces  by  the  method  of 
Art.  114. 
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,  will  pass  through 


The  line  of  action  of  this  resultant, 
the  C.G.  of  the  figure. 


Repeat  the  whole  process  with  chords  perpendicular  to 
the  former,  and  so  find  another  line,  x^,  in  which  the 
C.G.  lies. 


The  intersection  of 
the  centre  of  gravity. 


and  y^y.^  will  give  the  position  of 


Method  2.  Having  traced  the  figure  on  squared  paper, 
draw  a  tangent  line  XOX'  through  its  lowest  point  0,  and 
a  parallel  line  MN,  either  through,  or  above,  its  highest 
point. 

Take  any  chord,  PQ,  parallel  to  XOX'. 
Draw  P??i,  Qn,  perpendicular  to  MN. 
Join  Om,  On,  cutting  PQ  in  p,  q. 

By  taking  a  series  of  such  chords  at  convenient  distances 
apart,  a  number  of  points  such  as^,  q,  can  be  determined. 
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\ 


Fig.  118. 

Join  all  these  points  by  a  continuous  curve,  called  the 
first  derived  curve. 

Let  A  be  the  area  of  the  original  curve,  and  Al  that  of 
the  first  derived  curve. 

Also  let  the  distance  OK  between  XX'  and  MN  =  a,  and 
the  distance  of  the  centre  of  gravity  from  XX'  =  y. 

s.    T.  13 
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Then  ?/=:%^. 

jfi 

To  prove  this,  join  OP,  OQ,  and  produce  them  to  meet 
MN  in  M,  N. 


Thei  ___ 

PQ~  MN~  MN~  OK~  a> 

y  being  the  ordinate  of  the  chord  PQ. 
.'.PQ.y=pq.a. 

Now  the  whole  figure  can  be  divided  up  into  an  indefinite 
number  of  thin  strips,  such  as  PQ,  parallel  to  XOX'. 

The  sum  of  all  such  terms  as  PQ  .  y  =  the  moment  of  the 
whole  figure  about  XX'  =  A.y\  and  the  sum  of  all  such 
terms  as  pq.a  —  Al.a. 

Hence  A.y  =  A1.a-1 

A,.  a 

•'•;*••  -IF- 

In  fig.  118,  A  =  9'05  sq.  inches, 

A  =  4-65  „       „ 
a  =  4  inches. 
4-65  x  4 
'"'  y5=    9-05     =          mches- 

Hence  the  centre  of  gravity  lies  on  the  line  cd,  2*05"  from  XX'. 

Similarly  x  can  be  found,  and  the  centre  of  gravity 
completely  determined. 

122.  The  centre  of  gravity  of  a  number  of  heavy 
particles  in  one  plane  can  be  found  by  the  same  method  as 
that  employed  in  Art.  120. 

When  there  are  only  three  particles,  the  converse  problem 
can  be  solved,  viz.,  given  their  centre  of  gravity  to  find  the 
ratio  of  their  masses.  An  example  in  illustration  of  this 
case  is  appended. 
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A  triangle  PQR  has  a  mass  of  120  Ibs.  placed  011  it  at  /6',  and 
rests  in  a  horizontal  position  on  three  vertical  supports  at  its 
angular  points.  Find  the  pressures  on  the  supports  due  to  the 
superimposed  mass. 


120  Ibs. 


Fig.  119. 


Join  PS  and  produce  it  to  meet  QR  in  T.  Then  we  may 
replace  the  120  Ibs.  at  S  by  two  masses  at  P  and  T  in  the 
ratio  TS:  SP. 

Draw  ab,  be,  cd,  da  to  represent  the  lines  of  action  of  the 
pressures  at  the  angles  and  the  weight,  and  draw  a  fifth  parallel 
through  T  to  represent  the  line  of  action  of  the  resultant  of 
be  and  cd. 

Draw  DA  to  represent  the  120  Ibs.  weight. 

Along  ab  set  off  PII=DA. 

Join  11T  and  draw  SL  parallel  to  it. 

Draw  LB  parallel  to  PD  or  HA  to  meet  DA  in  B. 

Then  AB  represents  pressure  at  P,  and  BD  represents  the 
resultant  of  the  pressures  at  Q  and  R. 

The  latter  can  be  found  by  joining  Q  and  R  to  any  point  K 
in  TK,  then  drawing  BO  and  DO  parallel  to  these  lines,  and 
finally  drawing  OC  parallel  to  QR. 

The  pressures  are  found  on  measurement  to  be  56,  44  and 
20  Ibs.  weight,  respectively. 

13—2 
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123.  Theorems  of  Guldinus.  I.  The  area  of  the 
surface  of  revolution  formed  by  any  line  revolving  about  an 
axis  in  its  own  plane  =  the  length  of  the  line  x  the  length  of 
the  path  of  its  centre  of  gravity. 

II.  The  volume  of  the  solid  of  revolution  formed  by  any 
plane  figure  revolving  about  an  axis  in  its  plane  =  the  area  of 
the  figure  x  the  length  of  the  path  of  its  centre  of  gravity. 

The  proofs  of  these  two  theorems  may  be  found  in  almost 
any  advanced  work  on  mechanics. 

As  an  application  of  the  first  theorem,  we  will  find  the 
centre  of  gravity  of  a  uniform  wire  bent  into  the  form  of  a 
circular  arc. 

Let  ACS  be  the  arc,  C  its  middle  point,  and  0  its  centre. 
Then  its  centre  of  gravity  G  lies  on  OC. 

Let  the  arc  revolve  about  an  axis  through  0  parallel  to 
A  B.  The  surface  traced  out  will  be  a  segment  of  a  sphere. 

The  area  of  the  surface  of  this  segment 

=  2?rr  .  AB  (Art.  53). 
Hence  by  Theorem  I. 

%7T.OGx  arcACB  =  Z-irr  .  AB, 


nn     chord          ,. 

.'.   C/Cr  =  ---  x  radius. 

arc 

Hence  the  following  construction  for  the  centre  of  gravity 
of  an  arc  AB.  Draw  the  tangent  CL  at  the  extremity  of  the 
central  radius  00. 


O 

Fig.  120. 
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Make  CL  =  ^  length  of  arc  (Art.  49).  Join  OL,  and  draw 
AN  parallel  to  OG  to  meet  OL  in  N.  Draw  NO  parallel 
toAB. 

„,  OG     GN 

OC^'CL' 

.-.   06r  =  —     -x  radius,  and  G  is  the  centre  of  gravity  of 
the  arc. 

124.  To  find  the  centre  of  gravity  of  a  sector  of 
a  circle.  By  dividing  the  arc  A  A'  into  a  large  number  of 
equal  parts,  and  joining  the  points  of  division  to  the  centre 
0,  the  sector  is  divided  into  a  number  of  equal  triangles, 
whose  centres  of  gravity  all  lie  on  the  concentric  arc  BB'} 
whose  radius  =  fr. 

Now  the  masses  of  these  triangles  are  all -equal,  and  each 
intercepts  an  equal  length  on  the  arc  BB'. 

Hence  the  centre  of  gravity  of  the  sector  coincides  with 
that  of  the  arc  BB',  which  can  be  found  by  the  construction 
given  in  the  preceding  article. 

If  G  be  the  centre  of  gravity,  then 

f.^     chord  ,. 

06r  =  —     -  x  !| radius, 
arc 

In  the  particular  case  of  a  semicircle 


3w' 

This  latter  result  can  be   found   directly   by  Theorem    II. 
Art.  123. 

125.  Although  the  next  few  cases  do  not  come  under 
the  head  of  graphical  methods,  they  are  included  on  account 
of  the  usefulness  of  their  results. 

To  find  the  centre  of  gravity  of  a  segment  of  a  thin 
spherical  sltell  made  by  two  parallel  planes. 
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Fig.  122. 


Fig.  123. 


Let  the  sphere  be  circumscribed  by  a  cylinder  whose  axis 
is  perpendicular  to  the  planes.  Then  the  area  of  the  surface 
of  the  sphere  cut  off  by  the  parallel  planes  is  shown  in  any 
work  on  mensuration  to  be  equal  to  that  of  the  portion  of 
the  circumscribing  cylinder  cut  off  by  the  same  planes. 
Hence  their  centres  of  gravity  coincide,  and  lie  at  the  middle 
point  of  the  part  of  the  axis  intercepted  between  the  planes. 

Thus  the  centre  of  gravity  of  a  thin  hollow  hemisphere 
lies  at  the  middle  point  of  its  central  radius. 

126.  The  centre  of  gravity  of  a  straight  rod  whose 
density  varies  as  the  distance  from  one  of  its  extremities. 
Let  OA  be  the  rod.  Then  the  density  at  any  point  P  varies 
as  OP. 

Construct  an  isosceles  triangle  having  OA  for  median. 
Take  a  thin  section  KL  through  P,  parallel  to  BG.  Then 
the  mass  of  KL  varies  as  OP.  Hence  the  centre  of  gravity 
of  the  rod  coincides  with  that  of  the  triangle  OBC,  i.e. 

00  =  1. OA. 

Similarly  the  centre  of  gravity  of  a  rod  whose  density 
varies  as  the  square  of  the  distance  from  one  end,  may  be 
shown  to  coincide  with  that  of  a  cone  having  the  rod  for  axis, 
so  that  in  this  case 
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127.  To  find  the  centre  of  gravity  of  a  solid  hemisphere. 
The  hemisphere  can  be  divided  into  a  number  of  concentric 
shells  of  equal  thickness,  such  as  RPS. 


If  this  number  be  made  indefinitely  large,  and  the  shells 
be  replaced  by  masses  proportional  to  their  areas  at  their 
centres  of  gravity,  we  shall  have  a  rod  OG  (G  being  the 
middle  point  of  OA)  loaded  at  every  point  Q  of  its  length 
with  a  mass  which  varies  as  OQ'2. 

Hence,  by  the  preceding  article, 


128.     Summary  of  formulae  for  the'centres  of  gravity  of 
simple  geometrical  figures. 

1.  c.  G.  of  a  parallelogram  Intersection  of  diagonals. 

2.  „         „   triangle  frds  of  way  down  any  median. 

Centre  of  polygon  or  circle. 


Intersection  of  axes. 


3.  „         „   regular  polygon  or, 

circle 

4.  „         „   figure  which  is  sym-'j 

metrical  about  I 
two  perpendi-  j 
cular  axes 

5.  „         „    solid   pyramid    or?      f  ths  of  way  down  line  joining  apex 

cone  \         to  centre  of  gravity  of  base. 

6.  „   pyramidal  or  coni- 
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7.  c.  G.  of  an  arc  of  circle  OG  =  —   —  X  radius. 

arc 

8.  „     of  a  sector  of  circle  0#  =  —    —  x|  radius. 

circ 

4 

9.  „         „    semicircle  06rf=—  x  radius. 

«J7T 

10.  „         „    segment  of  spheri-|      Middle  point  of  part  of  axis  between 

cal  shell  |          planes  of  section. 

11.  „         „   solid  hemisphere          |ths  of  way  along  central  radius. 

129.  Practical  determination  of  the  centre  of  gravity 
of  a  body.  The  position  of  the  centre  of  gravity  of  a 
thin  lamina,  such  as  a  board,  a  plate  of  metal,  or  a  figure  cut 
out  of  cardboard,  can  be  determined  very  readily  by  one  of 
the  following  methods. 

Method  A.  By  suspension.  If  we  suspend  a  thin  lamina, 
from  a  point  near  one  of  its  edges,  by  a  string,  the  tension  of 
the  string  is  equal  and  opposite  to  the  weight  of  the  body ; 
hence  the  centre  of  gravity  must  lie  in  the  direction  of  the 
string  produced.  We  proceed  then  as  follows  : 

Attach  a  piece  of  thread  or  string  to  some  point  on  the 
edge  of  the  lamina,  and  suspend  it.  When  it  is  at  rest,  draw 
a  straight  line  on  the  lamina  in  the  direction  of  the  string. 
This  can  be  done  by  holding  a  plumb-line  close  to  the  body, 
and  touching  the  point  of  suspension.  Make  a  pencil  mark 
immediately  behind  the  plumb-line  near  the  lower  edge  of 
the  lamina.  Join  this  point  by  means  of  a  straight-edge  to 
the  point  of  suspension.  The  centre  of  gravity  will  lie  in  the 
line  so  drawn. 

Kepeat  the  experiment,  using  a  different  point  of 
suspension.  A  second  straight  line  containing  the  centre 
of  gravity  will  be  obtained.  The  intersection  of  these  lines 
(which  should  be  as  nearly  at  right  angles  as  possible),  will 
give  the  position  of  the  centre  of  gravity. 

The  result  may  be  confirmed  by  again  repeating  the 
experiment,  using  a  third  point  of  suspension.  The  body 
should  balance  in  a  horizontal  position  about  a  sharp  point 
held  at  the  intersection  of  the  lines. 
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N.B.  This  point  in  the  surface  is  not  the  actual  centre 
of  gravity,  which  will  lie  in  the  thickness  of  the  lamina,  in 
the  perpendicular  to  it  through  the  point. 

Method  B.  By  balancing.  Place  the  body  on  a  sharp 
straight  support,  such  as  the  edge  of  a  knife,  and  move  it 
about  until  it  balances  in  a  nearly  horizontal  position. 
Press  the  lamina  on  the  knife-edge,  so  as  to  mark  the  line 
upon  it.  The  centre  of  gravity  will  lie  in  this  line. 

Repeat  the  experiment  with  the  body  in  another  position. 
The  intersection  of  the  two  lines  so  obtained  gives  the 
position  of  the  centre  of  gravity.  Confirm  by  a  third 
experiment. 

A  modification  of  Method  A  will  sometimes  enable  us 
to  find  the  approximate  position  of  the  centre  of  gravity 
of  a  solid  body  other  than  a  lamina,  by  finding  its  projection 
on  two  or  more  vertical  planes. 

Suspend  the  body  as  before,  and  behind  it,  on  a  sheet  of 
paper,  trace  its  orthogonal  projection,  and  also  that  of  the 
suspending  string.  The  projection  of  the  centre  *)f  gravity 
will  lie  in  the  projection  of  the  string  produced.  Repeat  the 
experiment,  and  obtain  the  projection  of  another  line  in 
which  the  centre  of  gravity  lies. 

This  method  will  apply  to  bodies  like  a  wire  bent  into 
the  shape  of  any  plane  figure,  such  as  a  circular  arc,  a 
polygon,  or  a  hoop. 

EXAMPLES   XVII. 

1.  The  dimensions  of  a  uniform  quadrilateral  ABCD  are  : — 
AB  =  V',    BC  =  ±",    CD  -4-5",    ZU  =  2-5",    diagonal    ^(7=4-4". 
Draw  the  quadrilateral  and  find  its  centre  of  gravity. 

2.  A  triangle  ABC,  whose  sides  are  12,  15  and  18  cms.,  has 
a  portion  ADE  cut  away  by  a  line  DE  bisecting  the  two  shorter 
sides.    Find  the  position  of  the  centre  of  gravity  of  the  remaining 
trapezoid. 

3.  A  circular  disc  of  cardboard,  4"  in  diameter,  has  a  circular 
hole,  1'5"  in  diameter,  cut  out  of  it;  if  the  centre  of  the  hole  bo 
1"  from  the  centre  of  the  disc,  find  the  centre  of  gravity  of  the 
remaining  portion. 
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4.  Three  masses  of  3, 5  and  9  Ibs.,  respectively,  are  situated  at 
the  points  A,  B,  C  ;  A  E  -  5  cms.,  BC  =  10  cms.,  CA  =  9  cms.  Find 
the  centre  of  gravity  of  the  masses,  and  measure  its  distances  from 
A  and  B. 


<- 1-5----> 


4-5" 


Fig.  125. 

5.  A  square  is  cut  out  of  the  middle  of  one  of  the  longer 
sides  of  a  rectangular  plate  as  in  fig.  125.  Draw  the  figure  to  the 
dimensions  given,  find  the  centre  of  gravity  of  the  remainder  of  the 
plate,  and  mark  its  position  on  your  figure. 


Tig.  126. 

6.  The  thin  plate  shown  in  fig.  126  is  uniform  in  thickness 
and  density.     Find  its  centre  of  gravity  and  mark  its  position 
carefully  on  your  figure. 

7.  A  rectangular  uniform  steel  plate,  half-an-inch  thick,  with 
a  corner  cut  off,  has  the  dimensions  shown  in  fig.  127.     Find  its 
mass,  and  the  distances  of  its  centre  of  gravity  from  AB  and  AC 
respectively.     A  cubic  inch  of  steel  weighs  J  lb. 

8.  Draw  any  irregular    closed    figure,   and  find    its    centre 
of  gravity  by  Method  1,  Art.    121. 
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9.      Draw  an  irregular   figure    on  squared  paper.      Find    its 
centre  of  gravity  by  Method  2,  Art.   121. 

(This  example  should  be  repeated  with   figures   of  different 
shape.) 

C 


10'- 


Fig.  127. 

10.  Mark  five  points  on  your  paper.    Suppose  masses  of  from 
1   to  5  Ibs.  to  be  placed  at  these  points,  and  find  their  centre 
of  gravity. 

11.  Draw  a  triangle  ABC,  having  AB— 14  cms.,  J>C=I7  cms., 
CA  —  10  cms.     Take  a  point  D  within  the  triangle,  5  cms.  from 
A  and  8  cms.  from  C.     A  mass  of  50  Ibs.  is  placed  at  D,  and  the 
triangle  is  supported  in  a  horizontal  position  by  vertical  strings 
at  its  angles.     Find  the  tensions  of  these  strings,  neglecting  the 
weight  of  the  triangle.    If  the  triangle  be  uniform  and  weigh  6  Ibs., 
what  will  be  the  tensions  of  the  strings  1 

12.  Find  by  construction  the  centre  of  gravity  of  a  circular 
arc  of  3"  radius,  the  chord  of  the  arc  being  2  -5". 

13.  Draw  a  quadrant  of  a  circle  of  2"  radius,  and  find  by 
construction  the  position  of  its  centre  of  gravity. 

14.  Find    by   Methods    A    and    B,    Art.    129,   the    centres 
of  gravity  of  the  following  figures  cut  out  of  cardboard. 

(a)  A  semicircle. 

(b)  A  quadrant. 

(c)  A  trapezoid. 

(d)  An  irregular  polygon. 

15.  Bend  a  piece  of  copper  wire  into  the  following  shapes, 
and  find  its  centre  of  gravity  in  each  case : — 

(a)  A  scalene  triangle. 

(b)  The  letter  L. 

(c)  The  arc  of  a  circle. 


CHAPTER  XV. 

PRACTICAL  STATICS  AND  THE  MECHANICAL  POWERS. 
PRACTICAL  STATICS. 

130.     To  find  the  resultant  of  two  given  forces. 

[For  this  and  many  other  mechanical  experiments  a 
large  board  should  be  fixed  vertically  on  one  of  the  walls 
of  the  laboratory.  A  blackboard  answers  the  purpose  very 
well.  At  the  two  top  corners  should  be  fixed  a  couple  of 
easily  running  pulleys  of  wood  or  metal,  with  their  axes 
perpendicular  to  the  plane  of  the  board.  Another  pair  of 
pulleys  at  different  levels,  one  at  each  end  of  the  board,  are 
also  required.  Also  a  number  of  dynamometers,  or  spring 
balances  (see  Art.  40),  which  should  be  of  various  strengths, 
and  as  light  as  is  consistent  with  strength,  since  their  weight 
will  in  many  cases  affect  the  result.] 

Knot  three  light  cords  together  at  one  end,  pass  one  of 
them  over  each  of  the  two  top  pulleys,  and  attach  a  spring 
balance  to  the  end  of  the  third.  The  pulleys  are  simply  to 
change  the  directions  of  the  pulls  (fig.  128). 

Pin  a  large  sheet  of  drawing  paper  to  the  board,  take 
several  points  on  it,  and  from  each  point  draw  straight  lines 
tangential  to  the  upper  parts  of  the  two  top  pulleys. 

Attach  a  weight  (say  500  grs.)  to  the  end  of  the  cord 
passing  over  one  of  the  pulleys,  and  another  weight  (say 
800  grs.)  in  like  manner  to  the  cord  passing  over  the  other 
pulley. 
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Fig.  128. 

Then  move  the  knot  to  one  of  the  points  marked  on  the 
paper,  and  by  pulling  the  spring  balance  in  different 
directions  with  varying  force,  find  a  direction  and  strength 
which  will  keep  the  knot  over  the  point.  Note  the  reading 
on  the  spring  balance,  and  mark  with  a  pencil  the  direction 
of  this  third  force. 

The  knot  is  held  in  equilibrium  by  the  three  forces, 
acting  in  three  given  directions,  and  the  third  force  is  equal 
in  amount  to  the  resultant  of  the  other  two,  and  acts  in  the 
opposite  direction  to  it. 

Repeat  the  experiment  with  the  other  given  points. 
Then  unpin  the  sheet  of  paper,  and  find  graphically  (by 
the  method  in  Art.  110)  the  magnitude  and  direction  of 
the  resultant  of  the  two  given  forces  acting  in  the  given 
directions  (indicated  by  the  pairs  of  straight  lines  which 
were  drawn  to  the  pulleys). 

It  will  generally  be  found  that  the  results  of  the  practical 
and  graphical  methods  do  not  quite  agree ;  this  will  be  due 
to  the  slight  friction  of  the  pulleys  in  their  sockets. 

If  care  be  taken  however  to  see  that  the  pulleys  are  well 
adjusted,  and  if  suitable  weights  be  selected,  the  discrepancy 
will  be  very  small. 
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131.  To  find  the  directions  in  which  three  or  more 
given  forces  must  act  on  a  point  in  order  to  keep  it  in 
equilibrium. 

(i)  Using  the  same  apparatus  as  in  the  last  Article, 
attach  a  known  weight  to  each  of  the  three  cords.  Then  let 
the  system  adjust  itself  (tapping  the  board  to  prevent  the 
friction  of  the  pulleys  affecting  the  result),  and  indicate  on  a 
sheet  of  paper  the  directions  of  the  three  cords. 

As  before,  check  your  result  graphically. 

(ii)  Repeat  the  experiment,  making  use  of  three  or 
more  pulleys  (thus  using  four  or  more  cords  and  weights). 

132.  To  show  how  the  tension  on  a  cord  varies 
with   its  inclination,   and  to  find   its   breaking  strain. 
Fix  a  dynamometer  A,  at  the  point 

G  (fig.  129),  by  a  rotating  clamp, 
so  that  it  can  be  turned  about  an 
axis  perpendicular  to  the  board,  and 
attach  to  it  a  piece  of  thin  cord 
which  passes  over  the  pulley  D,  and 
can  be  fastened  to  the  cleat  E. 


The  straight  line  joining  0  and 
D  must  be  horizontal. 

The  cord  carries  a  ring  or  light 
pulley,  B,  to  which  is  attached  a 
weight  of  1  kgr. 

Fasten  to  the  board  a  sheet  of 
paper,  with  its  top  edge  in  a  line 
with  C  and  D,  and  draw  a  vertical 
line  midway  between  G  and  D. 

Mark  a  series  of  points,  1,  2,  3,  etc.,  on  this  line,  and 
shorten  the  cord  at  E  until  B  coincides  with  each  of  them  in 
turn. 


Fig.  129. 


(Note. 
hand.) 


Whilst  doing  this,  ease  the  weight  with  the  other 
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Take  the  dynamometer  reading  for  each  position,  and 
mark  on  the  paper  the  directions  of  the  cord.  These  latter 
will  of  course  converge  to  G  and  D. 

Finally  a  point  will  be  reached  where  the  tension  is  too 
great  for  the  cord,  and  it  will  snap. 

Then  with  a  protractor  measure  the  angles  made  by  the 
cord  with  the  vertical. 

Tabulate  your  results  as  follows : — 


Expt. 

Tension 
(=dynam.  reading) 

Angle 

Cosine  of 
angle 

Weight 
Cosine  of  angle 

1 

525  grs. 

17° 

•96 

l-04kgr. 

2 

750    „ 

48° 

•67 

1-49    „ 

&c. 

Both  parts  of  the  cord  will  have  the  same  slope,  and 
the  tension  on  each  side  will  be  the  same,  so  that  we 
have  two  forces,  each  equal  to  the  dynamometer  reading, 
supporting  the  weight;  and  their  sum,  multiplied  by  the 
cosine  of  their  angle  of  deviation  from  the  vertical,  will 
amount  to  the  weight  used.  Hence  the  numbers  in  the 
last  column  should  be  double  those  in  the  second  column. 

133.  To  ascertain  practically  the  thrusts  and  pulls 
on  the  different  parts  of  a  simple  crane. 

(i)  The  stiff  rod  AB  is  fixed  to  the  upright  beam  EG 
on  a  swivel  so  that  its  inclination  to  the  vertical  can  be 
varied  (fig.  130).  Also  a  number  of  hooks  are  screwed  into 
the  beam  at  different  heights  above  B.  A  cord  with  a 
dynamometer  reaches  from  A  to  one  of  these  hooks,  and  a 
known  weight  W  is  suspended  from  A.  We  thus  obtain 
from  our  reading  the  pull  on  the  tie  or  cord.  By  shifting 
the  cord  to  each  of  the  hooks  in  turn,  its  tension  for  different 
degrees  of  slope  can  be  ascertained,  care  being  taken  to  keep 
the  strut  at  the  same  slope  throughout  the  series. 
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From  your  results,  find  out  the  position  of  the  cord  for 
which  its  tension  is  least.  Justify  your  results,  as  before, 
graphically. 


B 


Fig.  130. 


Fig.  131. 


(ii)  Repeat  the  above  experiment,  using  a  strut  with 
a  small  wheel  at  At  supporting  the  weight  by  a  cord  passing 
over  the  wheel  and  fastened  to  one  of  the  hooks  in  the  beam 
EG  (fig.  131). 

Take  a  series  of  readings  of  the  spring  balance,  keeping 
the  position  of  the  tie  AC  constant,  but  varying  the  point  of 
attachment  of  the  cord  to  the  beam. 

If,  in  these  experiments,  a  pressure  dynamometer — that 
is,  a  spring,  whose  compression  is  registered  on  a  scale — be 
coupled  up  with  the  strut  AB,  the  pressure  on  it  may  also  be 
read  off. 

1 34.  To  find  the  pressure  on  the  supports  of  a  loaded 
beam.  We  can  ascertain  this  by  using  two  pressure 
dynamometers ;  but  we  can  get  the  same  result  more  simply 
by  suspending  the  beam  at  the  two  points  of  support,  and 
finding  the  tensions  of  the  cords. 

Take  a  wooden  or  metal  bar  of  known  weight  and  suspend 
it  horizontally  by  two  vertical  cords  attached  at  suitable 
points  A  and  B  (fig.  132).  Dynamometers  are  attached  to 
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the  two  cords.  Then  suspend  various  weights  from  the  bar 
at  irregular  intervals.  The  sum  of  the  two  dynamometer 
readings  should  equal  the  combined  weights  of  the  bar  and 
the  attached  masses. 


Fig.  132.  Fig.  133. 

Also  investigate  the  experiment  graphically,  remembering 
to  include  the  weight  of  the  bar,  acting  at  its  centre  of 
gravity  (see  Art.  114).  If  a  metre  rule  be  employed  as  the 
bar,  the  points  of  application  of  the  various  forces  can  be  very 
readily  ascertained. 

135.  To  find  the  tensions  in  the  various  parts  of  a 
cord,  fixed  at  both  ends,  and  having  weights  attached  to 
it  at  irregular  intervals.     Fasten  the  two  ends  of  the  cord 
to  dynamometers  (fig.  133)  and  also  insert  a  light  dynamo- 
meter in  the  cord  between  each  pair  of  weights.     Thus  the 
various  tensions  may  be  read  off.     If  the  spring  balances 
used  are  too  heavy,  the  accuracy  of  the  result  will  be  much 
impaired. 

The  apparatus  should  be  fixed  up  just  in  front  of  the 
board  described  in  Art.  130;  the  directions  of  the  various 
stresses  can  then  be  traced  on  a  sheet  of  paper,  and  the 
tensions  found  graphically. 

136.  Moments.    If  the  motion  of  a  body  be  restricted  to 
rotation  about  a  given  axis  (as  in  the  case  of  a  wheel),  and  the 
body  be  acted  on  by  a  force  whose  line  of  action  does  not  pass 
through  the  axis,  the  force  tends  to  produce  rotation.     This 
tendency  to  rotate  depends  on  two  factors : 

s.  T  14 


208 


PRACTICAL   MATHEMATICS 


[CHAP. 


(a)     the  amount  of  the  force,  and 

(6)  the  perpendicular  distance  of  its  line  of  action  from 
the  given  axis. 

The  product  of  these  two  factors  is  known  as  the  moment 
of  the  force  about  the  axis. 

The  rotation  may  be  in  either  of  two  directions,  clock- 
wise, or  anticlockwise.  The  moments  are  of  opposite  sign  in 
the  two  cases. 

If  the  body  remains  at  rest  when  acted  upon  by  a 
number  of  such  forces,  the  algebraic  sum  of  their  moments 
will  be  zero. 

To  demonstrate  this,  take  an  irregular  piece  of  card- 
board, pass  a  stout  pin  through  it  near  its  centre,  and  so  fix 
it  to  the  board  described  in 
Art.  130.  Fix  it  temporarily 
to  the  board  by  another  pin 
in  order  to  keep  it  motionless. 
Then  fasten  pieces  of  thread 
through  holes  near  its  peri- 
meter, pass  them  over  the 
pulleys,  and  attach  various 
weights  to  them.  Finally, 
remove  the  second  pin:  the 
card  will  probably  rotate 
about  the  first  pin  and  take 
up  a  new  position.  It  will 
now  be  held  in  equilibrium 
(so  far  as  rotation  is  con- 
cerned)  by  the  moments  of 
the  various  forces,  some  tend- 
ing to  produce  a  clockwise 
motion,  and  others  an  anti-  Fig.  134. 

clockwise  one*. 

*  This  momenta!  equilibrium  must  not  be  confused  with  the  state  of 
equilibrium  considered  in  Art.  130.  If  we  removed  the  pin  from  the  card, 
its  position  would  almost  certainly  shift.  As  a  simple  example  take  the  case 
of  a  light  pulley  with  a  horizontal  axis,  having  a  thin  cord  passing  over  it 
with  equal  masses  at  either  end.  The  wheel  will  remain  at  rest  because  the 
moments  of  the  two  masses  (i.e.  their  weights  multiplied  by  the  radius  of 
the  pulley)  are  equal  and  opposite ;  but  if  the  axial  pin  of  the  pulley  be 
removed,  the  whole  system  will  change  its  position. 
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Then  either  on  the  card  itself,  or  on  a  sheet  of  paper 
behind  it,  mark  the  directions  of  the  various  forces,  and  to 
these  lines,  produced  if  necessary,  draw  perpendiculars  from 
the  axis  of  rotation.  Measure  the  lengths  of  these  perpen- 
diculars, multiply  each  by  the  force  concerned  (prefixing  the 
proper  sign)  and  find  the  sum  of  these  products :  the  result 
should  be  zero. 

CONSTRUCTION   OF  THE   MECHANICAL   POWERS. 

137.  A   machine    is    a    contrivance    for    receiving  a 
certain  amount   of  work,   and   transmitting   it   in   a   form 
more  suited    to    the  purpose  required.     It   cannot  be    too 
strongly  impressed  on  the  student  that  a  machine  does  not 
produce  work.     It  is  true  that  work  done  through  the  help 
of  a  machine  often  seems  to  require  less  effort  than  when  the 
machine  is  not  employed.     For  instance,  a  man  can  easily 
raise  a  mass  of  a  ton  by  an  arrangement  of  pulleys,  when, 
unaided,  he  could  not  move  it.     But,  as  we  shall  see  later, 
this  apparent  saving  in  energy  is  only  imaginary.     Although 
the  actual  force  applied  is  usually  less,  it  requires  to  be 
moved  over  a  greater  space,  or  the  effort  is  more  sustained. 
As   an   illustration,  a   man  who  could   not   lift  a  mass  of 
1000  bricks  bodily  into  a  cart,  could  easily  lift  them  in  10  at 
a  time ;  but  when  the  bricks  were  all  transferred  to  the  cart 
the  actual  work  done  would  be  precisely  the  same  as  if  they 
had  been  moved  en  bloc.     Having  only  one-hundredth  part 
of  the  mass  to  move  at  once,  he  would  have  had  to  make 
100    journeys  ;     and    hence,    since    work  =  force  x  distance 
through  which  it  acts,  the  energy  expended  would  be  the 
same. 

138.  The  mechanical  powers.    The  mechanical  powers 
are : — 

(a)  The  Lever, 

(&)  The  Pulley, 

(c)  The  Wheel  and  Axle  (a  combination  of  a  and  b), 

(d)  The  Inclined  Plane, 

(e)  The  Screw,  and 
(/)  The  Wedge, 

the  two  last  being  modified  forms  of  the  inclined  plane. 

14—2 
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There  are  certain  mechanical  considerations  applying 
equally  to  all  of  these,  which  must  first  be  defined  and 
investigated,  and  as  this  is  most  easily  done  with  an  arrange- 
ment of  pulleys,  we  shall  now  consider  in  detail  a  series  of 
experiments  with  pulleys,  and  then  more  briefly  indicate  the 
application  to  the  other  machines. 

139.  Pulleys,  1st  system.  In  the  following  experiments, 
the  pulleys  were  fitted  up  as 
shown  in  fig.  135,  each  pulley 
having  a  separate  cord,  one 
end  of  which  is  attached  to 
the  horizontal  beam.  D  is  a 
"fixed"  pulley,  employed  to 
alter  the  direction  of  the 
applied  force  and  so  enable 
us  to  utilise  gravity  as  that 
force. 

The  pulleys  used  were 
of  aluminium,  weighing  33'5 
grams  each,  and  were  ad- 
justed to  reduce  friction  to 
a  minimum.  Thin  catgut 
(banjo  string)  was  used  for 
the  cord. 

The  experiments  were 
carried  out  by  students  under 
our  supervision. 

(i)  Velocity  ratio.  A  weight  was  put  into  the  weight- 
pan  TF,  and  weights  placed  in  the  force-pan  P,  until  the 
system  remained  stationary  in  any  position.  The  force-pan 
was  raised  until  the  scale-pan  W  was  just  clear  of  the 
bench,  and  then  depressed.  The  distances  of  the  two  pans 
from  the  bench  were  then  measured,  the  following  series 
of  readings  being  obtained : 


Fig.  135. 
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No.  of 
Exp. 

Distance  of 
W  from  bench 

Distance  of  P 
from  bench 

Distance  W 
lias  been 
raised 

Distance  P 
has  been 
depressed 

Ratio 

1 

•4  cms. 

56  -2  cms. 

2 

1-6 

46-5 

1  -2  cms. 

9  '7  cm  3. 

8-08 

3 

3-1 

34-4 

1-5 

12-1 

8-04 

4 

4-9 

20 

1-8 

14-4 

8 

5 

7-2 

1-6 

2-3 

18-4 

8 

Average  Katio  = 

8-03 

Thus  \ve  see  that  in  order  to  raise  the  weight-pan  through 
a  certain  vertical  distance,  the  force-pan  must  be  depressed 
practically  eight  times  as  far.  This  number  is  called  the 
Velocity  Ratio,  and  is  of  great  importance  in  determining 
the  Efficiency  of  the  system. 

Theoretically  the  velocity  ratio  in  the  above  example 
should  be  exactly  8. 

(ii)  To  determine  the  Power  required  to  raise  a  given 
weight.  The  weights  of  the  weight-pan  (=  37  grams)  and 
the  force-pan  (=22  grams)  were  first  ascertained.  Then 
loads  increasing  by  50  grams  were  placed  in  the  weight-pan, 
which  rested  on  the  bench,  and  weights  added  to  the  force- 
pan,  P,  until,  when  started  by  a  touch,  P  descended  at  an 
uniform  rate. 

The  values  of  P  for  various  values  of  W  were  tabulated 
(Table  2),  and  then  plotted  as  shown  in  fig.  136. 

This  curve,  as  will  be  seen  from  the  figure,  is  a  straight 
line,  and  hence  may  be  written  in  the  form 


212 


100 


so 


5 

^60 


of  40 

I 


20 


PRACTICAL  MATHEMATICS 

a 


[CHAP. 


* 


m 


100 


200 
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300 

200  grams. 
Fig.  136. 


400 


500 


TABLE  2. 


No.  of 
Exp. 

Jx>ad,  including 
pan  (-  W) 

Weight  in  force- 
pan,  including 
pan(=P) 

1'JorM.A. 

1 

37  grams 

34  '1  grams 

1-06 

2 

87 

41-1 

2-12 

3 

137 

47-5 

2-88 

4 

187 

54 

3-46 

5 

237 

60-5 

3-92 

6 

287 

66-9 

4-29 

7 

337 

73-4 

4-59 

8 

387 

79-8 

4-85 

9                  437 

86-5 

5-05 

10                   487 

93 

5-24 

By  substituting  two  values  for  P  and  the  corresponding 
values  for  W,  we  get  simultaneous  equations  in  a  and  b,  from 
which  we  find 

a=      -13 
6  =  29-7. 
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140.     (iii)     To  find  the  Mechanical  Advantage.     In 
the  last  column  of  the  above  table  is  given  the  values  of  the 

W 
ratio  -p    for  the  experiments  in  question.     This  shows  us 

how  many  times  its  own  weight  a  given  force  can  raise  by  this 
mechanism,  and  is  known  as  the  Real  Mechanical  Advantage 
of  the  machine.  It  will  be  seen  that  the  mechanical  ad- 
vantage increases  with  the  load,  rapidly  at  first,  but  more 
slowly  as  the  load  gets  greater.  The  graph  of  this  curve  is 
shown  in  fig.  137. 
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(iv)  To  determine  the  efficiency  of  the  machine. 
The  efficiency  of  a  machine  is  the  ratio  of  the  work  done  by 
the  machine  to  the  work  put  into  it. 

If  the  machine  were  weightless  and  frictionless,  these 
two  amounts  would  be  the  same  and  the  efficiency  would  be 
1,  or  as  it  is  generally  expressed,  100  per  cent. 

Such  a  machine  is  of  course  only  possible  in  theory; 
it  gives  us,  however,  another  method  of  expressing  the 
efficiency,  viz.,  - 

•pffi  '          _        -^ea^  Mechanical  Advantage 

*  ~~  Theoretical  Mechanical  Advantage  * 

Now  the  Theoretical  Mechanical  Advantage  equals  the 
Velocity  Ratio,  by  the  Principle  of  Work,  so  that  finally 
we  get 

_„,  .  Real  Mechanical  Advantage 

Efficiency  = -  . 

Velocity  Ratio 

Thus  the  efficiency  equals  the  mechanical  advantage 
divided  by  a  constant,  and  therefore  the  two  curves  will  be 
of  the  same  nature,  the  abscissae  being  the  same,  and  the 
ordinates  being  in  a  fixed  ratio. 

In  the  present  series  of  experiments  we  have  already 
found  the  velocity  ratio  to  be  8,  so  that  the  efficiency  is 
equal  to  the  mechanical  advantage  x  J. 

.*.   percentage  efficiency  =  mechanical  advantage  x  •*•§&. 
We  thus  get 

TABLE  3. 


No.  of 
Exp. 

Mechanical 
advantage 

Percentage 
efficiency 

1 

1-06 

13-2 

2 

2-12 

26-5 

3 

2-88 

36 

4 

3-46 

43-2 

5 

3-92 

49 

6 

4-29 

53-6 

7 

4-59 

57-4 

8 

4-85 

60-6 

9 

5-05 

63-1 

10 

5-24 

65-5 

XV]  EFFICIENCY  215 

141.  (v)  To  determine  the  mechanical  advantage 
and  efficiency,  when  the  weight  of  the  machine  is  in- 
cluded. So  far,  we  have  neglected  the  weights  of  the  pulleys 
in  our  calculations.  If  we  include  them  our  results  will  be  quite 
different.  These  results  are  not  of  importance  in  themselves, 
but  we  require  them  in  order  to  be  able  to  determine  the 
friction  of  the  machine. 

In  the  case  in  question  the  effective  weight  of  the  machine 
consists  of  the  weights  of  the  three  pulleys,  AyB>  and  C,  each 
weighing  33*5  grs. 

But  if  we  watch  the  movements  of  the  pulleys  we  see 
that  whilst  A  rises  uniformly  with  the  load,  B  rises  twice  as 
fast,  and  0  at  four  times  the  rate.  (This  should  be  confirmed 
by  actual  measurement.) 

Hence  since  B  rises  twice  as  fast  as  the  load,  the  work 
done  on  B  is  equal  to  that  required  to  raise  a  pulley  twice  as 
heavy  as  B  at  the  same  rate  as  the  load,  so  that  the  effective 
weight  of  B  (regarding  it  as  part  of  the  load)  is  twice  its  real 
weight, 

=  2  x  33'5  grams  =67  grams. 

Similarly  the  effective  weight  of  0=  4  x  33*5  =  134  grams. 

Thus  the  additional  weight  to  be  added  to  the  load  on 
account  of  the  pulleys  is 

33-5  +  67  + 134  =  234'5  grs. 
(The  weight  of  the  strings  was  negligible.) 

Adding  this  weight  to  the  load,  our  experiments  now  give 
the  results  shown  in  Table  4  (next  page). 

We  thus  find  that  the  efficiency,  from  this  point  of  view, 
is  quite  different  from  our  former  results. 

The  first  point  to  notice  is  that  97  per  cent,  of  the  work 
put  into  the  machine  is  accounted  for,  although  it  is  not  all 
useful  work. 

The  missing  3  per  cent,  is  the  work  used  up  iii  over- 
coming "friction,"  which  term  includes  any  sound  or  heat 
generated. 
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TABLE  4. 


No.  of 
Exp. 

Load 

Load  +234-5 
—  W 

Weigh  tin  force- 
pan,  including 
pan  —P 

? 

Efficiency 

1 

37grs. 

271-ogrs. 

34-7grs. 

7-82  ' 

97-8 

2 

87 

321-5 

41-1 

7-82 

97-8 

3 

137 

371-5 

47-5 

7-82 

97-8 

4 

187 

421  -5 

54 

7-81 

97-7 

5 

237 

471-5 

60-5 

7-79 

97-4 

6 

287 

521-5 

66-9 

7-79 

97-4 

7 

337 

571-5 

73-4 

7-78 

97-3 

8 

387 

621-5 

79-8 

7-78 

97-3 

9 

437 

671-5 

86-5 

7-76 

97 

10 

487 

721-5 

93 

7-72 

97 

We  now  see  why  the  efficiency  varies  so  in  Table  3.  It 
is  because  the  actual  load  bears  a  greater  ratio  to  the  total 
load  as  we  continue  the  experiments. 

The  second  and  more  important  point  to  notice  is  that 
the  percentage  of  the  work  used  up  in  overcoming  friction  is 
constant,  that  is  to  say, 

The  friction  is  proportional  to  the  load. 

(vi)  To  determine  the  friction  of  the  machine.  We 
saw  in  Table  4  that  a  total  load  of  271*5  grams  required  a 
weight  of  34*7  grams  at  P  to  balance  it.  But  theoretically, 

27T5 
the  Velocity  Ratio  being   8,  it  should  require  only  — -^ 

or  33'94  grams.  Hence  the  difference  between  these  two 
values  is  the  weight  required  to  overcome  the  friction  of  tho 
machine  carrying  the  load  in  question. 

Proceeding  thus  with  each  experiment  we  get  Table  5. 

On  plotting  a  graph,  taking  the  friction  for  ordinate  and 
corresponding  weight  for  abscissa  (fig.  138),  we  again  get  a 
straight  line,  showing  that  the  friction  is  proportional  to  the 
total  load. 
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TABLE  5. 


No.  of 
Exp. 

Load  +  effective 
weight  of  machine 
=  W 

Power  required 
=  P 

Theoretical  power 

-& 

—                -—  i 

Friction 
=  P-F 

1 

271-5 

34-7 

33-9 

•8 

2 

321-5 

41-1 

40-2 

•9 

371-5 

47-5 

46-4 

1-1 

4 

421-5 

54 

52-7 

1-3 

5 

471-5 

60-5 

58-9 

1-6 

6 

521-5 

66-9 

65-2 

1-7 

7 

571-5 

73-4 

71-4 

2 

8 

621-5 

79-8 

77-7 

2-1 

9 

671-5 

86-5 

83-9 

2-G 

10 

721-5 

93 

90-2 

2-8 

W7 


100  200  300  400  50Q 

Load,  1"=  200  grams. 
Fig.  138. 


If  we  plot  the  curve  connecting  the  power  with  the  total 
load,  and  also  the  curve  connecting  the  friction  with  the 
total  load,  on  the  same  piece  of  squared  paper,  we  find  that 
they  intersect  when  the  total  load  =  0. 

That  is  to  say,  that  under  those  circumstances  the  power 
required  is  totally  utilised  in  overcoming  the  frictional 
resistance  of  the  machine,  a  result  we  should  expect  theoreti- 
cally. 


218 


PRACTICAL   MATHEMATICS 


[CHAP. 


The  equation  to  the  friction  curve  is  of  the  form 
y  =  m  W  +  n  where  m  and  n  are  constants.  Thus,  even  if 
there  be  no  load,  we  see  there  is  a  certain  amount  of  frictional 
resistance,  since  y  —  n. 

This  is  really  due  to  the  moment  of  inertia  (see  Art.  201) 
of  the  pulleys,  and  n  is  a  constant  for  any  given  machine. 

142.  Pulleys.  2nd  system.  In  this  arrangement  of 
pulleys,  there  is  a  single  cord  passing  round  all  the  pulleys. 
The  procedure  is  just  as  with  the  1st  system. 

The  actual  readings  of  an  experiment  are  given  below, 
and  the  student  should  develop  them,  finding  the  friction, 
power  and  efficiency  curves  as  in  the  preceding  articles. 
The  graphs  of  these  three  curves  are  shown  in  fig.  139,  and 
he  should  compare  his  res.ults  with  them. 


4  6 

Load,  T'=4lbs. 
Fig.  139. 
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No.  of  Exp. 

1 

a 

3 

4 

5 

6 

7 

8 

9 

10 

Weights  placed  in  Load- 
pan  in  Ibs. 

0 

i 

2 

3 

4 

5 

G 

7 

8 

9 

Weights  placed  in  Power- 
pan  in  oz. 

2 

4 

8? 

12* 

151 

19* 

22f 

26£ 

30 

32£ 

Weight  of  load-pan 
„   power-pan 


4  oz. 

1  oz. 

„         „   lower   pulley-block     ...     G  oz. 
No.  of  pulleys  6  ;  therefore  velocity  ratio  =  6. 


143.    Pulleys.    3rd  system.    In  the  3rd  system  of  pulleys 
each  pulley  has  a  separate  cord  and  each 
cord  is  attached  to  the  load  (fig.  140). 

We  thus  see  that  the  weight  of  the 
pulleys  assists  the  power,  and  so  apparently 
obtain  a  very  curious  result;  viz.  the  effi- 
ciency is  greater  than  unity.  Of  course  this  is 
impossible,  so  that  we  must  consider  whence 
the  anomalous  result  originates.  The  series 
of  readings  given  on  the  next  page,  which 
were  determined  with  the  pulleys  shown  in 
fig.  140,  will  make  the  investigation  easier*. 
The  columns  required  for  the  determination 
of  friction  are  omitted  as  they  have  no  bearing 
on  the  point  in  question.  They  should  how- 
ever be  worked  out.and  plotted  by  the  student. 

The  pulleys  used  were  of  aluminium  and 
nearly  frictionless,  and  the  first  5  columns 
were  obtained  in  the  usual  way. 

Since  the  efficiency  of  a  machine  is  the  ratio  of  the  work 
done  by  the  machine  to  the  work  put  into  it,  it  is  clear  that 
it  can  never  exceed  unity.  Consequently  the  figures  in  the 
fifth  column  need  some  correction.  Let  us  consider  fig.  140. 
If  we  raise  W  1  foot,  the  pulley  B  descends  1  foot,  the  pulley 
G  descends  3  feet,  and  the  power  P  descends  7  feet. 

*  Jn  these  experiments  the  strings  were  all  attached  to  the  same  point 
of  the  scale-pan,  and  were  therefore  not  absolutely  parallel. 
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Correction. 


No.  of 
Exp. 

Load  +  pan 
(=37grs.) 

Power  +  pan 
(=22  grs.) 

M.A. 
apparent) 

Efficiency 
[apparent) 

P  +  19-2  grs. 

M.A. 

Effici- 
ency 

1 

287  grs. 

22  '6  grs. 

12-7 

181  % 

41  -8  grs. 

6-86 

98 

2 

327 

30 

11-2 

160 

49-2 

6-85 

<J8 

3 

387 

37-4 

10-3 

147 

56-6 

6-84 

98 

4 

427 

44-8 

9-7 

139 

64 

6-83 

98 

5 

487 

52-2 

9-3 

133 

71-4 

6-82 

97 

C 

527 

56-6 

9-1 

130 

78-7 

6-82 

97 

7 

587 

66-8 

8-8 

127 

86 

6-82 

97 

The  arrangement  of  pulleys  is  unstable  without  any  load, 
so  that  besides  the  actual  power  P  acting  on  the  load,  work 
has  been  put  into  the  machine  in  raising  the  pulleys  B  and 
C  into  the  positions  necessary  for  their  weights  to  be  able  to 
act  on  the  load. 

Thus  B,  which  weighed  36'8  grams,  descended  one-seventh 
as  fast  as  P,  and  was  equivalent  to  an  additional  power 

O/3.Q 

P'  =  —=—  grams.     Similarly  the  effect  of  G  was  equivalent  to 

an  additional  power  P"  =  —  ^-= grams.     We  thus  require 

to  increase  the  apparent  power  by 

36'8     32-6  x  3 

— =—  +  • = grams,  =  19 '2  grams. 

This  has  been  done  in  the  last  three  columns,  when  we 
see  that  the  efficiency  is  practically  constant,  being  about 
98  per  cent. 

144.  The  inclined  plane.  In  experimental  work  it  is 
usual  to  employ  a  wooden  or  metal  roller  on  a  sloping  board. 
We  have  however  found  it  much  simpler  and  more  con- 
venient to  substitute  a  pulley  for  the  roller,  and  a  metal  rod, 
or  even  a  tightly  stretched  wire,  for  the  board.  The  wire  AB 
(fig.  141)  is  looped  at  one  end  over  a  projecting  screw  or  peg, 
A,  in  a  vertical  board,  and  the  other  end  attached  to  a  piano 
key,  B,  by  which  it  can  be  tightened  up.  The  following  ex- 
periments may  then  be  performed,  the  general  procedure 
being  as  with  the  other  mechanical  powers. 
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Fig.  141. 


To  find  the  mechanical  advantage,  etc. 

(i)  P  acting  along  the  plane.  Add  weights  to  the  pan 
P  until,  on  starting  it  downwards,  it  moves  uniformly. 
Take  several  determinations,  with  varying  loads.  Measure 
the  length  of  the  wire,  and  the  heights  of  its  two  ends  from 
the  same  horizontal  plane.  (From  these  we  calculate  a.) 

rp,          .     ..          ...       Length  of  plane 

The  velocity  ratio   is   ^T^T--     — ^-    —  -, . 
Difference  in  level 

Tabulate  as  in  the  following  example  and  plot  curves  as 
beforo : 

Example. 

Weight  of  pulley  ...  34  grams. 

„         „    load-pan  ...  37  grams. 

„        „    power-pan  ...  22  grams. 

Length  of  plane  ...  72  cms. 

Height  of  upper  end  ...  2 7 "2  cms. 

„         „    lower  end  ...  13 '5  cms. 

/TO  79 

Velocity  ratio^— "       .         "  =5-25. 


-13-5      13-7 


Also  sin  a  = 


_ 
5-25 


=  •19. 
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No.  of 
Exp. 

IF  +  pan 
ingrs. 

P  +  pan 
ingrs. 

Mech. 
advantage 

TF+nan 
+  pulley 
(=»>,)  ingrs. 

P-F 

(=TT1-5-VJL) 
in  grs. 

F 
ingrs. 

Efficiency 

1 

137 

33-7 

4-06 

171 

32-5 

1-2 

77-3 

2 

237 

53-4 

4-44 

271 

51-6 

1-8 

84-6 

3 

337 

73 

4-61 

371 

70-6 

2-4 

87-8 

4 

437 

92-8 

4-70 

471 

89-6 

3-2 

89-5 

5 

537 

112-5 

4-77 

571 

108-6 

3-9 

90-9 

6 

637 

132-2 

4-82 

671 

127-7 

4-5 

91-8 

7 

737 

151-9 

4-85 

771 

146-7 

5-2 

92-4 

(ii)  P  making  any  angle  ft  with  the  plane.  Take  a 
large  sheet  of  paper,  rule  a  straight  line  AB  near  its  lower 
edge,  and  from  the  centre  C  of  the  line  set  off  angles  of 
15°,  30°,  &c.  A  similar  sheet  is  shown  in  position  in 
fig.  143.  Attach  it  to  the  board  so  that  the  axle  of  the 
pulley  coincides  with  C  when  about  the  middle  of  the  wire, 
and  with  AB  parallel  to  the  wire.  Then,  using  a  constant 
weight  in  the  load-pan,  find  by  a  dynamometer  the  tension 
of  the  supporting  cord  when  held  so  as  to  coincide  with  each 
of  the  lines  on  the  paper,  in  turn.  Be  careful  in  each  ex- 
periment to  draw  the  pulley  up  the  wire  to  the  required 
position.  Plot  your  results,  taking  tensions  as  ordinates  and 
angles  as  abscissae. 

(iii)  The  angle  of  inclination  (a)  varying.  Using  a 
constant  load,  and  the  apparatus  shown  in  fig.  141,  tilt  the 
board  through  various  angles,  and  find  the  power  required  in 
each  case.  Calculate  the  angle  of  slope  of  the  board  in  each 
case,  and  add  to  it  the  angle  of  inclination  of  the  wire  to  the 
base  of  the  board.  Plot  the  results  as  in  Experiment  (ii). 

145.  The  wedge.  This  is,  strictly  speaking,  two  inclined 
planes  placed  base  to  base.  Experimental  work  with  it  may 
readily  be  carried  out  by  means  of  a  simple  arrangement 
devised  by  the  authors. 

D,  D  (fig.  142)  are  two  wooden  cylinders  of  equal 
diameter  and  length,  having  grooved  wheels  moving  freely 
on  axles  at  either  end,  C,  C,  so  as  to  run  on  the  parallel 
horizontal  rods,  B,  B.  Projecting  from  the  axles  are  metal 
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pins,  over  which  are  passed  bands  of  thin  indiarubber,  E,  E, 

which  couple  the  two  cylinders  together..    A  wooden  wedge 

A    has   its  vertex   inserted 

between  them  point  down- 

wards  and   a   scale-pan    P 

is  suspended   from    it.      If 

weights    be    placed    in    P, 

the  two  cylinders  are  forced 

farther  apart.    We  shall  find 

in  Chapter  XXV  that  the 

stretching  of  indiarubber  is, 

within   limits,    proportional 

to  the  force  applied,  so  that 

to  commence  with,  take  off 

the  rubber  bands,  hang  them 

both  from  a  peg,  and  find 

what  force  will  stretch  them 

one  cm.  or  one  inch.     Then 

weigh  the  wedge  and  scale- 

pan,  place  them  in  position, 

and   measure  carefully  the 

distance    between    the   two 

axle-pins  on  the  same  rod.     Add  weights  to  the  pan  and 

measure  again,  and  so  on*. 

Tabulate  your  results  and  plot  a  curve. 

Let  a  be  the  vertical  angle  of  the  wedge,  a  the  length 
of  its  base,  and  b  the  length  of  each  side.  The  vertical  height, 

h,  will  be 

Then  by  the  triangle  of  forces,  if  W  be  the  thrust  on  each 
cylinder,  and  P  the  combined  weights  of  wedge,  scale-pan 
and  load, 

F     6          1 


Fig.  142. 


But  this  thrust  will  act  in  directions  perpendicular  to  the 
*  This  apparatus  may  be  obtained  from  Messrs  F.  E.  Becker  &  Co. 
g.   T.  15 
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sides  of  the  wedge,  whilst  the  tension  on  the  rubber  bands 
will  be  its  horizontal  component,  and  will  equal  TTcos  •= . 


Trr        a  a  a 

W  cos          cos          cot 


Hence 
or  in  terms  of  the  sides 


T__h_    f^__l 
P     a~Va2     4* 


T 
Either  of  these  expressions  for  -p  gives  the  velocity  ratio. 

The  experiment  should  be  repeated  using  heavier  weights, 
and  two  or  three  similar  bands  on  each  pair  of  axles;  or 
small  spiral  springs  may  be  substituted  for  the  bands. 

146.  The  wheel  and  axle.  This  consists  of  two  cylinders 
of  different  diameters,  having  a  common  horizontal  axis  which 
runs  in  bearings.     A  fine  cord,  wound  round  the  smaller 
cylinder,  carries  the  load,  whilst  a  second  cord,  wound  the 
reverse  way  round  the  other  cylinder,  has  the  power  attached 
to  it.     The  usual  series  of  experiments  is  carried  out.     Since 
there  is  very  little   friction,  and   no   shifting  weight,    the 
efficiency  should  be  nearly  100  per  cent.     The  velocity  ratio 
is,  of  course,  the  ratio  of  the  two  diameters. 

147.  The  differential  pulley.  If  a  third  coaxial  cylinder 
be  added,  we  get  a  differential  pulley.    Join  the  two  free  ends 
of  the  cords  attached  to  the  smaller  cylinders,  first  threading 
a  small  ring  or  pulley  on  to  one  of  them.     The  weight  is 
suspended  from  this  ring  or  pulley.     The  power  is  applied  to 
a  cord  passing  round  the  largest  cylinder.     On  rotating  the 
system,  one  end  of  the  loop  carrying  the  weight  coils  up 
whilst  the  other  uncoils.     If  a,  b  and  c  be  the  diameters 

of  the  three  cylinders,  the  velocity  ratio  =  y . 

b  —  c 

A    simple    form    of  the    instrument    may    be    made    by 
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running  a  wooden  rod  such  as  a  lead  pencil  (c)  through  the 
axial  holes  of  two  cotton  reels  of  different  diameters  (a  and  6). 

148.  The  lever.  The  solution  of  all  problems  on  the 
lever  always  resolves  itself  into  taking  moments  about  a 
point  in  the  lever  known  as  the  fulcrum.  We  have  already 
(Art.  32)  considered  the  case  when  the  two  forces  act  at 
practically  the  same  distance  from  this  point,  in  dealing  with 
the  common  balance. 

Yarious  experiments  may  be  made  with  wooden  laths  by 
balancing  them  on  a  knife-edge  set  transversely,  and  then 
ascertaining  what  position  a  given  weight  must  be  placed  in 
on  one  side,  in  order  to  balance  another  given  weight  in 
a  fixed  position  on  the  other  side.  In  every  case  it  will  be 
found  that  the  product  of  the  weight  on  one  side  and  the 
perpendicular  distance  of  its  line  of  action  from  the  fulcrum, 
is  equal  to  the  similar  product  on  the  other  side.  This  holds 
equally  good,  whether  the  lever  be  straight  or  curved,  and  is 
irrespective  of  the  number  of  weights  involved. 

To  find  the  variation  in  the  force  required  to  raise 
a  given  weight  by  a  lever,  as  the  angle  of  application 
varies.  Take  a  wooden  lath,  of  known  length,  FA  (fig.  143); 


W 


Fig.  143. 

a  metre  rule  does  very  well.  Place  it  on  the  bench  with  the 
end  F  resting  against  a  ledge  or  upright,  so  as  to  act  as 
a  fulcrum.  Place  a  known  weight  W  on  the  lath  at  a  fixed 
distance  from  F,  and  fasten  a  small  eyelet  at  the  other  end, 
A,  of  the  lath.  Just  behind  and  above  A  fix  in  a  vertical 
position  a  sheet  of  paper  having  angles  set  off  on  it  as 
described  in  Art.  144.  Then  attach  a  dynamometer  to  A  and 
take  readings  when  the  lath  is  just  lifted,  and  the  dynamo- 

15—2 
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meter  cord  coincides  with  each  of  the  radiating  lines  in  turn. 
It  will  be  found  that  the  reading  is  least  when  the  dynamo- 
meter cord  is  normal  to  the  lath.  For  any  other  angle,  the 
force  equals  the  normal  force  multiplied  by  the  secant  of  the 
angle  made  with  the  normal,  or  by  the  cosecant  of  the  angle 
of  inclination  to  the  lath.  Plot  these  values  after  tabulation. 

As  an  alternative  method,  the  perpendicular  distance 
from  F  to  the  dynamometer  cord  should  be  measured  in 
each  case,  and  multiplied  by  the  reading.  The  product  will 
be  a  constant. 

149.  To  graduate   a  common   steelyard.     This  will 
be  found  to  be  a  most  instructive  experiment. 

Take  a  thin  lath  of  wood, — a  metre  rule  will  do 
excellently, — and  make  a  small  hole  transversely  through  it 
about  15  cms.  from  one  end.  Through  this  pass  a  knitting 
needle,  so  that  when  the  ends  of  the  needle  rest  in  a 
horizontal  plane  on  two  supports  the  breadth  of  the  rule  is 
vertical.  The  graduations  will  be  on  the  sides  of  the  steel- 
yard. To  the  end  of  the  rule  nearest  the  needle  attach 
a  scale-pan  sufficiently  heavy  to  make  that  end  dip,  and  by 
a  looped  cord,  suspend  a  known  weight,  say  100  grams,  on 
the  other  side  of  the  fulcrum  so  as  to  bring  the  rule 
horizontal  again,  Mark  its  position.  Then  place  successively 
weights  of  50,  100,  150  grs.  in  the  pan,  and  mark  the 
corresponding  positions  of  the  moving  weight  when  equili- 
brium is  restored.  It  will  be  found  that  for  equal  increases 
of  weight  in  the  pan,  the  distances  of  the  loop  from  the 
fulcrum  are  in  Arithmetical  Progression. 

This  is  the  principle  of  the  machines  used  for  weighing 
luggage  at  railway  stations,  and  also  that  of  the  rider  used 
on  the  beam  of  a  delicate  balance. 

150.  To  graduate  a  Danish  steelyard.    Here  it  is  the 
position  of  the  fulcrum  that  changes,  the  power  remaining 
constant. 

Take  a  lath  as  before,  and  attach  a  heavy  weight — say 
1  kgr. — to  one  end,  and  a  scale-pan  to  the  other.  Pass  the 
lath  through  a  stirrup  or  loop  suspended  from  a  cross-beam, 
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and  find  the  position  of  equilibrium  measured  from  the 
scale-pan.  Then  place  100  grs.  in  the  scale-pan  and  again 
adjust  it.  Repeat  for  200  grs.,  300  grs.,  &c. 

For  equal  additions  of  weight  in  the  scale-pan  the 
distances  of  the  fulcrum  from  tfie  scale-pan  are  in  harmonical 
progression  *. 

Plot  your  results,  taking  weights  as  abscissae  and 
distances  from  the  scale-pan  as  ordinates,  The  graph  should 
be  a  hyperbola. 

151.  The  Screw.  Of  all  the  mechanical  powers  this 
is  the  only  one  which  cannot  readily  be  investigated  by 
means  of  simple  apparatus.  The  best  form  of  screw  for 
experimental  work  is  that  shown  in  fig.  144,  designed  by 
G.  Oussons  of  Manchester. 


Fig.  144. 


Fig.  145. 
*  Cf,  Art.  71  and  Appendix. 
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The  load  rests  on  a  platform  which  can  move  up  and 
down  but  is  prevented  from  rotating.  To  the  under  side  of 
this  is  fixed  a  screw,  fitting  into  the  large  horizontal  wheel, 
which  thus  acts  as  a  "  nut."  This  is  free  to  rotate  in  a  fixed 
horizontal  plane,  and  has  a  cord  wound  round  it,  the  free 
end  passing  over  the  smaller  pulley  and  having  a  scale-pan 
or  weight  attached  to  it.  This  weight  on  descending  makes 
the  wheel  rotate,  and  so  raises  the  platform  by  means  of  the 
screw. 

The  velocity  ratio  is  the  ratio  of  the  circumference  of  the 
wheel  to  the  pitch  of  the  screw. 

152.  The  Halley-jack.  The  same  piece  of  apparatus 
can  be  arranged  to  give  an  increased  velocity  ratio,  as  shown 
in  fig.  145.  Here  an  endless  screw  or  worm  acts  on  the 
lower  toothed  rim  of  the  horizontal  wheel.  This  worm  is 
actuated  by  a  pulley  round  which  a  cord  passes,  and  a 
weight  is  attached  to  this  cord.  One  revolution  of  the 
pulley  moves  the  wheel  on  one  tooth,  so  that  if  the  wheel 
have  n  teeth,  and  the  circumference  of  the  pulley  be  c  inches, 
whilst  the  pitch  of  the  screw  be  p  inches,  the  velocity  ratio 

•n  -L    nc 
will  be  — . 

P 

Similar  series  of  experiments  to  those  previously  described, 
should  be  carried  out  with  these  two  machines,  and  the 
results  tabulated  and  plotted. 


CHAPTEE  XYI. 

FRICTION,  AND  ITS  DETERMINATION. 

153.  The  theoretical  discussion  of  friction  may  be  found 
in  any  text-book  on  Mechanics,  and  is  therefore  not  included 
here.  There  are,  however,  two  or  three  important  points 
which  may  be  repeated. 

fi.  The  coefficient  of  friction  (JLL)  is  the  ratio  of  the 
limiting  value  of  the  resistance  to  sliding  on  a  plane  to  the 
normal  reaction  of  the  plane. 

The  angle  of  .friction,  X  This  is  the  angle  whose 
tangent  equals  /JL,  so  that  X  =  tan~1yLt.  It  is  the  angle  of 
inclination  to  the  horizontal  that  the  plane  may  be  raised 
through  before  sliding  commences. 

Static  friction.  This  type  of  friction  is  the  one  tending 
to  keep  a  body  stationary.  It  is  also  known  as  friction  of 
rest. 

Kinetic  friction.  If  the  body  is  already  in  motion  friction 
tends  to  retard  the  motion  ;  this  retarding  force  is  known  as 
sliding  or  kinetic  friction,  and  its  coefficient  for  two  given 
substances  is  always  less  than  the  corresponding  static  co- 
efficient. 


EXPERIMENTAL  DETERMINATION  OF  THE 
LAWS  OF  FRICTION. 

154.  For  most  of  these  experiments  a  horizontal 
polished  board  is  required,  and  also  a  pulley  which  is 
practically  frictionless  (or  whose  frictional  resistance  for  any 
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load  is  known).  Also  another  block  of  wood,  termed  the 
slider,  having  its  lower  side  carefully  planed,  and  a  hook 
at  one  end.  The  weight  of  this  slider  (WJ  must  be 
determined,  and  also  the  weight  of  a  scale-pan  (w^. 

155.  I.  To  find  the  relation  between  the  friction 
and  the  load.  A.  Static  friction.  Using  the  apparatus 
just  described,  place  the  slider  on  the  board,  and  pass  a  cord 
attached  to  the  hook  over  the  pulley,  and  fasten  the  scale- 
pan  at  the  other  end.  Then  successively  place  loads  of  (say) 
1,  2,  3,  etc.  kgr.  (=  W)  on  the  slider  and  find  the  least  weight 
(=iv)  required  on  the  scale-pan  in  order  to  move  the 
slider. 

Unless  the  pulley  is  practically  frictionless,  its  frictional 
resistance  for  the  given  pressure  on  it  must  be  deducted 
from  the  weight  in  the  scale-pan.  This  pressure  of  course  is 
equal  to  T*/2,  where  T  is  the  tension  on  the  string  due  to 
the  weight  of  the  scale-pan  and  its  load.  Let  this  frictional 
resistance  equal  fp. 

Then  tabulate  your  results  as  in  the  following  case : 

The  pulley  used  was  for  all  practical  purposes  frictionless, 
so  that  fp  is  neglected. 


Static  friction 

Kinetic  friction 

No.  of 
Exp. 

Load 

ir+ir, 

w+w, 

W  +  Wi 

W+W, 

W+}\\ 

1 

0 

91 

44 

56 

•61 

1 

23 

•25 

2 

100 

191 

89 

111 

•58 

21 

43 

•23 

3 

200 

291 

140 

162 

•56 

40 

62 

•21 

4 

300 

391 

200 

222 

•57 

58 

80 

•21 

5 

400 

491 

257 

279 

•57 

76 

98 

•20 

6 

500 

591 

310 

332 

•56 

94 

116 

•20 

7 

600 

691 

358 

380 

•55 

115 

137 

•20 

Then  taking  the  loads  (17+1^)  as  abscissae  and  the 
weights  (w  +  wl—fp)  as  ordinates,  plot  on  squared  paper. 
The  result  should  be  practically  a  straight  line.  Thus  we 


xvi] 


COEFFICIENT   OF,  FRICTION 


231 


get  the  first  law: — The  frictional  resistance  varies  as  the  load, 
or  in  other  words,  //.  is  a  constant  for  the  same  materials. 

Strictly  speaking,  this  is  not  quite  correct.  For  fairly 
heavy  loads  *  (Z)  the  frictional  resistance  falls  off  slightly  and 
appears  to  satisfy  the  empirical  law 

F=^L'»7. 

When  the  load  exceeds  a  certain  amount,  the  friction  law 
fails  utterly,  and  we  get  what  is  termed  seizing.  The  two 
surfaces  are  by  pressure  brought  apparently  into  such  close 
contact  that  their  molecular  properties  come  into  action,  and 
we  get  cohesion  and  other  forces  which  enormously  increase 
the  resistance  to  sliding. 

This  is  shown  graphically  in  fig.  146.  For  detailed 
information  on  this  subject  see  Goodman's  Mechanics. 


Load 
Fig.  146. 

156.  B.    Sliding  or  kinetic  friction.    Repeat  the  previous 
experiment,  only  find  the  least  weight  required  to  maintain 
uniform  motion  when  the  slider  is  gently  started.     Tabulate 
and  plot  as  before.     In  all  cases  //,  will  be  found  to  be  slightly 
less  than  in  the  static  experiments. 

157.  II.    To  find  the  relation  between  the  friction  and 
the  area  of  contact  surface.    Repeat  the  foregoing  experi- 
ments (Art.  155)  using  sliders  of  the  same  material  and 

*  Goodman,  Mechanics  applied  to  Engineering,  p.  193. 
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weight  but  of  different  base  areas,  and  compare  your  results. 
The  friction  will  be  found  to  be  independent  of  the  contact 
area. 

This  clearly  should  be  so ;  for  if  we  use  a  second  slider 
of  half  the  contact  area,  we  should  expect  the  friction  to  be 
halved ;  but  on  the  other  hand,  using  the  same  load  in  the 
two  cases,  the  load  per  unit  area  is  doubled,  and  thus  would 
double  the  friction.  Hence  the  net  result  is  that  the  friction 
remains  unchanged*. 

We  thus  have  practically  the  three  friction  laws : 

1.  The  ft^iction  varies  directly  as  the  load  (within  ordinary 
limits). 

2.  The  friction  is  independent  of  the  contact  area. 

3.  The  friction  depends  on  the  nature  of  the  substances  in 
contact. 

To  these  the  following  is  frequently  added: 

4.  The   kinetic  friction   is   independent   of   the  sliding 
velocity. 

This,  however,  is  far  from  correct.  The  coefficient  of 
friction  falls  off  rapidly  for  increase  of  speed.  Incidentally 
we  see  as  a  corollary  of  this  why  the  static  friction  coefficient 
(when  the  velocity  is  zero)  is  greater  than  the  kinetic  values 
of  fi.  Goodman  gives  as  an  empirical  law  that  /LC,  varies 
inversely  as  the  square  root  of  the  velocity. 


DETERMINATION  OF  M  FOR  ANY  GIVEN  SUBSTANCES. 

158.  Method  1.  Proceed  as  in  Art.  155,  using  various 
weights,  and  take  the  average  of  /JL  for  both  static  and  kinetic 
friction. 

*  Of  course  this  is  subject  to  the  correction  for  heavy  loads  in  Art.  155. 
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Method  2.     Ry  determining  the  angle  of  friction  (A.). 

Take  a  polished  board  with  one  end  hinged,  or  resting 
against  a  stop  on  the  bench  (to  prevent  slipping),  and  at 
a  known  distance  from  the  stop  or  hinge  place  a  retort  stand 
with  a  projecting  arm,  on  which  the  board  may  rest.  Place 
the  slider  with  the  given  weight,  on  the  board,  and  then 
gradually  raise  the  projecting  arm  until  the  slider  moves. 
Repeat  as  before  with  different  weights,  and  calculate  the 
average  values  of  X  and  /z,. 

Also  perform  the  experiment  again,  giving  the  slider 
a  slight  push,  and  so  find  the  angle  for  kinetic  friction. 

This  method  has  the  advantage  of  not  involving  the 
friction  of  a  pulley,  but  on  the  other  hand,  unless  delicate 
mechanism  is  employed,  it  is  difficult  to  get  quite  the  correct 
angle. 

The  whole  of  the  experiments  in  Arts.  155  and  156  may 
be  performed  by  this  method. 

159.  Lubricating.  If  a  liquid  be  introduced  between 
the  board  and  the  slider  the  laws  of  friction  change  utterly, 
the  frictional  resistance  being  practically  converted  into  one 
of  viscosity  of  the  fluid. 

Thus  the  friction  is  practically  independent  of  the  pressure 
and  of  the  nature  of  the  two  surfaces,  and  varies  inversely  as 
the  square  (instead  of  the  square  root)  of  the  sliding  velocity. 


CHAPTER  XVII. 


GRAPHICAL  REPRESENTATION   OF  MOTION. 

160.  Time- Velocity  curve.  If  a  particle  be  moving 
along  any  path,  and  a  curve  be  drawn  so  that  the  abscissa  of 
any  point  represents  the  time  during  which  the  motion  has 
been  taking  place,  and  the  ordinate  represents  the  velocity 
at  this  time,  the  curve  is  called  the  time-velocity  curve. 

Given  the  time-velocity  curve,  to  find  the  space  described  by 
the  moving  particle  in  any  given  time.  Let  NN'  (fig.  147) 
represent  a  very  small  interval  of  time.  Then  the  ordinate 
PN  represents  the  velocity  at  the  end  of  the  time  ON,  and 
P'N'  represents  the  velocity  at  the  end  of  the  time  ON'. 
Hence  average  velocity  during  time  NN'  —  J  (PN  +  P'N'). 


NN' 
Fig.  147. 


A      X 


Fig.  148. 
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.*.  space  described  in  time  NN' 


=  area  of  trapezoid  PNN'P. 

Now  since  NN'  is  very  small,  so  is  PP,  and  the  arc  PP' 
coincides  with  the  chord. 

Thus  the  figure  PNN'P'  represents  the  space  described 
in  the  time  NN'. 

Now  the  whole  time  OA  can  be  divided  up  into  a  large 
number  of  small  parts  such  as  NN'.  Hence  the  total  space 
described  in  the  time  OA  will  be  represented  by  the  sum  of 
all  such  strips  as  PNN'P,  i.e.  by  the  area  of  the  figure  OAGB. 

To  find  the  acceleration  at  any  instant.  We  have  seen 
(Art.  17)  that  the  gradient  at  any  point  of  a  curve  measures 
the  rate  at  which  y  is  changing  per  unit  value  of  x. 

Hence  the  gradient  at  any  point  P  of  the  time-velocity 
curve  measures  the  rate  at  which  the  velocity  is  changing 
(at  the  instant  corresponding  to  P)  per  unit  of  time,  i.e.  the 
acceleration  at  that  instant. 

If  the  acceleration  be  uniform,  the  gradient  of  the  curve 
is  the  same  at  every  point,  so  that  the  curve  in  this  case 
reduces  to  a  straight  line. 

To  find  the  space  described  in  a  time  t  by  a  particle  moving 
with  uniform  acceleration/. 

Let  the  initial  velocity  OB=  u  (fig.  148). 

Then  if  OA  represents  t,  and  AC  the  final  velocity  v,  the 
straight  line  BC  is  the  time-velocity  curve. 

.'.   space  described  in  time  t  =area  of  fig.  OAGB 

=  ±(u  +  v)t. 
Also  v  =  u  +ft. 


161.  Time-  Space  curve.  *If  we  take  the  abscissae  to 
represent  the  times  and  the  ordinates  the  spaces  described 
in  these  times  by  a  moving  particle,  the  resulting  curve  is 
called  the  time-space  curve. 
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Let  us  construct,  for  example,  the  time-space  curve  for  a 
particle  moving  with  uniform  acceleration/,  and  starting  with 
an  initial  velocity  u.  The  space  described  in  a  time  £  is  given 
(Art.  160)  by  the  formula 


Let 


/=  1  ft.  per  sec.  per  sec., 
u  —  —  2  ft.  per  sec. 


Then  the  spaces  described  in  the  successive  seconds  are 
as  follows:  — 


0 

1 

2 

3 

4 

5 

6 

0 

-1-5 

-2 

-1-5 

0 

2-5 

6 

The  curve  (which  is  a  parabola)  is  shown  in  fig.  149. 


Fig.  149. 

Given  the  time-space  curve,  to  construct  the  time-velocity 
curve.  We  have  seen  (Art.  17)  that  the  gradient  at  any 
point  of  the  time-space  curve  represents  the  velocity  of 
the  moving  particle  at  the  instant  corresponding  to  this 
point. 
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Hence,  if  we  are  given  the  time-space  curve,  the  time- 
velocity  curve  can  be  constructed  in  the  following  way. 

Find  the  gradients  of  the  time-space  curve  at  successive 
intervals  of  time.  Then  draw  a  new  curve  having  these 
gradients  for  ordinates  and  the  times  at  which  they  were 
taken  for  abscissae. 

This  has  been  done  in  the  example  just  given,  and  the 
resulting  time-velocity  curve  (in  this  case  a  straight  line) 
is  shown  in  fig.  150. 
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Fig.  150. 


The  student  acquainted  with  the  Calculus  will  see  that 
this  is  an  example  of  graphical  differentiation. 

Given  the  time-velocity  curve,  to  construct  the  time-space 
curve.     A.  time-  velocity  curve  is  shown  in  fig.  151.     The 
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Fig.  151. 
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space  described  in  the  first  half-second  can  be  found  by 
counting  the  squares.  The  number  of  these  is  63.  Also 
10  squares  represent  1  foot,  so  that  the  space  described  in 
the  first  half-second  is  6'3  feet.  Similarly  the  spaces  described 
in  1,  1£,  2, ...  seconds  should  be  found  and  tabulated.  Where 
the  curve  dips  below  OX  the  velocity  is  negative,  and  so  is 
the  space  described,  which  in  this  case  has  to  be  subtracted 
from  the  previous  total  space  found.  We  thus  obtain  the 
following  data : — 


Time  in  seconds 

•5 

1 

1-5 

2 

2-5 

3 

3-5 

4 

4-5 

5 

5-5 

Space  in  feet        J  6  -3 

14-4  22-7 

29-1 

33-3 

34 

33-3 

31-1  j  28-3 

26-3 

26-8 

Now  take  another  pair  of  axes,  and  plot  the  points  whose 
abscissae  are  the  times  and  whose  ordinates  are  the  cor- 
responding spaces.  This  will  give  the  time-space  curve 
shown  in  fig.  152.  The  student  acquainted  with  the  Calculus 
will  see  that  the  above  is  a  method  of  graphically  integrating 
a  given  function. 


30 


I 


10 


O  12345 

Time  in  seconds 
Fig.  152. 

162.  The  Hodograph.  If  a  particle  P  (fig.  153)  be 
describing  any  curvilinear  path  AB,  and  from  any  point 
0,  OQ  be  drawn  to  represent  the  velocity  of  P  in  magnitude 
and  direction,  the  locus  of  Q  is  called  the  hodograph  of  P. 
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To  construct  the  hodograph,  draw  a  series  of  tangents  to 
the  path  of  P  at  the  points  Plt  P2,  P3, ...  ,  and  from  0  draw- 


Fig.  153. 

OQi,  OQ.2,  OQ3y . . .  parallel  to  these,  and  of  lengths  to  represent 
the  velocities  of  P  at  these  points.  Then  join  up  the  points 
Qi>  ft>  Qs,  -•  by  a  continuous  curve. 

The  velocity  of  the  point  Q  represents  the  acceleration  of  the 
point  P.  For  the  change  of  velocity  of  P  in  moving  from  P3 
to  P2  is  represented  by  the  chord  QiQ2.  Now  if  P2  be  ver 
near  to  Ply  Q2  will  be  very  near  to  Qly  and  the  chord 
will  coincide  with  the  arc  QiQ2. 

Hence  if  T  be  the  time  P  takes  to  move  from  Pl  to  P2, 

the  rate  of  change  of  P's  velocity  (i.e.  its  acceleration)  —         • 

T 

=  velocity  of  Q. 

Applications   of  the  hodograph.     Suppose  a  particle   is 
projected  from  a  point  with  a  given 

velocity.     Then  since  the  accelera-  A 

tion  g  always  acts  vertically  down- 
wards, the  hodograph  will  be  a  ver- 
tical straight  line.  Let  OA  (fig.  154) 
represent  the  initial  velocity.  Draw 
the  vertical  AB.  Then  the  velocity 
at  any  point  P  of  the  path  of  the 
projectile  may  be  obtained  by  draw- 
ing OQ  parallel  to  the  direction  of  P 
to  meet  AB  in  Q.  OQ  represents 
the  velocity  at  P. 

S.  T. 


Fig.  154. 


16 
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Since  the  shortest  line  from  0  to  A B  is  the  perpendicular 
to  AB,  it  follows  that  a  projectile  has  its  minimum  velocity 
when  it  is  moving  horizontally,  i.e.  at  the  highest  point  of 
its  path. 

Uniform  circular  motion.  Let  a  particle  P  describe  a 
circle  of  radius  r  with  uniform  speed  v. 

Draw  OQ  to  represent  the  velocity  of  P  in  any  position. 
Then  OQ  is  constant  and  equal  to  v ;  therefore  the  hodograph 
is  a  circle.  Also  since  the  tangent  to  a  circle  is  perpendicular 
to  the  radius  through  the  point  of  contact,  OQ  is  always 
perpendicular  to  CP. 


Fig.  155. 

Hence  tne  angular  velocity  of  Q  about  0  —  angular 
velocity  of  P  about  (7=&>(say);  and  the  velocity  of  Q  is 
perpendicular  to  OQ,  and  therefore  parallel  to  PC. 

But          velocity  of  Q  =  acceleration  of  P 

=/0»y> 

Hence  —  =  -  ,  since  each  of  these  quantities  =  o>. 


Thus  if  a  particle  describe  a  circle  with  uniform  speed,  it 
a  constant  acceleration 
centre,  i.e.  along  the  normal. 


has  a  constant  acceleration  =  —  always  directed  towards  the 
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1.     The  speed  of  a  motor  car  during  a  short  run  is  observed 
at  intervals  of  20  seconds,  and  the  following  numbers  recorded  : — 


Time  in  Seconds 

0 

20 

40 

60 

80 

100 

120 

140 

160 

180 

Speed  in  Metres 
per  Second 

0 

3 

8 

16 

24 

35 

43 



4G 

39 

0 

Draw  the  time-velocity  curve  and  from  it  find  the  distance 
travelled  in  20,  40,  60,...  seconds,  and  draw  a  graph  of  the 
distance  travelled  in  terms  of  the  time. 

What  was  the  average  speed  during  the  run  1 

2.  A  particle  starts  from   a  point   0   with    a   velocity  of 
4  ft. /sec.  along  a  straight  line  OX,  and  moves  with  an  acceleration 
of  2  ft. /sec.2    A  second  particle  starts  from  rest  at  0  2  seconds  later 
and  moves  with  an  acceleration  of  6  ft./sec.2  along  the  same  line. 
Draw  time-space  curves  for  the  motions  of  the  two  particles, 
and  find  when  and  where  the  second  will  overtake  the  first. 

3.  A  stone  is  dropped  from  the  top  of  a  tower  400  ft.  high, 
and  a  second  later  another  stone  is  projected  upwards  from  the 
foot  of  the  tower  with  a  velocity  of  150  ft.  per  second.     Draw 
time-space  curves  for  their  motion,  and  find  when  and  where  they 
will  meet. 

4.  A  train  has  uniform  acceleration  up  to   its  maximum 
speed,  and  when  the  brakes  are  put  on  it  is  uniformly  retarded. 
It  acquires  its  maximum  speed  of  40  miles  per  hour  5  minutes 
after   starting,    and    8    minutes   later   the    brakes    are    applied, 
bringing  the  train  to  rest  in  2  minutes. 

Draw  the  time- velocity  curve,  and  from  it  find  (1)  the 
acceleration,  (2)  the  retardation,  (3)  the  distance  between  the 
start  and  the  first  stop. 

5.  A  point  moves  along  a  right  line  in  such  a  way  that  its 
distance  s  in  inches  from  a  fixed  point  0  on  the  line  at  the  end 
of  t  minutes  is  given  by  the  equation  s  —  3tf2  —  2tf ;  find  its  speed 
at  the  time  t  =  4. 

6.  A  stone  is  dropped  into  a  well  of  unknown  depth  and 
the  sound  of  the  splash  is  heard  5 '2  seconds  after.     Assuming 
that  sound  travels  at  1100  feet  per  second,  find  an  expression 
for  the  time  t  which  would  elapse  between  dropping  the  stone 
and  hearing  the  splash  if  the  well  be  x  feet  deep. 

Draw  a  graph  showing  the  relation  between  t  and  x,  and 
hence  find  the  depth  of  the  well. 

16—2 


CHAPTER  XVIII. 

FORCE,  VELOCITY,  ACCELERATION,  WORK,  AND  ENERGY. 

163.  The    Measurement   of   Force.     Force  may  be 
defined  as  that  which  produces,  or  tends  to  produce,  change 
of  motion  in  matter.     In  the  former  case,  the  force  may  be 
measured  by  the  acceleration  (or  retardation)  it  produces, 
Atwood's  machine  (Art.  164)  or  the  inclined  plane  (Art.  192) 
being  the  most  convenient  methods,  if  the  motion  is  rectilinear, 
whilst  for  circular  motion  the  methods  in  Art.  177  are  most 
suitable.     In  the  second  case,  its  magnitude  is  most  con- 
veniently measured  by  the  deformation  it  can  produce,  spiral 
springs    or   rubber    cords,   known   as   dynamometers,   being 
employed  for  this  purpose.     (See  Art.  40.) 

The  attractive  force  of  the  earth,  which  is  fairly  constant, 
and  which  can  be  determined  for  any  place  (see  Chap.  XXI), 
is  the  most  convenient  for  standardising  force;  the  force  unit, 
viz.  the  force  required  to  produce  unit  acceleration  in  unit 
mass,  is  the  dyne  in  the  C.G.S.  system,  and  the  poundal  in 
the  English  foot-pound-second  system. 

164.  The  Measurement  of  velocity  (v)  and  accele- 
ration (/).    ATWOOD'S  MACHINE  (fig.  156).     This  in  its 
simplest  form  consists  of  a  pulley,  made  to  run  on  friction 
wheels,  or  ball  bearings,  so  that  the  friction  may  be  reduced 
to   a   minimum.     It   is   impossible,   however,   to   eliminate 
friction  entirely,  and  it  must  therefore  be  allowed  for  when 
making  experiments.     The  pulley  is  fixed  at  the  top  of  a 
stand  about  6  feet  high,  which  carries  3  platforms.     A  fine 
cord  passes  over  the  pulley  and  has  equal  masses  of  M  grams 
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attached  to  each  end  of  it,  its  length  being  about  7  feet,  so 
that  when  one  weight  just  touches  the  ground  the  other  is 
near  the  pulley.  The  top  platform  is  to  support  one  of  the 
weights,  and  liberate  it  when  the  experiment  commences, 
but  quite  as  satisfactory  results  may  be  obtained  without 
it  by  always  starting  with  the  other  weight  touching  the 
ground. 

If  now  a  small  additional  mass  m  be  added  to  the  upper 
mass,  it  will  slowly  descend  (see  however  below).  This 
additional  mass,  known  as  a  rider,  is  made  of  the  shape 
shown  in  fig.  157,  and  fits  on  the  cord  just  above  M.  The 
second  platform,  which  can  be  adjusted  to  any  height,  consists 
of  a  ring,  large  enough  to  allow  M  to  pass  through ;  and  its 
purpose  is  to  catch  m,  allowing  the  cord  to  run  on  freely. 
Thus  the  motion  from  the  first  to  the  second  platform  is 
accelerated,  whilst  after  passing  the  second  platform  the 
motion  is  uniform.  The  third  platform  serves  to  arrest  M 
wherever  required.  Many  of  the  more  expensive  instruments 
have  a  seconds  pendulum  attached,  but  this  is  not  at  all 
necessary. 

To  determine  the  frictional  resistance  of  the  pulley. 
Carefully  add  small  weights  to  the  upper  mass  M,  until, 
on  starting  it,  it  continues  to  move  with  uniform  velocity. 
These  weights,  preferably  pieces  of  lead  foil,  are  to  remain  on 
throughout  the  experiment.  Let  their  sum  be  p  grams.  The 
pulley  also  offers  a  resistance  to  motion  owing  to  its  inertia. 
This  will  have  the  same  effect  as  increasing  the  mass  2M 
by  an  amount  equal  to  q  grams,  q  being  known  as  the  mass 
equivalent  of  the  pulley.  The  determination  of  q  is  indicated 
in  the  next  article  and  also  in  Art.  203. 

165.  Experiments  to  verify  the  Laws  of  Falling 
Bodies.  1.  s  =  vt.  Clamp  the  second  (or  ring)  platform 
about  50  cm.  below  the  top  one  (the  exact  distance  is 
immaterial).  If  the  top  platform  is  not  used,  fix  the  ring 
about  50  cm.  below  the  position  of  the  upper  weight  when 
the  other  one  touches  the  ground.  Fix  the  third  platform  a 
known  distance  (say  50  cm.)  below  the  second  one.  Release 
the  string,  note  the  instant  when  a  "  click  "  shows  that  the 
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rider  has  been  removed,  and  b    a  sto-watch  determine  the 


y 
M 


time  from  this  instant  until  M  reaches  the  third  platform. 
Let  this  time  be  t  seconds  ;  measure  the  distance  between 
the  ring  and  the  third  platform,  deducting  the  length  of  the 
weight,  since  this  was  through  the  ring  when  the  rider  was 
removed.  Then  alter  the  position  of  the  third  platform  and 
repeat  the  experiment,  continuing  to  do  so  until  the  third 
platform  is  near  the  ground.  Tabulate  your  results  according 
to  the  following  skeleton  table. 


No,  of 
experiment 

Space  traversed 

M 

Time 
[»«) 

Velocity 

C-8 

The  results  in  the  last  column  should  agree,  showing  that 
the  velocity  is  uniform. 


2. 


2s 

f  =  -75- 
t 


A  clock  or  metronome  ticking  seconds  is 

desirable  for  this  experiment.  By  repeated  trials  adjust  the 
ring  platform  until  the  "click"  of  the  rider  occurs  exactly  one 
second  after  the  start.  Then  ascertain  the  distance  from  the 
top  of  the  ring  to  the  position  of  the  rider  before  starting 
(=s).  Repeat  this  taking  2,  3,  &c.  seconds  as  the  time  (t). 
Tabulate  as  before,  arid  in  each  case  calculate  the  value  of 

2s 

~.     The  results  should  be  nearly  the  same,  thus  showing 

6 

that  the  acceleration  is  constant. 


Repeat  the 


moving  force  _  mg 

mass  moved  ""  2M  +  m  +  p  +  q 

process,  varying  m,  and  adjusting  the  ring  so  as  to  make  the 

*  See  Appendix. 
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time  (£)  constant.     Then  the  value  of  ^~,^  -  --  should 

2M+m+p  +  q 

2s 

equal  —  ,  both  of  these  quantities  being  equal  to  /. 
t 

Graphic  determination  of  "  q"  An  instructive  exercise 
is  to  ascertain  f  for  several  values  of  M  experimentally,  using 
the  same  rider  m,  and  plot  the  results  as  a  graph. 

Since  mg  =  (2 


Now  mg  and  q  are  constants,  so  that  we  get  an  equation 
of  the  form 


where  y  =  •>,  and  as  =  2M 

Therefore  if  we  plot  values  of  23f-f  m  +  p  as  abscissae, 
and  the  reciprocals  of  f  as  ordinates,  the  resulting  graph  is 
a  straight  line,  whose  intercept  on  the  x  axis  gives  us  —  q. 
(Of  course  we  can  always  calculate  q  from  the  simultaneous 
equations  obtained  from  any  two  experiments.) 

This  is  illustrated  in  the  following  example. 

A  series  of  determinations  off  were  made,  using  the  same 
rider,  m,  but  different  pairs  of  masses,  M,  with  the  following 
results. 

Note.  Ifc  was  not  thought  necessary  in  this  experiment  to 
consider  the  effect  of  the  frictional  resistance,  £>,  as  it  was  found 
to  be  less  than  1  °/0  of  the  total  mass. 

The  mass  of  the  rider  m  was  20  grams. 


No.  of 
experiment 

M  in 
grains 

2M+m 

/  in  cms. 
per  sec.  2 

7 

1 

100 

220 

61 

•0165 

2 

150 

320 

451 

•0222 

3 

200    ' 

420 

35-8 

•0280 

4 

250 

520 

29-7 

•0337 

5 

300 

620 

25-3 

•0395 

., 
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The  graph  was  then  plotted  (fig.  158)  and  found  to  cut 


O        TOO       2OO      3OO      4OO      5OO       QOO      7OO 

2  M  +  m   in  grams. 

Fig.  158. 

the  x  axis  at  a  distance  from  the  origin  representing  65 
grams.  Hence  the  Mass  Equivalent  of  the  pulley  was  65 
grams. 

166.  Measurement  of  velocity  and  acceleration 
by  means  of  a  tuning-fork,  (a)  Uniform  motion.  Use 
the  slider  employed  in  Art.  155*.  Place  weights  in  the  scale- 
pan  until  the  slider  moves  with  uniform  velocity  when  started. 
Take  a  sheet  of  glass,  smoke  it  on  one  side  by  holding  over 
a  candle  flame,  and  lay  it  on  the  slider  smoked  side  upwards. 
Then  take  a  tuning-fork  of  known  frequency,  for  simplicity 
say  100  double  vibrations  per  second.  Attach  a  stiff  bristle 
to  the  end  of  one  of  the  prongs  by  means  of  a  small  quantity 
of  wax  (so  as  not  to  appreciably  alter  its  period),  and  clamp 
the  fork  so  that  the  bristle  will  vibrate  in  the  plane  of  the 
sheet  of  glass  at  right  angles  to  the  line  of  motion  of  the 
slider,  letting  the  point  of  the  bristle  just  touch  the  glass. 

When  the  fork  is  at  rest,  set  the  slider  in  motion,  and  the 
bristle  will  trace  a  straight  line  along  the  smoked  glass. 

*  A  small  trolley  on  wheels  gives  better  results. 
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Then  replace  the  slider,  cause  the  fork  to  vibrate  by 
tapping  one  of  the  prongs  sharply,  and  again  set  the  slider 
in  motion.  This  time  the  bristle  will  trace  a  sine  curve  on 
the  glass,  repeatedly  crossing  the  previously  traced  straight 
line.  Take  any  one  point  of  intersection,  count  off  20  inter- 
sections from  this,  and  measure  this  distance  in  cm.  This 
gives  us  the  space  traversed  in  T^  of  a  second,  since  the  curve 
crosses  the  line  at  every  half  vibration.  Thus  ten  times  this 
length  will  give  us  the  velocity  in  cm.  per  second.  Several 
different  sets  of  20  should  be  measured,  and  the  mean  taken. 

(b)  Variable  motion.  Fasten  the  glass  plate  to  the  side 
of  the  block  of  wood  used  in  the  ballistic  pendulum  (Art. 
182),  and  fix  the  fork  to  touch  it  as  before.  Repeat  experi- 
ment (a)  exactly.  In  the  first  instance  we  get  an  arc  of  a 
circle  instead  of  a  straight  line,  and  in  the  second  a  wavy 
line,  the  waves  however  being  of  unequal  length.  Measure  the 
length  of  20  half  vibrations,  and  then  the  length  of  the  next 
20.  These  lengths  will  give  us  the  distances  traversed  in  two 
successive  tenths  of  a  second  and,  when  multiplied  by  10, 
the  average  velocities  during  these  periods.  The  difference 
between  these  velocities  will  be  the  acceleration  (or  retardation) 
acquired  in  y1^  of  a  second,  so  that  if  we  multiply  the  result  by 
10  we  shall  get  the  acceleration  in  cm.  per  second  per  second. 

If  the  plate  be  allowed  to  move  vertically  under  the 
influence  of  gravity,  we  can  by  this  method  ascertain  the 
value  of  g  with  very  fair  accuracy.  (Art.  194.) 

The  laws  of  falling  bodies  may  also  be  verified  by  the 
inclined  plane  described  in  Art.  192.  The  student  should 
have  no  difficulty  in  arranging  the  apparatus  to  illustrate 
any  of  the  laws. 

The  velocity  of  rapidly  moving  bodies  is  best  determined 
by  the  ballistic  pendulum.  The  method  is  fully  described  in 
the  next  chapter.  (Art.  182.) 

167.  Work.  When  a  force  acting  on  a  mass  produces 
a  change  of  motion  in  it,  the  force  is  doing  work.  The  unit 
of  work  in  the  British  Absolute  system  is  the  product  of 
unit  force  (poundal)  into  unit  distance,  giving  us  the  foot- 
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poundal.  In  practice,  however,  we  employ  the  foot-pound, 
which  is  equal  to  g  (32'2)  foot-poundals.  In  the  c.G.S.  system 
the  unit  is  one  centimetre-dyne,  known  as  the  erg. 

Graphical  representation  of  work.  Since  work  may  be 
taken  as  the  product  of  a  force  and  a  distance  we  can  ascertain 
the  work  done  in  any  given  case  by  taking  the  force  applied 
at  any  instant  and  the  corresponding  displacement  in  the 
direction  of  the  force  as  ordinate  and  abscissa  respectively. 
The  area  enclosed  by  the  curve  so  obtained,  the  ordinates 
at  its  extremities,  and  the  x  axis  will  give  us  the  work  done. 
This  process  is  of  great  importance  in  the  case  of  the  steam 
engine,  where  the  graph  is  drawn  automatically  by  means  of 
an  Indicator.  The  full  details  of  this  contrivance  must  be 
sought  for  in  some  work  on  engineering,  but  a  brief  account 
of  its  principle  (not  accurate  in  detail,  on  account  of  the 
complexity  of  the  mechanism)  will  be  the  best  illustration  of 
the  graphic  representation  of  work  *. 

168.  The  Indicator  Diagram.  Watt's  indicator  consists 
of  a  small  cylinder  and  piston  (say  1  sq.  inch  in  area) 
connected  with  the  cylinder  of  the  engine.  Above  the  piston 
is  a  strong  spring  the  elasticity  of  which  is  known  ;  that  is  to 
say,  the  amount  of  pressure  necessary  to  compress  it  one  inch 
(say  60  Ibs.).  To  the  top  of  the  piston  rod  is  fastened  a  pencil, 
which  just  grazes  a  second  small  cylinder  mounted  on  a 
vertical  axis.  This  cylinder  can  be  coupled  to  the  crank 
shaft  of  the  engine,  so  that  the  forward  movement  of  the 
latter  makes  the  former  rotate,  a  spring  bringing  it  back  as 
the  crank  shaft  returns.  This  movement  is  some  known 
fraction  (say  y^)  of  the  length  of  the  stroke.  A  slip  of  paper 
is  fastened  round  the  second  cylinder,  which  is  then  coupled 
up  and  caused  to  rotate,  the  steam  being  meanwhile  cut  off 
from  the  other  cylinder  by  a  tap.  As  the  cylinder  rotates, 
the  pencil  traces  a  horizontal  line  AB  on  the  paper,  which 
gives  us  the  datum  line  of  atmospheric  pressure  (fig.  159). 
The  tap  is  then  turned  on,  connecting  the  apparatus  with  the 
engine  cylinder.  As  the  pressure  in  the  latter  varies,  the 
pencil  moves  up  and  down,  tracing  the  curve  shown  in  the 
figure.  In  the  case  in  question,  the  engine  was  a  condensing 

*  See  also  examples  on  p.  347. 


250 


PRACTICAL   MATHEMATICS 


[CHAP. 


engine,  so  that  the  pressure  is  less  than  atmospheric  pressure 
during  the  return  stroke.     The  area  is  then  found  by  the 


Fig.  159. 

method  of  Art.  46,  10  ordinates  being  usually  drawn,  and  this 
when  multiplied  by  the  constants  for  the  apparatus  (in  this 
case  60  Ibs.  and  10)  gives  us  the  work  done  on  each  square 
inch  of  the  piston.  In  the  example  quoted  the  area  is  3*79 
square  inches*,  so  that  the  work  per  stroke  per  square  inch 
of  the  piston  is  3'79  x  60  x  10  =  2274  foot-pounds.  Then 
if  the  area  of  the  piston  rod  be  70  square  inches,  and  the 
engine  be  making  33  strokes  per  minute,  we  get  as  the 
amount  of  work  done,  2274  x  70  x  33  foot-pounds  per  minute, 

,       ,  2274  x  70  x  33 

or,  expressed  as  horse-power, OO~AAA—  ~  H-p-> 

ooUUU 

that  is,     159  H.P. 

This  is,  strictly,  only  the  work  done  by  the  steam  behind 
the  piston.  During  the  return  stroke,  steam  would  be 
admitted  in  front  of  the  piston,  we  should  get  another 
diagram,  and  the  whole  work  put  into  the  engine  would  be 
calculated  from  a  diagram  compounded  of  these  two. 

Another  way  of  calculating  the  horse-power  from  the 
diagram  is  to  divide  the  sum  of  the  lengths  of  the  ordinates 
in  fig.  159  by  the  number  of  ordinates,  thus  getting  the 

*  The  scale  of  fig.  159  has  been  reduced  in  reproduction. 
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average  length  ;  this  gives  us  the  average  pressure  on  each 
sq.  inch  of  the  piston.     Then  if 

p  =  this  average  pressure  in  pounds  per  square  inch, 

a  =  piston  area  in  square  inches, 

I  =  length  of  stroke  in  feet, 

n  =  number  of  strokes  per  minute, 

plan 

TT    p     __•*  __ 

33000  ' 

Indicated  Horse-Power.  The  above  is  known  as  the 
indicated  horse-power  of  the  engine,  and  gives  us  the  amount 
of  work  being  put  into  the  engine  by  the  steam.  It  by  no 
means  however  represents  the  useful  work  got  out  of  the 
machine. 

169.  Brake  Horse-Power.  The  latter  is  generally  deter- 
mined by  the  application  of  a  brake 
of  some  kind,  the  simplest  kind  being 
the  rope  brake.  This  is  applied  to  the 
engi  ne  shaft  or  other  rotating  part.  Let 
A  (fig.  160)  be  a  cross  section  of  the 
shaft,  of  radius  r,  and  let  a  rope  be 
wrapped  once  or  twice  round  the 
shaft.  One  end  of  the  rope  is  attached 
to  the  spring  balance  B,  whilst  a  suit- 
able weight  W  is  attached  to  the  other 
end.  Let  W^  be  the  dynamometer 
reading  when  the  shaft  is  running  at 
its  usual  rate,  in  the  direction  indicated 
by  the  arrow.  If  all  other  resistance 
to  the  shaft  be  removed,  all  its  work 
will  be  used  up  in  friction,  and  we 
measure  the  work  done  per  minute  by 
multiplying  W—  Wl  by  the  distance 
described  by  a  point  on  the  circum- 
ference of  the  shaft  in  this  time.  If  £  be  this  distance, 
and  n  the  number  of  revolutions  per  minute, 

I 


Fig.  160. 


T-T  P    = 


33000 
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This  is  known  as  the  brake  horse-power,  and  gives  us  the 
useful  work  produced  by  the  engine. 

The  Prony  Brake  (fig.  161)  is  another  method  of  arriving 
at  the  same  result. 


Fig.  161. 


A  is  the  rotating  engine-shaft,  of  radius  r.  BBt  are  two 
pieces  of  wood,  hollowed  to  fit  the  shaft,  which  can  be 
tightened  by  the  two  screws  a  and  b.  B  carries  a  long  rod 
with  a  scale-pan  at  one  end  and  a  counter-balancing  weight 
at  the  other.  Two  stops,  ss,  are  fixed  on  each  side  of  the  bar 
to  prevent  its  moving  far  out  of  the  horizontal.  Weights  (  W 
Ibs.)  are  then  placed  in  the  pan  until,  when  the  shaft  is  running 
at  full  speed,  the  rod  remains  midway  between  the  two  stops. 
Let  L  feet  be  the  distance  between  the  scale-pan  and  the 
centre  of  the  shaft,  n  the  number  of  revolutions  per  minute, 
and  R  the  frictional  resistance  at  the  surface  of  the  shaft. 

Then  as  before,  the  horse-power  of  the  machine  is 

R 


33000 


But   taking   moments   about    the    centre    of  the   shaft, 
=  LW. 

Hence 


ZwnLW 

880CKT 


Either  of  these  two  forms  of  brake  is  known  as  an  absorp- 
tion dynamometer  or  an  ergometer. 
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Efficiency  of  an  Engine.     We  have  already  seen  (Art. 
141)  that  the  efficiency  of  a  machine  is 

work  given  out  by  machine 
work  put  into  machine 

Brake  horse-power 

hence  the  efficiency  of  an  engine  =  =r— T. —  —  . 

Indicated  horse-power 


ENERGY. 

1 70.  Energy  may  be  defined  as  the  capacity  for  doing 
work,  and  the  energy  of  a  body  is  a  measure  of  the  work  it 
can  do  by  virtue  either  of  its  position  (potential  energy)  or 
its  motion  (kinetic  energy). 

Potential  Energy.  If  a  mass  m  be  raised  h  feet  in  a 
vertical  direction  the  work  done  on  it  is  mgh  foot-poundals 
or  mh  foot-pounds.  Hence  to  determine  the  potential  energy 
of  a  body,  we  calculate  the  work  it  can  do  in  resuming  its 
normal  position.  For  instance  the  potential  energy  of  a  mass 
of  6  Ibs.  raised  4  feet  from  the  ground  is  6  x  4  =  24  foot- 
pounds. 

Kinetic  Energy.  This  is  really  due  to  the  inertia  of  the 
body  (Art.  201)  and  is  a  measure  of  its  resistance  to  altera- 
tion of  its  motion,  and  hence  of  the  work  required  to  bring 
it  to  rest.  In  the  case  considered  in  the  last  article,  mh 
foot-pounds  of  work  were  expended  in  raising  the  weight  m 
through  a  distance  of  h  feet.  If  the  weight  be  allowed  to 
fall  again,  on  reaching  the  ground  it  should  be  in  a  condition 
to  give  up  all  the  work  expended  in  raising  it,  that  is  to  say, 
mh  foot-pounds. 

Now  v2  =  2#A, 

so  that  h  —  TT- ; 

9  2 

hence  the  work  given  out  =  -6  -  foot-pounds  (or  —=-  foot- 

2g  2 

poundals),  and  this  is  the  kinetic  energy  of  the  body,  or  its 
capacity  for  doing  work  by  virtue  of  its  motion. 
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171.  Experiments  on  the  potential  and  kinetic 
energy  of  bodies.  For  these  experiments  a  heavy  fly-wheel 
or  pulley  (fig.  162)  is  required,  accurately  pivoted  so  as  to 


Pig.  162. 

reduce  the  friction  as  much  as  possible.  The  axle  carries 
a  stud,  over  which  a  cord  attached  to  a  weight  may  be  looped. 
(If  the  fly-wheel  has  its  axle  vertical,  as  shown  in  fig.  162, 
the  cord  passes  over  a  small  pulley ;  preferably  however  the 
axle  should  be  horizontal.)  A  mark  is  usually  made  on  the 
rim  of  the  fly-wheel,  and  a  thin  wire  is  fixed  in  front,  so 
that  we  can,  when  necessary,  determine  the  number  of 
revolutions  in  a  given  time. 

If  we  now  suspend  a  weight,  say  of  W  Ibs.,  from  the  axle 
and  wind  up  the  cord  until  the  weight  is  h  feet  from  the 
ground,  on  releasing  it  the  weight  will  descend,  causing  the 
fly-wheel  to  rotate.  The  potential  energy  (=  Wh  foot-pounds) 
of  the  weight  will  be  expended  in  the  three  following  ways. 
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I.  In  imparting  to  the  weight  kinetic  energy,  which  is 
expended  in  a  blow  on  reaching  the  ground. 

II.  In  overcoming  friction. 

III.  In  imparting  kinetic  energy  to  the  fly-wheel. 

We  must  now  determine  each  of  these  quantities. 
Throughout  these  experiments  the  results  are  expressed  in 
foot-pounds,  these  being  the  units  generally  employed  in  this 
country.  If  however  the  different  weights  and  distances  are 
measured  in  grams  and  centimetres,  we  obtain  the  metric 
results,  whilst  on  multiplying  each  formula  by  g  we  get 
instead  of  the  gravitation  units,  their  absolute  equivalents, 
viz.  the  foot-poundal  and  the  erg  respectively. 

172.  I.  To  find  the  kinetic  energy  of  the  weight  on 
reaching  the  ground.  Let  the  weight  W  be  originally  h 
feet  above  the  ground,  and  let  it  take  t  seconds  to  reach  the 

ground.     Then  k  —  -^  ,  where  v  is  the  velocity  on  reaching  the 
ground  ;  hence 

at 


and  thus  the  kinetic  energy  equals 
Wv* 


.(i). 


%         9? 

173.  II.  To  find  the  loss  in  friction,  (a)  First 
method.  Find  carefully  the  least  weight  attached  to  the 
cord,  which  will  maintain  uniform  motion  in  the  fly-wheel. 
Let  this  be  m  pounds.  Then  the  energy  expended  in  over- 
coming friction  during  the  descent  of  the  weight  will  be 

tnh  foot-pounds  (ii). 

Since  however  the  friction  varies  with  the  velocity,  and 
also  with  the  weights  involved,  this  will  not  give  us  the 
friction  very  accurately  when  heavy  weights  are  attached  to 
the  cord. 

s.  T.  17 
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(b)  Second  method.  Attach  a  weight  W  to  the  cord  and 
let  it  fall  to  the  ground,  the  string  becoming  detached 
from  the  axle  as  it  docs  so.  Determine  the  number  of 
revolutions  of  the  fly-wheel  from  the  start  of  the  experiment 
until  it  comes  to  rest  (  =  n\  Determine  the  loss  of  kinetic 

/    2  Wh~\ 
energy  of  the  weight  on  meeting  the  ground  (  =  )  *. 

V      y*>    J 

Then  the  initial  potential  energy  of  the  weight  was  Wh 
foot-pounds,  hence  the  work  imparted  to  the  fly-wheel  is 

OW/,2  /  9/A 

Wh--     -  foot-pounds  =  Wh  (  1  -  -  T!    foot-pounds. 
ffP  \       ffPj 

This  is  all  expended  in  friction  during  n  revolutions,  so 
that  the  average  ,  work  done  in  overcoming  friction  per 
revolution 

Wh(^       2h\    , 
=  -  I  1  --        foot-pounds  ............  (111). 

n    \        ffPJ 

Then,  knowing  the  number  of  revolutions  of  the  fly-wheel 
before  the  weight  reaches  the  ground  (=  x),  we  can  find  the 
total  loss  of  energy  due  to  friction. 

III.  To  find  the  kinetic  energy  of  the  fly-wheel.  We 
thus  get  as  the  kinetic  energy  of  the  fly-wheel  at  the  moment 
when  the  weight  touches  the  ground, 

Wh 


(l  -  *}  (l  -  ^  foot-pounds  .........  (i  v). 


174.  IV.  To  find  the  height  through  which  the 
moving  wheel  can  raise  the  weight  again.  Fasten  the 
cord  so  that  when  the  weight  touches  the  ground  it  does 
not  become  detached.  A  little  extra  cord  should  be  used 
so  as  to  avoid  too  sudden  a  jerk  as  the  direction  of 
motion  of  the  weight  is  changed.  Let  the  weight  be 
raised  to  a  height  of  hL  feet.  Then  the  kinetic  energy 
of  the  fly-wheel  is  used  up  in  raising  the  weight  and  in 
friction.  Since  /the  number  of  revolutions  whilst  the  weight 
fell  h  feet  was  x,  the  number  whilst  it  rises  h  feet  will  be 
x^ 
h  ' 

*  S.  H.  Wells,  Practical  Mechanics,  p.  196. 
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Then  we  get 

Tir.        WhiX  (        2h\   . 
kinetic  energy  =  W^  H  ---  (  1  --  -    foot-pounds...  (v). 


n 

This  should  in  all  cases  be  worked  out  and  compared  with 
the  result  of  experiment  III.     How  can  you  account  for  the 

difference  in  the  results  ? 

% 

Repeat  this  experiment,  shortening  the  cord  so  that  the 
weight  does  not  reach  the  ground.  Compare  your  results. 

175.  V.  To  calculate  the  kinetic  energy  of  the 
fly-wheel  from  its  moment  of  inertia.  Let  /  be  the 

moment    of    inertia  of    the   fly-wheel,  and    CD   its   angular 
velocity. 

Then  its  kinetic  energy  =  -^-  (Art.  201), 

=  /  x  —  —  foot-poundals 

2i 

27T2«2/   , 

=  —       -  loot-pounds. 
J 

Thus  we  can  calculate  the  kinetic  energy  of  the  fly- 
wheel, knowing  its  moment  of  inertia  and  the  number  of 
revolutions  (n)  per  second. 

Conversely,  if  we  know  the  kinetic  energy  and  n,  we  can 
calculate  /. 

f  The  whole  of  this  series  of  experiments  should  be  carried 
out  with  a  number  of  different  weights,  and  the  results 
tabulated. 


176.  Investigation  of  the  laws  of  circular  motion. 
We  have  seen  (Art.  162)  that  if  a  mass  m  describe  a  circle  of 
radius  r  with  velocity  v,  the  acceleration  due  to  this  motion 

v2 

acts  towards  the  centre  and  equals  —  .     Hence  the  mass  will 

r 

exert  a  tension  --  on  the  restraining  string. 

17—3 
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Simple  form  of  registering  dynamometer.  A  great  diffi- 
culty with  practical  work  in  this  direction  is  the  inability  to 
take  a  dynamometer  reading  whilst  rotation  is  going  on, 
registering  dynamometers  being  expensive  and  cumbersome. 
The  following  simple  device  will  be  found  to  give  excellent 
results  with  care. 

Paste  a  piece  of  tissue  paper  over  the  graduated  groove 
of  a  spring  balance.  Then  when  the  spring  is  stretched, 
the  index  will  tear  its  way  down  as  far  as  it  goes,  arid  there 
is  no  appreciable  resistance.  Care  must  however  be  taken 
not  to  jerk  the  apparatus,  or  the  spring,  being  elastic,  will 
momentarily  stretch  too  far  and  give  too  great  a  reading. 
Most  experiments  on  circular  motion  require  a  whirling 
table  (fig.  163),  but  there  is  a  simple  one  which  dispenses 
with  it  (Art.  177,  Method  1). 


Fig.  163. 


177.    Experimental  proofs  that  the  accelerating  force 
towards  the  centre  = .     Method  1.     Fasten  to  a  peg 

about  5  feet  from  the  ground  a  registering  dynamometer 
(Art.  176)  with  a  cord  about  a  yard  long  attached  to  it. 
Fasten  a  weight  to  the  end  of  the  cord  and  carefully  note 
the  dynamometer  reading,  which  gives  us  the  tension  on 
the  peg.  If  m  Ibs.  be  the  weight  this  will  be  mg  poundals. 
Let  the  spring  balance  have  stretched  by  an  amount 
x  inches,  and  let  I  inches  be  the  length  from  the  peg  to  the . 
centre  of  gravity  of  the  weight  when  it  is  supported  by  the 
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hand.  Then  raise  the  weight  until  the  cord  is  horizontal, 
keeping  it  taut  all  the  time ;  let  it  go,  and  again  take  a 
reading  of  the  greatest  tension  experienced  during  the  swing. 
This  will  be  found  to  be  very  approximately  three  times  as 
great  as  before,  and  so  equal  to  3mg  poundals.  Hence  the 
increased  tension  due  to  the  motion  of  the  weight  is  %mg 
poundals. 

The  extension  of  the  spring  in  this  case  will  be  3x  inches, 
so  that  at  the  moment  when  the  cord  is  vertical  its  length 
will  be  /  +  3#  inches,  the  weight  will  be  momentarily  de- 
scribing a  circle  of  that  radius  (=  r),  and  will  have  descended 
a  distance  of  I  +  3a?  inches  from  its  position  of  rest. 

Now  v*=2gh  (i) 


Thus  the  increased  tension 

=  2??z,  — -, — -"- 


The  experiment  can  be  varied  by  raising  the  weight 
through  different  arcs,  measuring  the  vertical  rise,  calcu- 
lating v  from  (i),  hence  deducing  the  increased  tension  from 
(ii),  and  comparing  this  with  the  dynamometer  reading. 

1 78.  Method  2.  Fix  a  registering  dynamometer  (Art.  1 76) 
on  the  horizontal  platform  of  a  whirling  table,  with  its  fixed 
end  on  the  axis  of  rotation,  and  attach  a  known  weight  to 
the  other  end.  Then  make  it  rotate  at  a  known  rate 
(measured  by  an  automatic  counter).  The  speed  must  be 
kept  uniform  for  a  time,  and  even  then  the  weight  will  tend 
to  "lag"  a  little.  This  may  be  obviated  by  letting  the  weight 
rest  in  a  radial  groove.  Then  take  the  reading  of  the  dynamo- 
meter and  also  measure  r,  which  must  be  done  with  the 
index  at  the  maximum  extension  obtained.  Repeat  with 
several  different  speeds  and  tabulate  your  results  as  follows : 
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No.  of 
experiment 

No.  of  revolu- 
tions per  second 
—  n 

r 

(=2*rn) 

,„  »•-' 
r 

Dynamometer 
reading 

The  last  two  columns  should  agree  approximately. 

179.    Method^.    Attach  to  the  whirling  table  the  vertical 
semi-circular    ring    (fig.    164)    of 
radius  /,  the  cross-section  of  which 
is  also  semi-circular.    Two  marbles 
are  placed  in  this.    When  the  table 
rotates,    the   marbles   will    recede 
from  the  axis  of  rotation  and  rise 
up  the  sloping  groove  until  equi- 
librium   is    maintained.      If    the 
radial  line  from  the  centre  of  the 
semi-circle  to  the  point  of  contact  make  an  angle  0  with  the 
vertical,  r  be  the  distance  of  the  point  of  contact  from  the 
vertical  axis,  R  the  reaction  of  the  ring  on  the  marble,  and  m 
the  mass  of  the  marble,  we  get : 
R  cos  0  =  mg, 
mv- 


Fig.  164. 


that  is,  —  =  (j  tan  0. 

But  r  —  l  sin  0, 

hence  v-  =  ly  sin  0  tan  0. 

The  speed  is  calculated  by  an  automatic  counter,  I  is  a 
constant,  the  point  of  contact  is  easily  found  by  dipping  the 
marble  in  oil  before  the  experiment,  and  0  is  then  found  by 
setting  off  the  distance  from  the  point  of  contact  to  the  lowest 
point  of  the  curve  on  a  scale  of  chords  for  the  given  radius, 
or  the  angles  may  be  marked  up  the  groove  once  for  all. 

The  experiment  should  be  repeated  for  various  speeds, 
and  the  value  for  v  given  by  the  formula  *Jlg  sin  0  tan  0 
compared  with  the  recorded  speed. 


CHAPTER  XIX. 

MOMENTUM,   IMPULSE,  IMPACT,  COEFFICIENT  OF 
RESTITUTION. 

180.  In  this  chapter,  forces  of  very  short  duration,  and 
their  effect  on  masses,  will  be  considered. 

Momentum.  Since  the  momentum  of  a  body  equals  the 
product  of  its  mass  and  its  velocity,  we  can,  knowing  these 
two  quantities,  at  once  determine  the  momentum.  Sometimes, 
however,  we  may  require  the  momentum  of  a  body,  knowing 
neither  of  these  factors.  In  such  cases  some  form  of  Robins' 
ballistic  pendulum  is  the  simplest  apparatus  for  ascertaining 
the  momentum.  This,  in  its  simplest  form,  consists  of  a 
fairly  heavy  block  of  wood  suspended  from  a  knife-edge  in 
such  a  manner  as  to  prevent  rotation  about  any  axis  except 
that  of  suspension.  This  mode  of  suspension  is  used  for 
each  of  the  two  boards  in  fig.  165,  which  is  Hicks  ballistic 
balance,  and  is  for  many  purposes  more  suitable  than  the 
original  form. 

181.  To  investigate  the  influence  of  mass  and  velocity 
on  momentum.    Suspend  a  rectangular  block  of  wood  weigh- 
ing about  1  kgr.  by  cords  as  shown  in  fig.  165,  the  cords  being 
about  4  feet  long.   Also  suspend  a  smaller  mass  (about  100  gr.) 
so  that  it  just  touches  the  side  of  the  block  in  the  horizontal 
plane  of  its  centre  of  oscillation.     Attach  a  piece  of  tape  to 
the  bottom  of  the  block,  support  a  book  horizontally  just 
beneath  it  and  place  the  tape  under  the  top  cover  of  the 
book,  making  it  taut.     Move  the  100  gr.  weight  a  measured 
distance  (say  20  cm.)  from  the  block,  and  let  it  swing  back 
on  to  it.    On  striking  the  block  the  latter  will  be  set  in  motion, 
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and  the  length  of  tape  drawn  out  from  the  book    (practi- 
cally without  friction),  will  show  us  the  length  of  its  swing. 


Fig.  165. 

Repeat  the  experiment  with  displacements  of  10,  15,  25,  30, 
35,  and  40  cm.,  and  note  the  distances  the  block  is  shifted. 
The  vertical  heights  through  which  the  blocks  have  moved 
can  then  be  determined,  and  their  velocities  after  impact 
calculated. 

Also  repeat  the  experiment  using  heavier  or  lighter 
weights,  arid  find  the  displacement  in  each  case  necessary 
to  move  the  block  a  given  distance.  It  will  be  found  that 
with  twice  the  weight,  only  half  the  displacement  is  required. 

These  experiments  may  be  carried  out  in  exactly  the 
same  way  with  Hicks'  ballistic  balance  (fig.  1G5).  This 
apparatus  has  the  advantage  that  when  the  two  platforms 
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collide,  they  catch  together  by  means  of  a  spring,  so  that 
after  collision  the  system  moves  as  one  mass. 

With  this  apparatus  the  displacements  are  very  approxi- 
mately proportional  to  the  velocities  just  before  and  after 
impact,  hence  if  we  multiply  the  displacements  by  a  constant, 
(see  Appendix),  we  obtain  the  velocities,  and  so  we  can 
confirm  the  laws  of  impact. 

Also  place  equal  weights  on  each  of  the  two  platforms, 
give  them  equal  displacements,  and  note  that  after  impact 
the  system  remains  stationary,  the  equal  and  opposite 
momenta  destroying  each  other,  since  any  recoil  is  prevented 
by  the  catch. 

182.  To  determine  the  velocity  of  a  shot  from  an 
air-gun  or  rook-rifle.  A  block  of  wood  is  suspended  in  the 
way  just  described,  with  a  tape  attached.  The  line  of  flight 
of  the  shot  should  be  horizontal,  as  otherwise  only  the  hori- 
zontal component  of  its  velocity  will  be  recorded.  The  shot 
is  fired  and  imbeds  itself  in  the  block  practically  before  the 
latter  has  changed  its  position.  The  length  of  tape  drawn 
out  is  carefully  measured. 

Then,  if  m  =  the  mass  of  the  shot, 

M=t\\e    mass    of    the    block    (with    the    shot 
in  it), 

a  =  the  distance  of  the  c.G.  of  the  block  from 
the  axis, 

p  =  the  length  of  the   perpendicular  from  the 
axis  to  the  path  of  the  shot, 

T=  the  time  of  a  single  swing  of  the  block, 
d  =  the  length  of  tape  drawn  out, 

s  =  the  distance  from  the  axis  to  the  point  of 
attachment  of  the  tape, 

and  T^=the  velocity  of  the  shot, 
v=MgaTd 
Trmps 
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The  path  of  the  shot  should  pass  through  the  centre  of 
percussion  of  the  block,  as  it  then  produces  a  purely  rotational 
motion  about  the  axis.  This  point  is  coincident  with  the 
centre  of  oscillation,  so  that  p  will  equal  the  length  of  the 
equivalent  simple  pendulum  (Art.  189). 

Similarly  if  we  require  the  momentum  of  the  shot,  we  get 


irps 


A.  very  convenient  form  of  the  apparatus  is  shown  in  fig. 
166.     This  is  practically  a  heavy  balance  having  a  small 


Fig.  166. 

bucket  at  each  end  of  the  beam.  A  mass  dropped  into  either 
of  the  buckets  causes  the  balance  to  oscillate,  and  with  this 
form  of  apparatus  it  is  most  convenient  to  read  the  angle 
moved  through  by  the  pointer.  If  this  be  0,  we  get 

ZMTghsm- 

V= =. 

irmp 

For  the  proofs  of  the  formulae  in  this  Article,  see  Appendix. 

To  measure  the  impulse  of  the  blow  of  a  hammer.  Proceed 
as  in  the  previous  experiments,  taking  care  that  the  direction 
of  the  blow  is  perpendicular  to  the  line  joining  the  point 
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struck  with  the  point  of  suspension.  Either  of  the  forms  of 
apparatus  may  be  used.  Since,  however,  the  hammer,  unlike 
the  bullet,  will  not  penetrate  the  block,  M  in  the  above 
formulae  must  in  this  instance  be  the  weight  of  the  block  or 
balance  alone. 

183.  Coefficient  of  resilience  (e).  Hitherto,  when  con- 
sidering the  impact  between  two  masses,  we  have  regarded 
them  as  elastic,  so  that  there  is  no  loss  of  kinetic  energy. 
This  however  could  only  be  the  case  if  the  masses  were 
perfectly  elastic.  This  condition  is  never  satisfied  since  all 
substances  are  imperfectly  elastic.  When  two  such  bodies 
collide  their  relative  velocities  undergo  a  change  in  accord- 
ance with  Newton's  Law,  which  says  that  if  u  and  v  are  the 
velocities  of  one  body  the  instants  before  and  after  contact, 
and  M!  and  vl  those  of  the  other  body,  then  the  ratio  of  the 
differences  between  the  velocities  of  the  bodies  before  and 
after  impact  is  a  constant. 

That  is  to  say,  v  —  v1=  —  e(u  —  u-i),  e  being  a  constant  for 
any  two  given  bodies. 

This  quantity  e  is  termed  the  coefficient  of  restitution  or 
resilience  and  ranges  in  value  between  zero  and  1 ;  the 
greater  the  elasticity  of  the  bodies,  the  more  nearly  does  e 
approach  unity. 

Now  if  the  second  of  the  two  bodies  be  a  fixed  plane, 
Uj_  and  vl  will  both  be  equal  to  zero,  and  our  equation  becomes 

v  —  —  eu. 

It  must  be  distinctly  borne  in  mind  that  although  the 
fixed  plane  is  apparently  eliminated  from  the  formula,  e  still 
varies  with  the  nature  of  both  bodies. 

Determination  of  e  for  a  given  substance.  Take  a  small 
sphere  (about  1  cm.  diam.)  of  the  substance  (say  glass),  and 
also  a  thick  plate  of  glass. 

If  an  Atwood's  Machine  (Art.  164)  is  available,  it  is  the 
best  apparatus  to  use.  If  not,  a  retort-stand  and  ring  may  be 
used  to  measure  the  height  of  the  rebound.  Set  the  top 
platform  of  the  machine  about  6  ft.  above  the  ground,  and 
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the  bottom  platform  down  near  the  ground.  On  it  lay  the 
glass  plate,  making  certain  that  the  upper  surface  of  the 
plate  is  horizontal.  When  that  is  the  case,  a  glass  sphere 
dropped  vertically  upon  it  will  rebound  vertically.  Hold  the 
glass  ball  so  that  its  highest  point  touches  the  under  side  of 
the  top  platform,  and  let  it  fall  through  the  2nd  or  ring 
platform  of  the  machine  on  to  the  glass  plate.  Notice  the 
height  to  which  it  rises  roughly,  and  set  the  ring  at  about 
that  height.  Repeat  the  experiment,  varying  the  height  of 
the  ring  until  the  top  of  the  sphere  on  its  rebound  just  shows 
above  the  ring  when  the  latter  is  looked  at  in  a  horizontal 
position. 

Then  measure  carefully  the  distance  from  the  bottom  of 
the  top  platform  to  the  glass  plate  (=  h),  and  also  the  distance 
from  the  top  of  the  ring  to  the  glass  plate  (=  h),  and  from 
each  subtract  the  diameter  of  the  ball  (=  d).  The  remainders 
give  us  the  distances  the  ball  moves  vertically  before  (=  s) 
and  after  (=  s^  its  impact  with  the  plane. 

To  calculate  e  from  the  experiment.  Since  the  ball  fell 
under  the  influence  of  gravity  through  a  distance  s  before 
impact,  its  velocity  (u)  on  striking  the  nlate  is  obtained  from 
the  formula 

11?  =  2gs. 

In  the  same  way  since  it  rose  a  distance  Sj^  after  impact, 
its  velocity  (v)  on  leaving  the  plate  is 


Therefore  - 


=  Si 

s  ' 
But  in  the  case  in  point 

v  —  —  eu. 
Substituting,  we  get 


u*       s 
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A 

-V3' 


Example.     A  glass  ball  2  cms.  in  diameter  was  dropped  011  a 
glass  slab. 

h  =  189  cms.,  7^  =  164*5  cms. 

Required  the  coefficient  of  restitution. 


l  =  hi-d=  162-5, 
I6275 


^V" 


187 


=*  -932. 


As  a  variation  of  the  above,  if  the  glass  plate  be  slightly 
inclined  to  the  horizontal  (not  more  than  2°),  the  directions 
before  and  after  impact  will  be  slightly  divergent,  and  the  ball, 
dropping  tkrouyk  the  ring,  may  be  made  to  touch  the  edge  of  the 
ring  on  the  rebound. 

A  list  of  the  values  of  e  for  various  solids  (taken  from  Hodg- 
kinson's  Report  to  the  Brit.  Assoc.)  is  appended. 


Falling  body 

Glass 

Glass 

Cast  iron 

Cork 

Stone 

Lead 

Lead 

Clay 

Cast  iron 


Fixed  plate 

Glass 

Cast  iron 

Cast  iron 

Cork 

Stone 

Glass 

Lead 

Clay 

Lead 


•94 
•91 
•66 
•65 
•62 
•25 
•20 
•17 
•13 


The  student  should  determine  the  values  of  e  when  balls  of 
glass,  steel,  aluminium  and  lead,  are  dropped  upon  a  steel  plate, 
and  also  repeat  the  experiment  with  a  steel  ball  on  plates  of 
oak,  deal,  glass  (compare  answer  with  that  of  glass  on  steel), 
cardboard  and  lead. 
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THE   PENDULUM  AND   ITS   LAWS. 

184.  Circular  Motion.  We  have  already  seen  (Art. 
162),  that  when  a  mass  m  is  describing  a  circle  of  radius  r 
with  uniform  speed  v,  its  acceleration  is  directed  towards  the 

centre  and  =  — ,  and  the  tension  on  the  restraining  string  or 
bar  is 


mtr 
r 


Simple  Harmonic  Motion.  If  P  (fig.  167)  be  such  a 
mass,  and  N  its  projection  on  a  fixed  diameter  AOA',  as  P 
revolves,  N  will  move  backwards 
and  forwards  along  the  diameter. 

Let  r  =  radius  of  the  circle, 

6  =  angle   POA    at   any 
instant, 

x  =  distance  ON  at   the 
same  instant, 

then    the   acceleration  of  P   to- 


« 

wards    the   centre  =  —  ,    and    its 
resolved  component  along  AOA' 


Fig.  167. 


=  — . cos  9 
r 


.(ii). 


This  is  the  acceleration  of  N  towards  the  centre. 

Now  the  velocity  of  P  is  equal  to  the  circumference  of 
the  circle  divided  by  the  time  (T)  elapsing  before  it  is  again 
in  the  same  position ;  that  is, 

2-n-r 
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Substituting  this  in  (ii),  if  /  be  the  acceleration  of  N, 
we  get 


From  this  we  see  that 

distance  of  N  from  centre  _  x 
acceleration  of  N  f 

,       47T2 


T2 


.... 


/JL  being  a  constant. 

Thus  the  acceleration  of  N  towards  the  centre  varies 
as  its  distance  from  the  centre.  The  motion  of  N  is 
known  as  Simple  Harmonic  Motion. 

185.     The  Simple  Pendulum.     Let  A  (fig.  168)  be  the 
position  of  rest  of  a  small  mass  m, 
when  suspended  from  a  point  0 
by  a  very  fine  thread  of  length  I. 

Such  an  arrangement  forms 
very  approximately  a  simple  pen- 
dulum. 

Now  let  the  mass  m  be  dis- 
placed to  a  new  position  B,  the 
thread  rotating  through  an  angle 
0,  which  must  not  exceed  5°.  It 
tends  to  return  to  A,  its  accele- 
ration at  the  instant  being  the 
resolved  component  of  g  along 
BG,  in  a  direction  perpendicular  to  OB,  hence 


Fig.  168. 


and  since  6  is  small,  sin  0  =  circular  measure  of  0,  approxi- 
mately, so  that  f=g.B. 

Also  its  distance  from  A  (x)  =  chord  BA 

=  arc  BA,  approximately 
-I.  A 
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Thus  we  get 

x      10      I 

^•=~Q  —  -  =  a  constant (iv). 

J       J         J 

Hence  for  small  displacements,  the  motion  of  the  mass  in  is 
a  simple  harmonic  motion.  Consequently  we  get  from 
(iii)  and  (iv) 


T  = 


This  is  the  ordinary  formula  for  the  simple  pendulum.     It 
may  also  be  expressed  in  the  form 

rn     o        I  x     o       /displacement 
2*-V=  *  V  ISSEStwS  ' 


a   form    more   generally   applicable    to    elastic    bodies   (see 
Arts.  220,  224). 

Students  conversant  with  elementary  differential  equa- 
tions will  observe  that  this  is  a  variant  of  the  equation  for 
harmonic  motion 

&x  2?r 

--=-m?x,  where  ra  =  -. 


Periodic  Time.  T  is  called  the  periodic  time,  and  is  the 
time  between  two  successive  passages  of  the  pendulum 
through  the  same  point  in  the  same  direction.  This  is  called 
a  double  oscillation.  On  the  continent,  the  single  oscillation 
is  generally  used  in  calculations,  the  formula  of  course 
becoming 


Great  care  must  be  taken  to  use  the  correct  formula. 
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Amplitude.     The  greatest  displacement  of  the  pendulum 
bob,  that  is,  its  greatest  distance 
from  its  mean  position,  is  called 
the  amplitude  of  the  swing. 

186.  If  the  angle  of  dis- 
placement be  greater  than  5°, 
the  above  formula  ceases  to  be 
correct,  as  the  motion  is  no 
longer  a  simple  harmonic  one. 
We  can,  however,  get  a  very 
fair  approximation  to  the  time 
of  oscillation  as  follows. 

Let  AB  be  the  displace- 
ment of  the  weight  (fig.  169) 
and  6  the  angle  of  displacement.  Figt  1^9. 

Draw  OK  bisecting  the  angle  6, 
and  meeting  AB  in  K. 

From  B  draw  BX  perpendicular  to  OA.     Then 


T '  = 


acceleration 


(approximately). 


Now  (i)    acceleration    =  g  sin  B, 
and         (ii)    displacement  =  AB 

XB 


sm    90  —  -= 


but 


,.     , 
displacement  = 


Hence 


I.  sin  0 


acceleration  B  '  g .  sin  6 

cos  ^ 


1 

6 
cos  g 


S.T. 
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-ifl-.i 

#\ 

Thus  r=2 


sin2  — 4 


-•*'-** 


=  27T  f  1  +  £sin2-J  y  ji  approx....(vi). 

This  gives  very  fair  results  for  angles  up  to  about  40°. 
c,.  .    6     aK      aB       a 

Sm2  =  ^o  =  2^o  =  2-r 

where  x  =  the  chord  of  the  angle  of  displacement,  the  above 
may  be  written  in  the  form 


EXPERIMENTAL  INVESTIGATION  OF  THE  PENDULUM  LAWS. 

187.  I.  To  find  the  relation  between  the  displace- 
ment of  a  pendulum  bob,  and  its  acceleration  towards 
the  position  of  equilibrium. 

A.  For  small  displacements.  Suspend  a  mass  of  some 
4  or  5  Ibs.  weight  by  a  string  about  2  metres  long,  in  such  a 
position  that  the  bottom  of  the  mass,  preferably  pointed, 
almost  touches  a  ledge  or  mark  on  the  bench.  It  is  a  good 
plan  to  attach  a  short  bristle  to  the  weight  by  a  little  wax,  to 


XX]  THE   PENDULUM  LAWS  273 

act  as  a  pointer.  Also  tie  a  piece  of  thread  round  the  weight 
in  the  horizontal  plane  of  its  centre  of  gravity  when  at  rest, 
having  a  loop  at  one  side.  Then  attach  a  dynamometer  or 
spring  balance  to  the  loop  and  by  means  of  it  draw  the  weight 
to  one  side.  Be  careful  always  to  keep  the  dynamometer 
perpendicular  to  the  string  supporting  the  weight,  and 
measure  the  displacement  of  the  bob  by  means  of  a  centimetre 
ruler,  the  end  of  which  coincides  with  the  normal  position 
of  the  weight,  so  held  that  the  bristle  on  the  weight  touches 
it.  Thus  the  ruler  represents  the  displacement.  Repeat 
this  experiment  for  displacements  of  5,  10,  15,  etc.  cms., 
reading  off  on  the  dynamometer  in  each  case  the  force  of 
restitution.  Tabulate  your  results,  and  plot  on  squared  paper, 
taking  displacements  for  abscissae  and  dynamometer  readings 
for  ordinates.  The  graph  will  be  found  to  be  approximately 
a  straight  line  at  first,  proving  that  for  small  displacements 
the  force,  and  hence  the  acceleration,  towards  the  position 
of  equilibrium  is  proportional  to  the  displacement.  As  the 
latter  increases,  however,  the  graph  will  gradually  curve 
downwards,  showing  that  for  greater  displacements  the 
acceleration  increases  less  rapidly.  We  thus  see  why  in 
experiments  with  a  pendulum  the  angle  of  oscillation  must 
be  small  for  the  vibrations  to  be  isochronous  (Art.  185). 

B.  For  greater  displacements.  Proceed  exactly  as  for 
small  displacements,  but  when  plotting  results  apply  the 
correction  given  in  Art.  186.  This  is  best  done  in  the 
following  way  : 


I  displacement 

-  =  a  constant  =  -  —.  - 

g  acceleration 


/,        .  20\* 
x  (  1  —  sin  -  I 
V  2y 


Hence,  plotting  as  before,  taking  displacements  (x)  for 
abscissae,  and  corrected  accelerations  for  ordinates,  we  find 
that  the  graph  continues  to  approximate  to  a  straight  line 
for  a  greater  distance  than  before,  thus  confirming  formula 
(vi),  Art.  186. 

18—2 
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II.  To  show  that  the  periodic  time  is  proportional 
to  the  square  root  of  the  length  of  the  pendulum. 

Since  T~27r\/-,  and  g  is  constant  at  any  one  spot,  it 
follows  that,  for  a  series  of  experiments  at  any  place,  T  is 
proportional  to  *Jly  or  -^  =  a  constant. 

Take  a  leaden  sphere  about  1  cm.  in  diameter  and  having 
a  small  eyelet  screwed  into  it,  and  suspend  it  by  a  fine 
thread. 

The  method  of  suspension  is  important.  The  best  way 
is  to  grip  the  thread  between  two  metal  jaws,  such  as  a  pair 
of  pliers,  which  may  be  supported  by  a  clamp  on  a  retort 
stand.  This  ensures  the  length  being  constant  during  the 
whole  of  the  swing. 

When  the  bob  is  at  rest,  move  it  slightly  to  one  side,  and 
let  it  swing.  The  time  of  50  or  100  swings  (double)  is  taken 
by  means  of  a  stop-watch,  and  the  time  of  one  swing  deduced. 
It  is  not  necessary  to  begin  counting  from  the  moment  of 
starting  the  pendulum.  Get  in  such  a  position  that  the  bob 
is  in  a  line  with  the  retort  stand,  or  some  other  object,  at  its 
greatest  amplitude,  and  count  the  swings,  remembering  to 
count  0  and  not  1,  when  you  commence.  After  the  experiment, 
carefully  measure  the  distance  (I)  from  the  point  of  support 
to  the  middle  of  the  bob. 

Repeat  this  experiment  several  times,  making,  the  length 
of  the  pendulum  different  each  time,  and  tabulate  your 
results  as  follows: — 


No.  of 
Exp. 

Time  of 
50  swings 
in  sees. 

Time  of 
1  swing  in 
secs.  =  T 

Length  in 
cm.  =  1 

•fl 

4 

1 

66 

1-32 

43-3 

6-58 

4-98 

2 

85 

1-7 

71-8 

8-47 

4-99 

3 

46 

•92 

21-5 

4-64 

5-04 

&c. 
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Plot  on  the  same  sheet  of  squared  paper  graphs  showing 
the  variation  of  I  with  T,  and  also  of  \/l  with  T.  From  the 
former,  taking  T  equal  to  2,  find  the  corresponding  value  of 
I.  This  will  give  us  the  length  of  a  pendulum  which  will 
make  a  double  oscillation  in  2  seconds,  or  a  single  oscillation 
in  1  second ;  it  is  known  as  the  seconds  pendulum. 

Test  your  result  by  experiment. 

(Note.  The  length  of  the  seconds  pendulum  varies 
slightly  for  different  latitudes.  At  London,  Z  =  391393 
inches  or  99*412  cm.) 

III.  To  show  that  the  periodic  time  of  a  pendulum  is 
independent  of  its  size.     This  is  only  approximately  the 
case.     In  reality  a  factor  known  as  the  Moment  of  Inertia 
comes  into  play.     For  very  exact  work  this  must  be  allowed 

kz 

for  by  adding  to  the  length  I  the  value  of  -y,  where  k  is 

(/ 

the  radius  of  gyration  of  the  bob  (v,  Art.  203).     Practically 
however,  for  small  bobs,  the  variation  is  very  small. 

Repeat  Experiment  II,  using  bobs  of  the  same  material 
but  of  different  diameters.  Tabulate  and  compare  your 
results. 

IV.  To  prove  that  the  periodic  time  of  a  pendulum  is 
independent  of  its  mass.    Repeat  Experiment  II,  using  bobs 
of  the  same  diameter  but  made  of  lead,  aluminium,  boxwood 
and  cork.     Compare  your  results. 


CHAPTER  XXI. 

THE  DETERMINATION  OF  g. 

188.  Determination  of  the  value  of  "g."  We  have 
already  seen  (Art.  31),  that  the  attractive  force  between  a 
given  mass  and  the  earth  varies  slightly  at  different  places 
on  the  earth's  surface.  Hence  the  acceleration  due  to  gravity 
also  varies,  and  it  becomes  a  matter  of  importance  to  be  able 
to  ascertain  the  value  of  this  acceleration  at  any  given  place. 
The  present  chapter  consists  of  experimental  methods  for 
determining  it. 

The  student  should  however,  before  performing  these 
experiments,  clearly  grasp  the  fact  that  since  the  earth  is 
revolving  about  an  axis  through  its  poles,  the  force  required 
to  keep  a  mass  m  on  its  surface  =  mu?r,  perpendicular  to  the 
axis,  where  o>  =  the  angular  velocity  of  the  earth,  and  r  =  the 
distance  of  the  mass  from  the  axis. 

It  is  the  excess  of  the  earth's  real  attractive  force  over 
this  quantity  that  is  called  the  weight  of  the  mass,  and  is 
denoted  by  mg  ;  and  the  quantity  $r,  so  defined,  is  what  we 
seek  to  determine  by  the  following  experiments. 

The  force  wio>V  varies  from  0  at  the  poles  to  about  ^ 
or  -=z  of  the  earth's  real  attractive  force  at  the  equator,  so 

that,  were  the  earth  to  rotate  17  times  as  fast  as  at  present, 
the  two  forces  would  just  counterbalance  at  the  equator,  and 
consequently  bodies  would  there  be  weightless. 
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METHOD  I.  By  the  simple  pendulum.  We  have 
already  seen  (Art.  185),  that  if  a  small  mass,  suspended 
by  a  thread,  be  slightly  displaced  from  its  position  of 
equilibrium,  it  will  oscillate  about  that  position  in  accordance 
with  the  harmonic  formula 

T=2-, 

where  T  is  the  time  of  a  complete  oscillation. 
Transforming  the  above  formula,  we  get 

4>7T~l 


Consequently    if  we    determine    T  and    I,  we   can   readily 
calculate  g. 

Since,  however,  T2  is  involved  in  the  formula,  and  a  slight 
variation  in  T  will  be  much  increased  in  its  square,  it  is 
essential  to  determine  the  periodic  time  to  a  considerable 
degree  of  accuracy.  This  of  course  might  be  done  by  taking 
the  time  of  a  great  number  of  oscillations  and  so  finding  the 
average  time,  but  putting  aside  the  danger  of  error  in 
counting  say  100  slow  oscillations,  we  could  only  find  the 
periodic  time  in  such  a  case  to  TJ^  of  the  whole  time  taken. 
By  the  following  method  of  approximations,  a  greater  degree 
of  accuracy  can  be  obtained.  In  order  to  facilitate  the 
description,  the  readings  of  an  actual  experiment  are  included 
in  the  text. 

Take  the  leaden  bob  used  in  Art.  187,  and  suspend  it  by 
a  fine  torsionless  thread  of  considerable  length.  Set  it 
swinging  through  a  small  angle,  avoiding  rotation.  A  simple 
method  of  doing  this  is  to  draw  the  bob  aside  by  a  cotton 
loop  just  above  it.  If  a  lighted  match  be  applied  to  the 
loop,  the  bob  will  be  released,  and  will  swing  without 
rotation.  If.  held  between  the  fingers,  on  the  other  hand, 
rotation  is  practically  unavoidable. 

Then,  when  satisfied  with  the  nature  of  the  oscillations, 
proceed  to  time  them,  starting  at  any  given  moment,  and 
noting  the  time  of  every  fifth  recurrence  of  the  same  position, 
as  shown  in  the  following  series : — 
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No.  of  oscillations  Time 

0  4  hrs.  12  miii.     33  sec. 

5  „  12  51 

10  „  13  10 

15  „  13  30 

20  „  13  48 

25  „  14  7 

30  „  14  26 

35  „  14  45 

In  doing  this,  remember  that  the  first  time  noted  was 
for  0  oscillations,  not  for  1.  At  first  some  difficulty  may  be 
found  in  simultaneously  noting  the  swing  and  the  time. 
Probably  the  following  will  be  found  the  simplest  process. 
Note  the  exact  time  just  after  the  previous  oscillation  ;  then, 
watching  the  pendulum,  repeat  the  numbers  2,  4,  6,  8,  10 
as  quickly  as  is  consonant  with  distinctness.  It  will  be 
found  that  this  takes  as  nearly  as  possible  one  second.  Of 
course  this  is  a  personal  point;  some  persons  can  repeat 
the  first  six  numerals  clearly  in  one  second;  each  student 
should  ascertain  carefully  for  himself  this  point,  which  he 
will  find  of  great  use  later  on.  If  he  can  cultivate  the  speed 
necessary  for  counting  5  numbers,  he  will  be  able  to  tell 
short  times  to  £  of  a  second,  which  is  the  accuracy  given 
by  a  stop-watch,  and  with  practice  the  degree  of  accuracy 
attainable  is  considerable,  the  error  in  10  seconds  not  ex- 
ceeding *2  of  a  second. 

Then  take  the  difference  for  every  20  oscillations,  as 
below : — 

From  0  to  20  the  difference  was  75  seconds. 

„      5    ,,    25    „  „  ,,  76         „ 

»    10   „    30    „  „  „  76 

„    15   „    35    „  „  „  75         „ 

Thus  the  average  time  for  20  oscillations  can  be  found, 
and  the  time  per  oscillation  deduced.  In  the  case  in 
question  it  was  3'775  sees. 

The  reason  for  this  step  is  that  if  an  error  in  reading  the 
time  be  made,  say  of  1  second,  had  the  times  of  the  com- 


XXl]  THE   DETERMINATION   OF  g  279 

mencement  and  finish  only  been  taken,  an  error  of  1  second 
in  35  swings  would  have  made  an  error  of  ^  of  a  second  per 
swing.  By  taking  several  readings  as  above,  in  the  first 
place,  since  the  erroneous  reading  is  only  used  in  one  out  of 
four  calculations,  its  effect  is  not  so  great  ;  and  in  the  second 
place,  it  is  as  likely  as  not  that  one  of  the  other  readings  errs 
as  much  in  the  opposite  sense  and  thus  will  neutralise  it. 

Finally  the  exact  time  must  be  noted  when  the  pendulum 
is  at  the  end  of  a  swing,  and  again,  after  the  lapse  of  a  few 
minutes,  at  the  end  of  another  swing. 

In  the  case  in  point  the  two  times  were  4  hrs.  21  min.  17  sec. 
and  4  hrs.  27  min.  15  sec. 

The  difference  between  these  times  (358  seconds)  gives 
us  the  duration  of  an  unknown  number  of  complete  swings, 
and  this  time  divided  by  the  average  time  per  oscillation 
should  give  us  the  number  of  oscillations. 

358 

Thus,  number  of  swings  =       n    =94-83. 

o*7  i  £> 

In  general  the  result  will  not  be  an  exact  integer,  but 
Ave  timed  a  number  of  complete  swings,  so  we  take  the  nearest 
integer  to  our  answer  as  the  real  number  of  swings,  and 
divide  our  time  by  it,  thus  getting  the  periodic  time  to  a  very 
close  approximation. 

In  the  example  quoted,  the  nearest  integer  is  95,   and   the 

q  x  o 

periodic  time  =  -7—  -=  3'768  sec. 
95 

Then  measure  the  length  of  the  pendulum  from  the  point 
of  support  to  the  middle  of  the  bob,  and  calculate  g  from 
your  figures. 

I  =  350-41  cm. 


_         -  *"*  *  35041 
g~~T^~       3-768" 

=  974-5  cm.  per  sec.  per  sec. 

For  a  variation  of  this  method  giving  very  good  results  see 
Appendix. 
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189.  METHOD  II.  By  the  compound  pendulum.  The 
results  of  Method  I  would  be  exact  if  the  supporting  thread 
were  weightless,  and  the  mass  of  the  bob  could  be  accumu- 
lated at  a  point ;  in  fact,  if  it  were  really  a  simple  pendulum. 
We  can  never  reach  this  ideal  condition,  and  a  greater 
degree  of  accuracy  may  be  attained  by  another  method,  even 
with  very  crude  apparatus.  The  rationale  of  the  process 
may  be  gathered  from  the  following  beautiful  little  experi- 
ment due  to  Clerk  Maxwell*. 

Take  a  flat  piece  of  wood,  such  as  a  set-square,  and  pass 
a  short  rigid  wire  perpendicularly  through 
it  at  a  point  a  near  one  of  its  angles  (fig. 
170).  Then  attach  a  small  heavy  pellet  b 
to  a  piece  of  cotton,  and  wind  the  latter 
two  or  three  times  round  the  pin,  so  as  to 
support  the  pellet,  which  touches  the  set- 
square.  Note  the  position  of  the  point  b 
on  the  set-square,  and  then  suddenly  move 
the  wire  a  in  a  horizontal  direction  in  the 
plane  of  the  set-square  (that  is,  towards  c). 
Adjust  the  length  ab  until  on  repeating  the 
above  process  the  pellet  does  not  change 
its  point  of  contact,  but  moves  in  unison 
with  the  set-square.  The  point  b  is  then 
termed  the  centre  of  oscillation  of  the  set- 
square  with  respect  to  a,  and  the  distance 
ab  is  the  length  of  a  simple  pendulum  which  would  oscillate 
in  the  same  time  as  the  set-square. 

From  this  experiment  we  see  that  if  we  determine  the 
periodic  time  of  oscillation  of  any  rigid  body  about  an  axis, 
and  can  find  its  centre  of  oscillation  with  respect  to  that  axis, 
we  can  accurately  determine  g. 

To  perform  the  experiment.  Take  a  piece  of  wood  of 
convenient  dimensions,  and  drive  a  knitting  needle  through 
it  near  one  end,  perpendicular  to  its  length.  Fix  two  pieces 
of  metal  or  glass  rod  horizontally  in  a  vice,  so  that  the  two 
ends  of  the  needle  may  rest  on  them  and  the  wood  oscillate 

*  J.  Clerk  Maxwell,  Matter  and  Motion. 


Fig.  170. 
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between   them   in   a   vertical   plane,  and   find  its  periodic 
time  (t). 

As  in  Method  I,  the  details  of  an  actual  experiment  are 
interpolated,  to  assist  in  the  description.  A  piece  of  oak  was 
taken,  30"  x  4"  x  1",  and  t  was  found  to  be  1'32  seconds. 

Then,  either  by  Maxwell's  experiment  described  above, 
or  better,  by  roughly  assuming  g,  calculate  the  length  of  the 
equivalent  simple  pendulum.  It  may  at  first  seem  that  we 
are  assuming  the  result  we  want  to  find,  but  we  of  course 
know  approximately  the  value  of  g,  and  it  is  necessary  to 
find  roughly  the  length  of  the  equivalent  simple  pendulum. 

Assuming  g  to  be  981,  the  value  of  I  was  calculated  from  the 


formula  l  —  ~r^  >  an^  found  to  be  43-54:  cm. 

Then  allow  the  wood  to  hang  motionless,  suspend  a  small 
weight  by  a  piece  of  cotton  from  the  needle,  so  as  to  get  a 
vertical  plane  arid  measure  off  along  it,  from  the  point  of 
suspension,  the  calculated  length  of  the  equivalent  simple 
pendulum.  This  gives  us  approximately  the  centre  of 
oscillation,  B,  of  the  pendulum,  and  it  is  reciprocal  with  the 
original  point  of  suspension  A  ;  that  is  to  say,  the  times  of 
oscillation  about  A  and  B  should  be  the  same*. 

Drive  a  second  knitting  needle  through  the  wood  at  B, 
parallel  to  the  first  one,  and  carefully  take  the  periodic  times 
of  oscillation  (^  and  t2)  about  both  needles.  It  is  necessary 
to  repeat  the  determination  of  the  time  about  A  because  the 
addition  of  the  second  needle  has  altered  the  distribution  of 
mass,  and  hence  the  periodic  time  about  A. 

$!=:  1-333  seconds, 
*,=  1-342        „ 

Then  find  the  centre  of  gravity  of  the  wood,  or  more 
correctly  speaking,  the  point  where  the  vertical  through  the 
centre  of  gravity  cuts  the  straight  line  AB  when  the  latter  is 
horizontal  (Art.  129). 

*  The  point  B  is  also  the  centre  of  percussion  (Art.  182),  and  the  centre 
of  pressure  (Art.  210)  of  the  board  under  certain  conditions. 
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Measure  carefully  the  distances  of  A  (=  lj)  and  B  (=  12) 
from  this  point. 

^  =  30-9  cm. 

la  =1275  cm. 

Then  the  value  of  g  is  calculated  from  either  of  the  two 
following  formulae*  :  — 

47T2=      tf  +  tj  tf-t? 

g       2  " 


The   first   is   the   easier   to   remember  and  also  rather 
simpler  to  work  out. 

In  the  case  in  point,  using  formula  (i) 
—  =  •040984-  -000664 

g 

=  -040320, 
whence  g=  981-36  cm.  per  sec.  per  sec. 

Note.     If  ti  and  tz  are  equal,  the  above  for- 

mulae become  —  =  -y-  ,  which  is  the  formula  for 

.9        l 
the  simple  equivalent  pendulum,  I  being  the  dist- 

ance between  the  knife-edges. 

190.  METHOD  III.  By  Hater's  pendulum. 
This  is  a  modification  of  Method  II.  Rater's 
pendulum  consists  of  a  bar  of  metal  or  wood 
(fig.  171)  having  two  knife-edges,  ra  and  n.  It 
carries  a  fairly  heavy  weight  W,  which  is  fixed, 
and  a  lighter  one,  w,  which  slides  up  and  down 
the  bar. 

The  bar  is  suspended  by  the  knife-edge  m,  and 
the  periodic   time  (t)   taken,  the  process  being      Fig.  171. 
repeated  with   the    other  knife-edge   n.     If  the 

*  For  the  mathematical  proof  of  these  formulae,  see  Appendix. 
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two  times  are  not  identical,  the  light  weight  w  is  slipped 
along  the  bar  away  from  the  knife-edge  having  the  shorter 
periodic  time,  thus  lengthening  its  period  and  shortening 
that  of  the  other  knife-edge.  This  is  repeated  until  the 
periodic  times  are  identical,  when  we  get 


9=  -jT> 
where  I  is  the  distance  between  the  knife-edges. 

The  preceding  methods,  enabling  us  to  find  T  accurately 
by  taking  a  great  number  of  oscillations,  are  by  far  the  most 
reliable  for  determining  g. 

There  are,  however,  other  methods,  involving  quite 
different  principles,  which  are  sometimes  employed. 

191.  METHOD  IV.  By  Atwood's  Machine.  This  ap- 
paratus has  already  been  illustrated  and  described  (Art.  164). 

It  may  be  employed  to  find  g  in  the  following  manner, 
the  same  precautions  and  corrections  being  taken  as  usual. 

Let  M  grams  be  the  weight  of  each  of  the  equal  masses 
attached  to  the  cord,  and  p  grams  be  the  additional  weight 
required  on  one  side  to  overcome  friction  and  ensure  uniform 
motion,  p  must  be  very  carefully  regulated  exactly  to 
produce  uniform  motion,  as  the  accuracy  of  the  method 
depends  largely  on  it.  Also  let  q  grams  be  the  mass 
equivalent  of  the  pulley  (Art.  164). 


Fix  the  first  movable  platform  (i.e.  the  one  that  catches 
the  rider),  at  a  known  distance  c  cm.  below  the  upper  platform. 
Then  place  a  rider  of  m  grams  on  the  weight  My  and  taking 
care  to  see  that  the  other  weight  M  touches  the  ground, 
release  the  cord.  The  loaded  weight  will  descend  through 
a  distance  of  c  cm.  with  accelerating  motion,  the  acceleration 
being  given  by  the  equation 


284  PRACTICAL   MATHEMATICS  [CHAP. 

The  usual  course  is  to  observe  the  time  occupied  by  the 
mass  M  in  passing  over  a  fixed  additional  distance,  from  the 
first  to  the  second  adjustable  platform.  The  time  however 
is  rather  difficult  to  determine  accurately,  even  with  a  stop- 
watch. Better  results  can  be  obtained,  with  care,  by  taking 
a  fixed  time  (£),  say  3  seconds,  and  adjusting  the  lower 
platform  so  that  the  weight  reaches  it  3  seconds  after  the 
rider  has  been  removed.  This  is  best  done  by  sound,  em- 
ploying a  metronome  or  stop-watch.  With  the  latter  for 
instance,  start  the  watch  on  hearing  the  click  of  the  rider 
being  caught  on  the  ring,  and  allowing  the  cord  to  run  freely 
through  the  fingers,  stop  it  as  the  3rd  second  is  completed. 
This  is  the  first  rough  approximation.  Then  raise  the  lower 
platform  to  touch  the  weight  and  repeat  the  experiment, 
relying  now  entirely  on  sound,  and  adjusting  the  platform 
until  there  is  an  interval  of  exactly  3  seconds  between  the 
click  of  the  rider  and  the  click  of  the  weight  on  the  lower 
platform.  Measure  the  distance  between  the  tops  of  the  two 
platforms  and  deduct  the  height  of  the  weight  (since  the 
rider  rests  on  the  weight).  Let  this  distance  be  s  cm. 

We  then  have 

min 

J  ~  cJKA 


Also  the  velocity  v  at  the  moment  the  rider  is  removed 
is  given  by  the  equations 

v2=2fo (ii), 


and  v  —  - 

6 


from  which  we  get  by  substitution 


whence 


2M  +  m  +  p  +  q  =  -    ~      ............  (iv). 
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Then  repeat  the  experiment,  using  another  rider,  wix  grams 
in  weight,  which  will  give  another  distance  sl  traversed  in 
the  same  time  t.  From  this  we  get 


From  (iv)  and  (v),  by  subtraction,  we  get 

in  —  in^  = 

that  is  to  say, 

m 


This,  though  an  unusual  form  to  leave  an  equation  in, 
will  be  fouDd  to  be  the  most  convenient  for  working  out. 

192.  METHOD  V.  By  the  inclined  plane.  This  method 
involves  principles  quite  different  from  those  of  the  pre- 
ceding ones. 

If  a  ball  be  allowed  to  roll,  without  sliding,  down  an 
inclined  plane,  we  can,  by  varying  the  slope  of  the  plane, 
make  the  acceleration  as  small  as  we  please,  and  hence 
increase  the  time  required  to  traverse  a  given  distance. 

The  best  form  of  plane  to  use  is  a  board  with  two  polished 
wood  or  metal  uprights,  as  shown  in  fig.  172,  which  is  across- 


^^ 

Fig.  172. 

section  of  the  plane.  The  two  uprights  act  as  guides,  ensuring 
a  straight  path  for  the  sphere.  The  slight  friction  prevents 
any  sliding  and  causes  a  pure  rolling  motion. 
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But  since  the  sphere  is  going  to  roll  down,  a  new  factor 
is  involved,  viz.  the  moment  of  inertia  of  the  sphere. 

This  tends  to  resist  the  rotation  of  the  sphere. 
It  can  be  easily  shown  *  that 


- 

J~         28r2-5d2 
where  f  =  acceleration, 

0  =  inclination  of  the  plane, 

r  —  radius  of  the  sphere, 

d  =  distance  apart  of  the  two  guides. 

Also  if  s  cm.  be  the  distance  traversed  by  the  ball  in 
t  seconds, 

,     25 
f=V  ...........................  (11)' 

whence  we  get 

sinfl 


t*~         28r2-5d2 
that  is, 


It  will  be  observed  from  equation  (i),  that  as  d  increases, 
/becomes  less,  until  when  d—  2r,/=0.  Thus  by  increasing 
the  distance  between  the  guides  we  can  make  f  as  small  as 
we  choose,  thus  making  t  a  considerable  quantity,  and 
diminishing  the  risk  of  error  in  estimating  it. 

On  the  other  hand,  if  d  =  0,  the  formula  (i)  becomes 

/=f  #  sin  0  ......................  (iv), 

which  is  the  form  of  the  expression  for  the  acceleration  of  a 
sphere  down  a  plane  surface  whose  inclination  =  6. 

To  find  "g"  by  the  plane.  Fix  a  block  of  wood  at  the 
top  end  of  the  plane  with  its  face  perpendicular  to  the 
runners,  and  have  a  second  parallel  block  which  can  be 

*  See  Appendix. 


XXJ]  THE   DETERMINATION   OF  g  287 

moved  up  or  down  the  runners.  Slightly  incline  the  plane, 
place  the  ball  so  as  to  touch  the  fixed  block,  and  let  it 
roll.  Either  see  how  long  it  takes  to  reach  the  block  at 
the  other  end,  or  better,  adjust  the  second  block  by  trial  so 
that  the  ball  touches  it  after  a  given  interval.  Measure  the 
distance  between  the  two  blocks  and  deduct  the  diameter 
of  the  ball.  This  gives  us  s,  the  space  traversed.  Finally 
ascertain  the  sine  of  the  angle  of  inclination  by  measuring 
the  vertical  distance  between  the  two  ends  of  the  plane  and 
dividing  by  the  length  of  the  plane.  This  should  be  done 
very  carefully  as  slight  errors  will  considerably  affect  the 
result.  For  instance,  if  the  vertical  distance  be  2  cm.  an 
error  of  1  mm.  will  cause  an  error  of  5  °/o  in  the  answer. 

Simple  form  of  sphere  and  plane.  Yery  fair  results  may, 
with  care,  be  obtained  by  very  simple  apparatus. 

Take  a  clean  straight  piece  of  Jena  glass  tubing  about 
2  metres  long,  and  at  least  2  cm.  diameter,  and  support  it  in 
an  inclined  position  by  means  of  two  clamps.  Also  get  a 
perfectly  true  steel  ball  such  as  a  cycle  ball  bearing,  about 
•5  cm.  diameter.  This  is  placed  in  the  top  end  of  the  tube 
and  held  in  position  there  by  a  small  bent  piece  of  cardboard 
reaching  over  it  and  slightly  depressed  in  front  of  it.  On 
raising  this  the  ball  starts  rolling.  The  ball  may  be  started 
more  easily  by  the  use  of  a  small  electro-magnet.  Care 
must  be  taken  that  the  sphere  starts  truly  down  the  plane, 
or  it  will  swing  from  side  to  side  and  be  retarded.  Simul- 
taneously start  a  stop-watch,  and  stop  it  as  the  ball  issues 
from  the  tube  at  the  other  end.  Repeat  several  times  and 
also  vary  the  inclination.  The  other  data  are  obtained  as 
in  the  preceding  Article.  The  diameter  of  the  tube  should 
be  at  least  3  times  that  of  the  ball,  as  otherwise  wind 
currents  will  be  set  up  in  the  tube.  The  result  is  calculated 
from  formula  (iv)  in  the  preceding  Article. 

Example.  The  following  results  were  obtained  in  this  way, 
using  a  steel  ball  -6  cm.  diameter,  and  a  glass  tube  158-2  crn. 
long  and  1'9  cm.  internal  diameter.  A  number  of  experiments 
were  carried  out  at  each  of  three  inclinations,  as  follows. 

s.  T.  19 
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Expt. 

Height  of 
upper  end 

Height  of 
lower  end 

Difference 
in  level 

Time  in 

sees. 

Average 
time 

Value 
Off 

A 

10'3  cm. 

3  cm. 

7  '3  cm. 

3-1,   3-1 
3-2,   3-1 

3-125 

979 

B 

5-4 

3-7 

1-7 

6-4,  6-6 
6-6 

6-53 

963 

C 

13 

2-5 

10-5 

2-6,  2-6 
2-6 

2-6 

984 

Mean  value  for  #  =  975  cm.  per  sec.2 

193.  METHOD  VI.  By  the  pendulum  and  weight. 
This  simple  apparatus  consists  of  a  vertical 
board  (fig.  173),  with  a  pivot  b,  on  which  the 
wooden  lath  a  swings  like  a  pendulum.  A 
sliding  weight  c  enables  us  to  vary  its  periodic 
time.  This  time  for  any  given  position  of  c  is 
determined  carefully  by  Method  I.  Then  the 
lath  is  drawn  aside  by  the  thread  h,  which 
passes  over  the  pulleys  e  and/,  and  carries  at 
its  other  end  an  angular  weight  d.  The  weight 
d  is  at  a  definite  point  a  known  distance  above 
the  base  of  the  instrument  and  is  so  placed 
that  when  the  lath  is  vertical,  d  will  just 
graze  it  ;  it  is  covered  with  chalk.  On  putting 
a  lighted  match  to  h,  the  weight  falls  and  is 
struck  by  the  swinging  lath  exactly  a  quarter 
of  its  periodic  time  after  starting.  It  makes  a 
chalk  mark  on  the  lath  where  struck,  and  the 
vertical  distance  of  this  below  the  initial  posi- 
tion of  d  gives  us  s. 

Then  we  get 


Fig.  173. 


and,  as  we  can  determine  t  and  s  very  closely,  it  gives  very 
good  results. 
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194.  METHOD  VII.  By  a  dropping  plate  and  tuning- 
fork.  This  is  a  modification  of  the  experiment  described  in 
Art.  166.  The  plate  of  smoked  glass  slides  freely  in  two 
vertical  grooves,  a  cloth  or  velvet  pad  being  placed  underneath 
it  to  reduce  the  "jar "  on  stopping  the  plate.  The  fork, 
having  been  placed  in  position  at  the  lower  end  of  the  plate, 
is  set  in  vibration,  tracing  a  straight  line,  and  the  plate  is 
then  allowed  to  drop  freely. 

If  a  given  distance  be  measured  off  from  the  straight  line 
and  the  number  of  vibrations  in  it  counted,  we  know  s  and  t, 

,    .  at2 

and.  since  s  =  '— ,  we  get 

25 


If  the  fork  is  one  of  great  frequency,  the  waves  at  the 
commencement  of  the  motion  will  be  very  close  together  and 
some  difficulty  will  be  found  in  counting  them.  The  plate 
may  then  be  raised  to  a  greater  height,  so  that  it  has 
gathered  a  considerable  velocity  before  reaching  the  fork. 
Count  off  the  number  of  vibrations  made  in  T1^  sec.  (say  n). 
Measure  the  length  of  the  first  n  vibrations  (=  s),  and  of  the 
next  n  (=  s^.  Then 

-5)    (ii). 


19—2 


CHAPTER  XXII. 

THE  BAROMETER  AND  BOYLE'S  LAW. 
THE   BAROMETER. 

195.  We  have  already  seen  (Art.  73)  that  if  we  have  a 
U  tube  partly  filled  with  a  liquid  or  liquids,  the  pressure 
per  unit  area  at  the  base  of  each  arm  is  the  same. 

It  must  not  be  forgotten  however  that  this  pressure 
includes  that  of  the  superincumbent  atmosphere. 

Hence,  if  we  close  one  end  of  the  U  tube  and  by  any 
means  remove  the  air  enclosed  in  it  we  shall  get  a  fresh 
state  of  equilibrium,  viz.,  the  pressure  of  the  fluid  in  the 
closed  arm  equals  the  pressure  of  the  fluid  in  the  open  arm, 
together  with  the  atmospheric  pressure,  provided  the  liquid 
does  not  reach  the  top  of  the  closed  limb. 

From  this  we  see  that  the  atmospheric  pressure  will  be 
proportional  to  the  difference  in  level  of  the  fluid  in  the  two 
arms  of  the  U  tube. 

This  is  essentially  the  principle  of  the  mercury  or  other 
fluid  barometer. 

It  is  found  that  usually  under  such  circumstances  the 
difference  in  level  in  the  two  arms  of  the  U  tube,  if  mercury 
is  used,  is  about  J  metre,  and  the  so-called  normal  or  standard 
atmospheric  pressure  is  taken  for  scientific  purposes  as  '76 
,  76  centimetres,  or  760  millimetres. 
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This  implies  that  the  atmospheric  pressure  per  sq.  cm.  is 
equal  to  the  pressure  that  would  be  exerted  on  its  base  by 
a  vertical  column  of  mercury  760  mm.  high,  and  1  sq.  cm. 
in  cross  section. 

Since  the  specific  gravity  of  mercury  is  13*596  this  will 
give  us  a  pressure  equal  to  the  weight  of  76  x  13'596  grams 
per  sq.  cm.,  that  is,  1,033*3  grams  per  sq.  cm.,  or  1,013,663 
dynes  per  sq.  cm. 

For  ordinary  calculations  1,014,000  dynes  per  sq.  cm.  is 
sufficiently  accurate. 

It  has  been  repeatedly  suggested  to  adopt  a  megadyne 
(=  1,000,000  dynes)  as  the  standard  pressure,  but  so  far  the 
alteration  has  not  been  very  favourably  received.  This 
would  make  the  normal  barometric  height  =  750*1  mm. 

If  we  express  the  above  quantities  in  pounds  and  inches, 
we  get  29*92  inches  as  the  standard  mercurial  barometric 
height,  giving  a  pressure  equal  to  that  of  a  weight  of 
14*69  Ibs.  on  every  square  inch,  or  approximately  14|  Ibs. 
per  sq.  inch.  This  is  equal  to  2115  Ibs.  per  sq.  foot,  or 
nearly  19  cwt.  per  sq.  ft. 

Since  the  specific  gravity  of  mercury  is  13*596,  a  column 
of  water,  in  order  to  exert  a  similar  pressure,  would  have  to 
be  13*596  times  as  high;  that  is  to  say,  1033*3  cms.  or 
33-9  ft.  high. 

Hence  the  tube  of  a  water  barometer  would  need  to  be 
about  36  ft.  long,  and  such  an  instrument  would  be  too 
cumbersome  for  ordinary  use,  even  if  it  did  not  also  have 
other  obvious  disadvantages. 

196.  To  construct  a  simple  barometer.  Take  a  clean 
glass  tube  about  a  metre  long  and  *7  cm.  internal  diameter, 
and  close  it  at  one  end.  Place  it  on  a  small  wooden,  tray 
(to  catch  any  spilt  mercury)  with  its  open  end  upwards,  and 
pour  in  clean  mercury  until  within  3  or  4  cm.  of  the  top. 
Then,  placing  one  finger  over  the  open  end,  invert  the  tube 
several  times.  The  contained  air,  in  passing  from  end  to 
end  of  the  tube,  will  carry  along  with  it  any  air  bubbles 
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adhering  to  the  sides.  When  none  of  these  can  be  seen 
along  the  tube,  fill  it  up  completely,  close  the  opening 
with  the  forefinger,  invert  the  tube,  and  place  it  vertically, 
open  end  downwards,  in  a  small  bowl  of  mercury.  It  will  be 
found  that  the  tube  will  not  now  remain  full,  the  space  in  the 
upper  part  being  what  is  known  as  a  Torricellian  vacuum. 
Carefully  measure  the  vertical  distance  between  the  levels  of 
the  mercury  in  the  tube  and  the  bowl.  This  should  give  us 
the  barometric  height. 

Now  slightly  incline  the  tube.  The  mercury  will  fill 
more  of  the  tube  than  before.  Again  measure  the  vertical 
difference  in  levels.  It  will  be  exactly  the  same  as  before. 

To  ascertain  if  all  the  air  has  been  removed  from  the 
tube,  bring  the  top  end  down  until  its  vertical  height  above 
the  mercury  in  the  bowl  is  less  than  the  barometric  height. 
The  mercury  will  ascend  the  tube,  and,  there  being  no  air 
cushion  to  break  the  impact,  will  strike  the  top  of  the  tube 
with  a  sharp  click.  This  must  be  done  carefully,  or  the  blow 
may  break  the  tube. 

197.  To  use  a  Siphon  Barometer  (fig.  174).  This  is 
the  simplest  form  of  barometer  suitable  for  use  in  a  labora- 
tory. It  is  filled  as  in  Art.  196,  so  far  as  the  longer  arm  is 
concerned,  enough  mercury  being  poured  in  to  fill  the  longer 
arm  and  3  or  4  cms.  of  the  shorter  arm.  It  is  then  fixed  in 
a  vertical  position  to  the  wall  or  to  a  wooden  stand.  In 
some  instruments  the  wide  parts  of  the  tubes  are  graduated, 
but  in  others  a  wooden  or  paper  scale  must  be  fixed  between 
the  arms.  In  either  case,  the  level  of  the  mercury  in  each 
arm  must  be  read,  and  the  difference  in  level  calculated. 
This  gives  us  the  barometric  height. 

Particularly  notice  that  the  barometric  height  does  not 
vary  at  the  same  rate  as  the  level  of  the  mercury  in  the  long 
arm.  A  moment's  thought  will  show  that  if  the  mercury 
rises  in  the  long  arm,  it  must  descend  in  the  other  arm, 
so  that  the  change  in  barometric  height  is  always  greater 
than  the  change  in  level  in  the  long  arm. 
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Fig.  176. 


Fig.  175. 
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Hence,  except  where  special  provision  is  made  for 
standardising  the  height  in  the  short  arm  (see  Art.  198), 
two  readings  are  necessary. 

198.  The  Fortin  Barometer.  This,  which  is  the 
standard  barometer  in  most  physical  laboratories,  is  a 
Cistern  Barometer.  It  consists  (fig.  175)  of  a  straight  glass 
tube,  having  its  open  lower  end  fastened  into  a  small  cistern. 
This  cistern,  which  is  shown  enlarged,  and  partly  in  section 
in  fig.  176,  is  the  most  important  part  of  the  apparatus. 
It  is  cylindrical  in  shape,  the  upper  portion  being  made 
of  glass,  and  the  lower  of  boxwood.  The  top  of  the  cistern 
consists  of  a  metal  or  wooden  disc,  through  which  the 
barometer  tube  passes  ;  and  projecting  down  from  it  into  the 
cistern  is  an  ivory  style,  the  point  of  which  is  the  zero  of  the 
barometer  scale.  The  bottom  of  the  mercury  reservoir  is  a 
flexible  bag,  made  of  buckskin,  and  securely  attached  to  the 
boxwood  side  of  the  cistern.  This  buckskin  bag  rests  on 
a  boxwood  plug,  which  in  turn  is  supported  by  a  vertical 
screw  passing  through  the  bottom  of  the  barometer  case. 
On  turning  this  screw,  the  buckskin  bag  can  be  raised  or 
lowered,  and  so,  the  volume  of  the  reservoir  being  changed, 
the  heights  of  the  mercury  in  the  tube  and  cistern  are 
altered. 

The  barometer  scale  is  usually  only  graduated  between 
27  inches  (685  mm.)  and  32  inches  (813  mm.),  the  remainder 
of  the  tube  being  enclosed  in  a  brass  case  for  safety. 

The  readings  in  inches  and  centimetres  are  on  opposite 
sides  of  the  tube,  and  both  sets  give  the  exact  distance 
(at  0°  C.)  from  the  point  of  the  ivory  index  in  the  reservoir. 

Sliding  over  the  tube,  between  these  two  scales,  is  a  metal 
vernier  actuated  by  a  screw. 

The  whole  apparatus  is  generally  fixed  rigidly  in  a 
vertical  position. 

To  take  a  reading  by  Fortin's  Barometer.  First  look  at 
the  mercury  in  the  cistern  and  see  if  its  upper  surface  coin- 
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cides  with  the  point  of  the  ivory  index.  If  not,  turn  the 
base  screw,  until  the  point  of  the  index  and  its  reflected 
image  in  the  mercury  just  coincide.  Then,  by  the  upper 
screw,  move  the  vernier  until  its  lower  edge  just  meets  the 
top  of  the  mercury  column,  and  read  off  the  barometric 
height  on  the  scale  and  vernier. 

Temperature  error.  The  readings  by  the  above,  or  any 
other  barometer,  are  only  strictly  correct  at  one  fixed 
temperature,  usually  0°  C.  For  at  any  other  temperature 
the  mercury  changes  its  volume  and  therefore  its  density. 

Let  H  =  barometric  height  at  0°  C. 

Ht  =  barometric  height  at  f  C. 
S  =  density  of  mercury  at  0°  C. 
&t  =  density  of  mercury  at  t°  C. 
p  =  atmospheric  pressure. 

Then  =  H8  =  HtS 


where  v  and  vt  are  the  volumes  of  the  same  quantity  of 
mercury  at  0°  C.  and  t°  C.  respectively. 

mi       f  Ht  —  Hvt—v 

Therefore  -^ —  =  -  —  , 

£1  V 

or  Ht  —  H 


but  -     —  =  the  cubical  expansion  of  mercury  between  0°  C. 

and  t°  C. 
=  coefficient  of  expansion  of  mercury  x  t. 

Hence  the  error  in  the  barometric  reading  due  to  the 
different  temperature  of  the  mercury  =  "OOQIStH. 

Also  the  brass  tube  which  carries  the  scale  lengthens  as 
the  temperature  rises,  and  thus  tends  to  bring  a  lower  mark 
on  the  scale  opposite  the  top  of  the  mercury  column. 
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The  correction  for  this,  in  like  manner,  is  '00001  9£/f, 
•000019  being  the  coefficient  of  linear  expansion  of  brass. 

Thus  the  error  due  to  the  expansion  of  the  brass  tends 
to  neutralise  that  caused  by  the  changing  density  of  the 
mercury,  and  the  total  error 

=  (•00018  -  -000019)  Iff 


To  reduce  the  barometric  pressure  to  0°  C. 
H=Ht-'QO 

TT 


that  is, 


whence,  by  expanding,  and  neglecting  terms  containing  t*  or 
higher  powers, 

H  =  Ht(l-  - 


Example.     The   temperature    is    30°  C.,    and   the   barometer 
reads  756-5  mm.     To  find  its  height  reduced  to  0°  C. 
H=Ht(l-  -000161*) 

=  756-5(1-  -000161  x30) 
-  756-5  x -99517 
=  752-85  mm. 

A  thermometer  is  attached  to  the  metal  case  of  the 
barometer  for  the  purpose  of  observing  the  temperature. 

BOYLE'S  LAW. 

199.  As  early  as  1662  Kobert  Boyle  published  an 
account  of  experiments  which  he  had  performed,  and  which 
led  to  the  enunciation  of  what,  in  this  country,  has  ever 
since  been  known  as  Boyle's  Law. 

This  may  be  expressed  in  either  of  two  ways : — 

(i)     The  density  of  a  gas,  at  constant  temperature, 
varies  as  the  pressure. 

(ii)     The   volume   of    a   gas,   the   temperature   being 
?.stant,  varies  inversely  as  the  pressure. 
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The  latter  of  these  is  the  form  generally  used. 
Calling  the  pressure  p,  and  the  volume  v,  we  get 
pv  =  a  constant. 

Strictly  speaking,  this  is  only  approximate.  Amagat  has 
shown  that  for  most  gases  the  value  of  the  "constant"  slowly 
decreases  up  to  a  pressure  of  about  20  atmospheres  and  then 
slowly  rises  again.  For  all  pressures  up  to  about  5  atmo- 
spheres, however,  the  law  may  be  taken  as  correct. 

Determination  of  Boyle  s  Law.  Very  fair  results  may  be 
obtained  with  the  simple  piece  of  apparatus  shown  in  fig.  177, 


Fig.  177. 


Fig.  178. 
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consisting  of  a  glass  tube  having  the  shorter  arm  sealed  up. 
The  form  shown  in  fig.  178  is  however  much  better,  inasmuch 
as  when  dry  air  has  once  been  introduced  into  the  short  arm, 
and  the  mercury  run  in,  the  apparatus  can  be  used  over  and 
over  again  without  replenishing. 

Description  of  apparatus.  The  short  arm,  B,  is  sealed  at 
the  top  and  is  accurately  calibrated  in  cubic  centimetres  and 
tenths  of  a  cubic  centimetre.  Attached  to  its  lower  extremity 
is  a  long  piece  of  pressure  tubing,  the  other  end  of  which  fits 
on  to  the  movable  tube  A,  running  in  a  groove  in  the  frame- 
work. Between  A  and  B  is  a  vertical  cm.  scale. 

To  prepare  the  apparatus.  Remove  the  rubber  tube  from 
the  movable  tube  A,  and  having  exhausted  the  rubber  tube 
and  short  arm,  by  a  water  pump,  or  by  other  means,  allow 
fresh  air  (or  gas)  to  enter,  through  calcium  chloride  tubes. 
This  should  be  repeated  at  least  twice.  Then  attach  the  arm 
A,  partly  fill  with  clean  and  freshly  boiled  mercury,  and  by 
alternately  elevating  and  lowering  B,  allow  some  of  the  dry 
air  or  gas  in  B  to  escape  through  the  mercury,  so  that  when 
the  liquid  is  at  the  same  level  in  both  arms,  the  glass  tube  B 
is  about  two-thirds  full  of  air.  Then  fix  the  tubes  in  position 
on  the  wooden  frame.  Add  enough  mercury  to  show  in  A 
and  B. 

To  perform  the  experiment.  Slide  the  arm  A  as  far  down 
as  it  will  go.  Take  the  following  readings  :  — 

(i)     Volume  of  gas  in  glass  tube  B. 

(ii)     Position  of  mercury  on  vertical  scale  in  tube  A. 


The  two  latter  readings  are  easily  taken  by  placing  a  set 
square  against  the  scale  and  sliding  it  up  or  down  until  it 
coincides  with  the  mercury  surface. 

Then  move  the  tube  A  about  4  inches  up  the  groove  and 
repeat  the  readings.  Continue  until  A  is  as  high  as  it  will 
go.  At  least  8  determinations  should  be  made.  Then  carefully 
read  the  atmospheric  pressure  by  the  barometer  in  the 
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laboratory.  This  is  ne.cessary  because,  the  movable  tube 
being  open,  there  is  a  pressure  equal  to  that  of  the  atmo- 
sphere on  the  surface  of  the  mercury. 

Tabulate  your  results  as  follows  : — 


No. 
of 
Exp. 

Height  of 
mercury  in 
movable  arm 
A  in  cm. 

Height  of 
mercury  in 
fixed  arm 
£  in  cm. 

Excess  of 
height  in  A 
over  that  in 
JB(=Ccm.) 

Total  pressure 
on  gas=Ccm. 
+atmos.  press. 
(73-82  cm.)=P 

Volume  of 
enclosed  air 
inc.c.=  K 

PxF 

1 

5-95 

5-95 

0 

73-32 

15 

1099-8 

2 

23-9 

8-6 

15-3 

88-62 

12-35 

1094-4 

3 

36-55 

10-0 

26-55 

99-87 

10-95 

1093-6 

4 

50-95 

11-25 

39-7 

113-02 

9-7 

1096-3 

5 

63-75 

12-2 

51-55 

124-87 

8-75 

1092-6 

6 

74-05 

12-8 

61-25 

134-57 

8-15 

1096-7 

7 

89-55 

13-6 

75-95 

149-27 

7-35 

1097-1 

8 

115-15 

14-65 

100-5 

173-82 

6-3 

1095-1 

9 

140-65 

15-45 

125-2 

198-52 

5-5 

1091-8 

l 

i 

The  results  in  the  last  column  should  not  differ  by  more 
than  25. 

[Should  an  accurately  calibrated  tube  not  be  available, 
an  ordinary  glass  tube  will  give  satisfactory  results  provided 
its  cross-section  be  nearly  uniform.  In  some  respects  it 
facilitates  the  working  of  the  experiment,  since  if  we  know 
the  reading  on  the  scale  opposite  the  top  end  of  the  short 
tube,  and  deduct  from  it  the  reading  of  the  mercury  in  the 
short  tube,  we  obtain  the  length  of  the  column  of  gas  under 
consideration.  This,  since  the  cross  area  of  the  tube  is 
constant,  will  always  be  proportional  to  the  volume  of  gas, 
and  so  far  as  the  result  of  the  experiment  is  concerned,  may 
be  substituted  for  F.] 

Finally  plot  your  results  on  squared  paper,  taking  the 
volumes  for  ordinates,  and  the  corresponding  pressures  for 
abscissae. 

The  curve  obtained  is  called  an  Isothermal  of  the  gas, 
and  should  be  a  rectangular  hyperbola  (fig.  179). 

The  values  of  P  and  V  may  also  be  graphed  in  another 
manner.  Plot  the  values  of  log  P  as  ordinates  and  the 
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corresponding  values  of   log  V  as  Abscissae. 
the  resulting  points  will  be  a  straight  line. 


[CHAP. 
The  locus  of 
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Pressure  in  centimetr.es  of  mercury. 
Fig.  179. 

This  is  a  very  easy  method  of  determining  whether 
any  given  series  of  experiments  follow  the  law  xyn  —  c 
(a  constant). 

For  if  so,  then 

log  x  +  n  log  y  =  G  (a  constant). 
This  is  an  equation  of  the  form 
y  =  mx  +  c 
and  its  graph  is  therefore  a  straight  line*. 

200.  To  determine  the  atmospheric  pressure  by  means 
of  Boyle  s  Law.  Take  a  piece  of  glass  tubing  about  half 
a  metre  long,  of  uniform  narrow  bore  (not  more  than  '2  cm. 
diameter),  and  close  one  end.  Support  it  vertically  with  its 


*  J.  Perry,  Calculus  for  Engineers,  p.  17. 


xxn]  BOYLE'S  LAW  301 

open  end  dipping  into  an  evaporating  basin  containing  some 
mercury.  Gently  warm  the  tube  ;  the  contained  air  will 
expand,  and  some  of  it  will  bubble  through  the  mercury. 
On  allowing  to  cool,  the  contracting  air  will  suck  up  a 
column  of  mercury  after  it.  When  about  5  cm.  have  been 
drawn  up  the  tube,  carefully  remove  the  latter  so  as  not  to 
break  the  column  of  mercury,  and  lay  aside  until  quite  cool. 
Then  carefully  measure  the  length  of  the  mercury  column  in 
mm.  (  —  ra).  Fix  the  tube  quite  vertically,  with  the  open 
end  downwards  and  measure  the  length  of  the  column  of 
enclosed  air  (  =  ^).  Invert  the  tube  ;  the  mercury  will 
advance  further  into  the  tube;  again  measure  the  air 
column  (  =  12).  Let  P  be  the  atmospheric  pressure  in  mm. 
of  mercury. 

In  the  first  case,  the  pressure  on  the  air  in  the  tube 
equals  the  atmospheric  pressure  diminished  by  the  counter- 
acting thread  of  mercury  (  =  P  —  ?u).  In  the  second  case, 
the  mercury  increases  the  atmospheric  pressure,  making  the 
total  pressure  P  4-  m. 

Also  since  the  bore  of  the  tube  is  uniform,  the  volume  of 
enclosed  air  varies  with  the  length  of  the  column. 

Thus  using  Boyle  s  Law  we  get 


that  is,  /!  (P  -  ra)  =  12  (P  -f  m), 

l,P  -  If  =  l,m  -f  km, 

L+L 
hence  P  =  -±  —  f  .  m. 

11~12 

This  is  practically  an  air  barometer,  the  mercury  isolating 
a  fixed  quantity  of  air. 

A  similar  process  is  often  very  useful  as  a  means  of 
finding  the  capacity  of  a  small  bulb  in  terms  of  the  capacity 
of  unit  length  of  a  -fine  tube. 
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EXAMPLES   XIX. 

1.  Construct  a  simple  barometer,  as  described  in.  Art.  196, 
and  take  a  reading  by  it. 

2.  Read  the  barometric  height  by  a  standard  barometer.     If 
this  does  not  agree  with  the  result  of  Example  1,  try  and  suggest 
the  cause  of  the  discrepancy. 

3.  Reduce  your  reading  in  Example  2,  to  0°  C. 

4.  Investigate  the  truth  of  Boyle's  law,  using 

(a)  dry  air, 

(b)  dry  hydrogen. 
Plot  your  results  on  squared  paper. 

5.  Find  the  atmospheric  pressure  by  the  method  of  Art.  200, 
and  compare  with  the  standard  barometer. 

6.  Find  the  capacity  of  a  small  bulb  blown  on  the  end  of  a 
narrow  tube  of  known  cross  section. 

7.  The  barometric  height  at  42°  C.  was  757*4  mm.     Deter- 
mine the  corresponding  heights 

(a)  at  0°  C. 

(b)  at  27-5°  C. 


CHAPTER  XXIII. 


THE  DETERMINATION  OF  MOMENTS  OF  INERTIA. 

201.  If  a  mass  M  be  moving  without  rotation  in  a 
straight  line  with  uniform  velocity  v,  its  kinetic  energy  =  —(~ 

(Art.  170).  This  is  clearly  equal  to  the  sum  of  the  kinetic 
energies  of  all  of  its  individual  particles  (of  mass  w),  having 
a  common  velocity  v. 

If  however  the  motion  be  one  of  rotation  about  a  fixed 
axis,  the  different'  particles  will  no  longer  have  a  common 
velocity,  as  it  will  vary  with  the  distance  from  the  axis  of 
rotation. 

Since  v,  expressed  as  angular  velocity  =  rw,  where  r  is  the 
distance  from  the  axis  of  rotation  (Art.  162),  we  get 


But  in  a  rigid  body  the  angular  velocity  o>  is  the  same 


for  every  particle,  so  that  the  kinetic  energy  =  —  S 


The  quantity  S?^r2  is  termed  the  moment  of  inertia  of  the 
body  about  the  given  axis,  and  is  generally  designated  /. 

Radius  of  Gyration  (k).     Let  k  be  a  length  such  that 
Mk*  =  2 


then  k  is  termed  the  radius  of  gyration,  and  is  the  distance 
from  the  rotational  axis  where  the  whole  mass  may  be  taken 
as  concentrated. 


s.   T. 
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For  symmetrical  figures  /  is  most  readily  determined  by 
integration.  A  full  discussion  of  this  method  will  be  found 
in  any  text-book  on  Kigid  Dynamics.  One  case,  however, 
(viz.  that  of  a  thin  rectangular  lamina  rotating  about  one 
of  its  sides)  is  given  here,  partly  as  illustrating  the  method, 
and  partly  in  order  to  demonstrate  an  important  theorem. 
(Art.  202  (ii).) 

202.  (i)  To  determine  the  moment  of  inertia  of  a  rect- 
angular lamina  rotating  about  an  axis  in  its  plane,  passing 
through  its  centre  of  gravity.  Let  A  BCD  (fig.  180)  be  a 

M 


^ 

-           > 

> 

\                 I 

?            i 

>              \ 

<--.*•--  > 

[ 

D                           F 

^         C 

Fig.  180. 


thin  rectangular  lamina  of  length  I  and  breadth  6,  and  let  m 
be  the  mass  of  unit  area.  Then  its  total  mass  =  m&£.  Let 
it  rotate  about  the  axis  EF,  passing  through  its  centre  of 
gravity.  It  may  clearly  then  be  regarded  as  two  laminae 

each  of  length  ^. 

Take  two  straight  lines  very  close  together,  parallel  to 
EF,  and  at  distances  from  it  x  and  x  +  doc  respectively.  Then 
the  area  of  the  strip  between  the  two  lines  is  b  .  dx,  and  its 
moment  of  inertia  about  EF  =  mbdxxx*.  Since  the  whole 
lamina  is  made  up  of  similar  strips,  its  moment  of  inertia 


/«  = 


mbx-dx 
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•2 

=  2mb  I    x~dx 
o 

I3 


mbl  x      » 


This  is  equal  to  J/&2,  whence  we  get 

I 


(ii)  To  determine  its  moment  of  inertia  about  a  parallel 
axis  MN  at  a  distance  c  from  EF.  Proceeding  as  before, 
we  get 


Hence  we  see  that  the  moment  of  inertia  about  an  axis 
through  the  centre  of  gravity  is  increased  when  rotating 
about  a  parallel  axis  at  a  distance  c,  by  the  product  of  the 
mass  into  the  square  of  the  distance  between  the  two  axes. 

(iii)  To  find  the  moment  of  inertia  of  a  thin  lamina 
about  an  axis  passing  through  its  centre  of  gravity  and 

20—2 
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perpendicular  to  the  plane  of  the  lamina.     This  is   known 
as  the  polar  moment  of  in- 
ertia. 

Ip  =  ^mr^  (fig.  181) 


Fig.  181. 


/  =  mass  x 


where  x  and  y  are  two  axes 
in  the  plane  at  right  angles 
to  each  other. 

203.  RoutJis  Rule. 

Many  of  the  simpler  solids 
have  3  axes  mutually  at  right 
angles  and  passing  through 
the  centre  of  gravity,  and  are  symmetrical  about  each  of 
these  axes.  In  such  cases,  when  the  axis  of  rotation 
coincides  with  one  of  these  axes  we  get 

sum  of  the  squares  of  the  other  two  semi-axes 

—  , 
c 

where       c  =  3  when  rectangular 

=  4       „      elliptical  (including  circular) 
=  5       „      ellipsoidal  (including  spherical). 

Students  should  work  out  for  themselves  the  value  of 
/  for  triangles,  circular  discs  and  spherical  and  cylindrical 
bodies  (both  solid  and  hollow),  about  axes  through  their 
centres  of  gravity. 

For  regular  laminae  and  solids  of  homogeneous  material 
the  preceding  methods  for  finding  /  are  the  best. 

Very  frequently,  however,  we  require  the  value  of  /  for 
an  irregular  body,  and  then  one  of  the  following  methods  is 
necessary. 

204.  First  Method.     Graphical  Method.    In  Art.  121 
a  graphical  method  of  finding  the  centre  of  gravity  of  an 
irregular  lamina  was  described.     If  in  exactly  the  same  way 
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we  obtain  a  second  derived  figure  (cross-hatched  in  fig.  182) 
\ve  can  ascertain  /  or  K  for  the  original  area  about  the  axis 
XX'. 


M 


IM 


Let 

A  —  area  of  original  figure, 
A-i  =       „     1st  derived  „ 
-4  3=:      „     2nd 

y  =  distance  of  centre  of  gravity  of  original  figure  from  XX', 
2A  =  »  „  »      1st  derived     „ 


Then 

Similarly 


(Art.  121). 


A., a 
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But  A  =  ^  '- 

hence  2/1 

and  yy1 

Now  if  /  be  the  moment  of  inertia,  Is  the  radius  of 
gyration  of  the  original  figure  about  XOX',  and  in  be  the 
mass  of  unit  area,  then 


Also  mA  A;2  =  /  =  mA  2a2, 


2  =  2/2/1- 

Note.     If  #    be   the   distance   between    the   centres    of 
gravity  of  the  original  and  1st  derived  figures,  we  get 

2/i  =  2/  +  *. 
Then  kz  =  y  (y  +  z) 


and   the  radius  of  gyration  about  a  parallel  axis  through 
cd  =  *Jytt  the  formula  employed  in  Art.  200. 

Alternative  method.  We  may,  in  order  to  avoid  the 
construction  of  the  second  derived  figure,  cut  out  the  first 
derived  figure,  and  find  its  centre  of  gravity  practically  (see 
Chap.  XIV). 

Let  its  distance  from  XX'  —  y^ 
Then  I 


but  Ay  —  Aid, 

hence  I  =  'itiaAJy1. 
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205.  Second  Method.  Graphical  Method.  In  Art. 
121  a  graphical  method  of  finding  the  centre  of  gravity  of  an 
irregular  area  was  explained.  By  a  slight  modification  of 
this,  the  moment  of  inertia  about  any  axis  can  be  found. 

Trace  the  area  on  squared  paper  and  let  its  area  —F. 
Divide  it  by  a  series  of  chords  parallel  to  the  given  axis  YY' 
(fig.  183).  Set  off  along  a  straight  line  parallel  to  YY't  dist- 


Fig.  183. 


/a,  etc.  proportional  to  the  areas  of  the  strips,  and  from 
the  middle  point  H  of  the  line  thus  obtained  set  off  a  perpen- 

fp 
dicular  HO  of  length  ^  on   the   same   scale.     This  gives  us 

the  pole,  0.  Then  construct  the  funicular  polygon  as  usual 
and  so  obtain  the  straight  line  ss',  which  will  pass  through 
the  c.G.  of  the  area. 

Find  the  area  of  the  figure  ghs  enclosed  by  the  funicular 
polygon  (=  Fi),  and  that  of  the  triangle  iks  enclosed  by  the 
axis  YY'  and  the  produced  sides  of  the  polygon  (=  Fy). 
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Then  if  /  be  the  moment  of  inertia  about  the  axis  ss', 
through  the  centre  of  gravity,  and  Iy  that  about  the  parallel 
axis  FF, 

and  Iy  =  F  (Fx  +  Fy). 

Proof.  Produce  two  adjacent  sides  of  the  polygon  to  cut 
5.9'  in  m  and  I  respectively. 

Let  #!,  #a,  etc.  be  the  distances  of  the  lines  flt  /2,  etc. 
from  FF'.  Then  since  the  triangle  nml  is  similar  to  the 
corresponding  triangle  in  the  force  polygon 

ml  _  _j/g_      fs 
a,"  OH~T' 
2 

multiplying  both  sides  by  -—-  we  get 
ml  x 


_ 


* 
=-r-  =  triangle  Imn. 


But  Swhi  =  F1}  and  2jfo2  =  /. 

Thus  F,  =      x  /, 


Also  since  the  triangle  /-5i  is  similar  to  the  whole  force 
polygon, 

let  =  ts  =  D, 

where  D  —  the  distance  between  YY'  and  ss'  and  so  the  area 
of  ksi  =  kt  xts  =  D*  =  Fy. 

Thus  /„  =  F  (F,  +  Fy).  (Art.  202.) 

206.  Third  Method.  If  the  body  be  suspended  from 
the  given  axis,  the  length  of  the  equivalent  simple  pendulum 
may  readily  be  found  (Art.  212).  This  gives  us  a  point 
known  as  the  centre  of  oscillation.  The  centre  of  gravity  of 
the  body  (or  rather,  its  distance  from  the  given  axis),  is  also 
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to  be  determined  (=  y}.  Then  if  z  be  the  distance  between 
the  centres  of  oscillation  and  gravity,  we  get  yz  =  k*  (Art.  204) 
where  k  is  the  radius  of  gyration  about  the  given  axis. 

Thus  I  =  M  (&2  +  J/2)  =  My(y  +  z). 


207.  Fourth  method.  By  an  oscillating  platform. 
If  a  horizontal  disc  or  platform  be  rigidly  attached  to,  and 
suspended  by,  a  wire  of  length  I,  and  then  be  made  to  rotate 
through  a  small  angle,  we  get 


~  .........  (i),       (Art.  220.) 

where  t  =  periodic  time, 

/  =  moment  of  inertia  of  platform, 
r  =  modulus  of  torsion  of  the  wire. 

If  then  the  body  whose  moment  of  inertia  is  required  be 
laid  on  the  platform,  so  that  its  centre  of  gravity  lie  in  the 
axis  of  the  wire  produced,  we  get 


where  i  =  moment  of  inertia  of  the  additional  mass. 


from  which  we  get 

i=^-£i (iii), 

so  that  if  /  be  determined  once  for  all  for  the  platform,  we 
can  determine  the  value  of  i  for  any  other  mass. 

As  an  alternative  method,  we  may  substitute  the  mass  for 
the  platform,  instead  of  adding  it,  and  we  then  get 


The  best  form  of  disc  to  employ  is  one  constructed  like 
a  balance  pan,  having  two  rigid  supports  meeting  over  its 
centre  of  mass,  where  the  wire  is  clamped  rigidly.  By  this 
arrangement,  we  can  centre  any  other  mass  without  being 
impeded  by  the  wire. 
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208.  Fifth  Method.  By  the  rate  of  rolling  down 
an  inclined  plane.  In  the  case  of  the  sphere  or  cylinder, 
the  radius  of  gyration  may  be  found  by  determining  the 
acceleration  down  a  plane  inclined  at  an  angle  6  to  the 
horizontal. 

In  Art.  1.92  we  saw  that  the  rate  of  change  of  velocity  of 
a  sphere  down  such  a  plane  was  affected  by  the  moment  of 
inertia  of  the  sphere  in  accordance  with  the  formula 

mgh  sin  Of  /Ci 

y-j--  -j;  ,  (See  Appendix.) 

T      nigh?  sin  0 
Ih  =  —  —j  -- 

Let  h  =  a  (the  radius  of  the  body). 
Then  p+^S** 


If  we  had  a  wooden  sphere  or  cylinder,  and  also  a  hollow 
metal  shell  of  the  same  dimensions  and  weight,  both  of 
identical  external  appearance,  the  latter  would  take  longer 
to  roll  down  a  given  plane  than  the  solid  body,  since  F  is  then 
a  larger  quantity. 

209.  To  prove  the  law  as  to  parallel  axes.  (Art. 
202  (ii).)  In  the  chapter  on  Elasticity  (Art.  221)  there  is 
a  description  of  Maxwell's  vibration  needle,  the  principle  of 
which  is  that  the  moment  of  inertia  may  be  altered  by 
varying  the  distance  from  the  axis  of  rotation  of  certain 
masses.  The  following  modification  of  this  instrument  will 
be  found  not  only  to  be  efficient  for  this  purpose,  but  it 
may  also  be  used  in  a  series  of  experiments  to  verify  the 
above  law. 

A  metal  rod  about  10  inches  long  (fig.  184),  and  of 
circular  or  square  cross-section,  has  a  series  of  parallel 
transverse  holes  drilled  in  it,  one  at  its  mass  centre,  and  the 
others  at  equal  and  known  distances  from  the  centre  one. 
An  electrical  terminal  screw  is  fixed  into  the  centre  hole,  to 
enable  us  to  suspend  it  from  a  wire. 
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A  and  B  are  two  metal  balls  of  identical  size  and  mass 
(which  must  be  considerable).     They  are  made  to  slide  on 


Fig.  184. 

the  metal  bar,  and  have  a  transverse  hole  corresponding  to 
those  of  the  bar.  Metal  pins,  of  equal  weight,  fit  into  these 
holes. 

To  perform  the  experiment  the  balls  are  set  at  the  two 
nearest  holes  to  the  centre  and  the  time  of  oscillation  deter- 
mined ;  this  process  is  then  repeated,  moving  the  balls 
farther  from  the  centre  each  time,  until  they  are  at  the 
extreme  ends  of  the  bar. 

Let  /!  be  the  moment  of  inertia  of  the  bar  about  the 

axis  of  the  wire. 
/„   be  the  moment  of  inertia  of  one  of  the  spheres 

(and  pins)  about  a  diameter. 
m   be  the  mass  of  a  sphere  and  pin. 
a    be  the  distance  of  pin  from  the  central  axis  in 

the  first  experiment. 

b    be  the  distance  in  the  second  experiment. 
Then  for  the  first  experiment 

and  for  the  second  experiment 
whence  by  subtraction 


(i), 


= 


(b2  -  a") 
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Thus  if  the  series  of  holes  are  equidistant  \ve  ought  to 
get  a  uniform  increase  in  the  moment  of  inertia  for  eacli 
succeeding  experiment. 

JO  10 

(Art.  207), 


Now 
so  that 


or 


tfr-f 


t*  -  1*      2 


, 

=  a  constant. 
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Fig.  185. 

Taking  if  —  V  as  ordinates,  and  lr  -  a-  as  abscissae,  we 
ought  to  obtain  a  straight  line,  if  the  law  be  true. 

The  following  readings  were  obtained  in  this  way,  and  the 
graph  plotted  as  in  fig.  185. 
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No.  of 

Expt. 

a 

b 

b-—a* 

t 

«i 

V-«2 

*,S-e« 
&2-0» 

1 

4-01  cm. 

4-82  sees. 

2 

6  '04  cm. 

20-4 

6-28  sees. 

16-21 

•79 

3 

8 

47-92 

7-82 

37-91 

•79 

4 

10-05 

84-89 

9-5 

67-01 

•78 

5 

12 

127-9 

11-16 

101-4 

•79 

209  a.  Sixth  method.  By  Bifilar  or  Trifilar  Suspen- 
sion. The  best  method  of  experimentally  determining  the 
radius  of  gyration  of  a  body  such  as  a  rod  or  board  is  to 
suspend  it  by  two  equal  strings  from  two  hooks  in  the 
ceiling.  The  body  is  then  made  to  oscillate  about  a  vertical 
axis  through  its  centre  of  gravity,  and  the  period  determined. 

Let  2a  =•  distance  between  the  points  of  attachment  of 
the  body,  26  =  distance  apart  of  the  hooks,  1  =  length  of 
each  string,  T—  period  of  oscillation  in  seconds,  k  =  radius 
of  gyration.  Then,  if  the  centre  of  gravity  be  midway 
between  the  two  strings,  it  can  be  shown*  that 


T= 


/I      k  .      Tjab 

=  2?r  A  /  -  .  -==  ,   whence    k  =  —=— 
v  g  Jab  27r 


If  the  strings  be  parallel,  6  =  a,  and  we  get 


A 

'-Evl- 


If  the  centre  of  gravity  divides  the  distance  between  the 
strings  (supposed  parallel)  in  the  ratio  of  n  :  1, 


I  ' 

If  the  polar  moment  of  a  flat  body  be  required  three 
strings  must  be  used,  the  points  of  attachment  and  suspen- 
sion forming  the  angles  of  an  equilateral  triangle,  of  which 
the  c.G,  is  the  centre.  In  this  case,  if  a  equals  the  distance 
of  each  string  from  the  axis,  the  same  formula  holds  good, 
namely 


Ta     /g 

2?vr 


See  Appendix,  p.  365. 


CHAPTER   XXIV. 

CENTRE   OF   PRESSURE. 

210.  If  every  unit  of  area  -  in  a  plane  surface  be 
subjected  to  an  equal  and  parallel  force,  these  forces  may 
be  replaced  by  a  resultant  force  parallel  to  them.  A  plane 
area  is  subjected  to  such  a  series  of  parallel  forces  when  it 
is  placed  in  a  horizontal  position  in  a  liquid,  or  even  in  the 
air.  The  sum  of  all  the  pressures  acting  on  the  various  parts 
of  the  area  is  known  as  the  total  pressure,  and  the  point 
through  which  such  a  total  pressure  must  act  in  order  to 
produce  the  same  effect  is  known  as  the  centre  of  pressure 
(denoted  by  II),  and  in  the  given  case,  viz.  that  of  uniform 
pressure,  it  coincides  with  the  centre  of  gravity  of  the  area. 

But  if  the  area  be  inclined  to  the  horizontal  this  is  no 
longer  the  case. 

Take  the  case  of  a  side  of  a  tank  filled  with  water.  The 
lower  layers  of  the  liquid  are  clearly  subjected  to  greater 
pressure  than  those  above  them,  and  since  they  transmit  this 
pressure  unaltered  to  the  sides  of  the  tank,  the  pressures  on  its 
lower  units  of  area  will  be  greater  than  those  on  its  upper 
ones  ;  hence  the  resultant  pressure  must  act  at  a  point  lower 
down  than  the  centre  of  figure  of  the  area. 

The  general  theory  of  the  determination  of  the  centre  of 
pressure  of  any  surface  area  immersed  in  a  fluid  may  be 
found  in  the  more  advanced  works  on  Hydrostatics,  such  as 
those  by  Greenhill  or  Minchin,  and  the  student  is  referred  to 
such  sources  for  further  investigation, 
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be  a 
C 


Two  fairly  easy  theoretical  methods  of  finding  H  for 
rectangular  areas  are  here  given,  as  a  means  of  checking 
practical  results. 

Students  may  apply  similar  methods  to  most  simple 
symmetrical  areas. 

Method  I.  (by  integration).  Fig.  186.  Let  BGDE 
cross-section  of  a  dam  of 
length  I,  restraining  water 
on  one  side,  the  top  surfaces 
of  water  and  dam  coinciding, 
and  let  h  equal  its  height. 
Neglecting  the  pressure  of 
the  atmosphere,  the  pres- 
sure per  unit  area  on  the 
dam  will  vary  directly  with 
its  depth  below  the  surface 
(see  Art.  211). 

Let  w  be  the  mass  of 
unit  volume  of  the  liquid, 
and  consider  a  very  narrow 
horizontal  strip  of  the  wall 
of  width  dz,  and  at  a  depth 

z  below  the  surface.     The  pressure  on  such  a  strip  will  be 
wlzdz. 


Fig.  186. 


Since  the  pressure  on  the  whole  area  will  be  the  sum  of 
the  pressures  on  a  seiies  of  such  strips  varying  in  depth  from 
0  to  h  units  we  get  as  the  total  pressure, 

h 

zdz 
o 

wlh2 


r 
Jo 


Let  this  total  pressure  be  supposed  to  act  at  some  point 
H  units  below  the  surface.  Then  the  moment  of  P  about 
the  surface  line  will  equal  the  sum  of  all  the  moments  of  the 
pressures  on  the  strips.  But  the  moment  of  each  pressure 
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equals    the    pressure    multiplied   by   its    depth    below    the 
surface,  hence 

PH**wlf 

Jo 

wlh2  wlh3 


that  is  to  say  a  single  pressure  at  a  point  two-thirds  of  the 
total  depth  will  produce  the  same  effect  as  (and  hence  could 
counteract)  the  pressure  of  the  liquid. 

Method  II.     For  symmetrical  areas  of  simple   form  H 
may  be  calculated  from  the  formula 

„    k*  +  l* 
~~' 


where  k  is  the  radius  of  gyration  of  the  area  about  an  axis 
through  its  centre  of  gravity,  G,  and  I  is  the  vertical  distance 
of  G  below  the  free  surface  of  the  liquid  *. 

Now  the  radius  of  gyration  of  a  body  about  an  axis 
passing  through  its  centre  of  mass  can  be  easily  found  for 
simple  solids  by  Routlis  Rule  (Art.  203). 

Example.  Find  the  centre  of  pressure  of  a  vertical  square 
area  of  4  foot  edge  with  one  edge  horizontal  and  (i)  in  the  free 
surface  of  the  liquid,  (ii)  8  feet  below  the  surface. 


•  =  2£  ft.  below  the  surface. 


(ii)    H=  — '• — — =  10-13  ft.  below  the  surface. 

*  See  Goodman,  Mechanics  applied  to  Engineering,  p.  460. 
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Let  z  be  the  depth  of  the  centre  of  pressure  below  G.     Then, 

TT        Ki     ~\-  i"  ,        rT         7 

since  a-  —  j  —  ,  and  ff=l  +  z, 

k2  +  F 
we  get  I  +  z  =  —  —  , 


that  is  to  say,  lz  =  lt?  =  a,  constant  (see  Art.  206). 

From  this  we  see  that  as  the  depth  of  the  immersion  of  the 
plate  increases,  H  approaches  Gr,  with  which  it  would  coincide  at 
an  infinite  depth. 

These  methods  have  been  described  here,  partly  because  they 
are  not  ordinarily  met  with,  but,  with  respect  to  the  second 
method,  because  most  advanced  works  on  dynamics  contain 


a  proof  that  the  formula  —  ^  —  gives  us  also  the  Centre  of  Per- 

cussion (Art.  182)  and  the  Centre  of  Oscillation  (Art.  189)  of  the 
area  \  that  is  to  say,  if  the  object  were  suspended  from  a 
horizontal  axis  coinciding  with  the  effective  surface  of  the  liquid, 
a  horizontal  blow  struck  at  //  would  produce  pure  rotation  about 
that  axis,  whilst  if  it  be  allowed  to  oscillate  about  such  an  axis, 
its  periodic  time  will  be  the  same  as  that  of  a  Simple  Pendulum 
//  units  long 

This  gives  us  the  most  convenient  method  of  finding  the  centre 
of  pressure  of  an  area  practically. 

211.  Experimental  proof  that  the  pressure  of  a  liquid 
increases  uniformly  with  the  depth. 

Take  a  piece  of  glass  tubing  about  1  cm.  in  diameter  and 
a  metre  long,  and  bend  it  twice  near  one  end  so  that  the  two 
arms  of  the  tube  are  parallel.  Fix  it  vertically. 

Pour  mercury  into  the  tube  until  it  reaches  about  10  cm. 
up  each  arm.  Then  pour  a  little  water  (about  5  c.c.)  into 
the  longer  arm,  carefully  measure  the  length  of  the  column 
of  water  and  also  the  difference  between  the  levels  of  the 
mercury  in  the  two  arms,  due  to  the  pressure  of  the  water. 

Repeat  this  at  intervals  until  the  long  arm  is  full  of 
water. 

8.     T.  21 
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Plot  your  results  on  squared  paper,  marking  the  lengths 
of  water  columns  as  abscissae,  and  the  differences  in  levels  of 
the  mercury  as  ordinates.  The  resulting  locus  will  be  a 
straight  line  passing  through  the  origin,  showing  that  the 
pressure  of  a  column  of  water  varies  directly  as  its  height. 

212.  Practical  determinations  of  the  centre  of 
pressure  of  an  area. 

Method  I.  The  following  method  may  be  used  for 
demonstration  as  it  is  a  direct  method.  Its  employment 
is,  however,  very  limited. 

Take  a  rectangular  or  semicircular  plate  and  place  it 
vertically  in  a  trough  which  it  just  fits  without  friction 
(i.&  its  edge  just  grazes  the  trough). 

Pour  dry  sand,  grain,  or  small  shot,  into  that  part  of  the 
trough  on  one  side  of  the  plate,  and  find  by  trial  where 
a  pencil  point  must  be  pressed  against  the  plate  on  the 
other  side  to  maintain  equilibrium.  This  point  will  be 
the  centre  of  pressure. 

Method  II.  We  have  already  seen  (Art.  210)  that  the 
centre  of  pressure  is  identical  with  the  centre  of  oscillation*, 
the  method  here  described  is  founded  on  this  principle. 

The  following  important  fact,  proved  in  any  manual  on 
hydrostatics,  must  first  be  stated. 

If  the  highest  point  of  the  area  be  below  the  surface  of 
the  fluid,  a  horizontal  line  may  be  drawn  through  the  top 
point  of  the  area,  and  the  pressure  of  the  fluid  above  this 
line  (including  the  atmospheric  pressure,  if  required)  will  be 
uniform  throughout  the  area,  and  its  resultant  will  therefore 
act  at  the  centre  of  gravity  of  the  area. 

(i)  Let  us  first  suppose  that  the  top  of  the  area  is  in 
the  surface  of  the  fluid,  and  neglect  the  atmospheric  pressure, 
and  let  the  area  be  a  rectangular  plate  ABCD  (fig.  187  a). 
Suspend  the  area  by  two  threads  to  a  horizontal  rod  coin- 
ciding with  AB.  Make  it  swing  through  a  small  angle 
about  AB  and  find  the  time  of  one  complete  oscillation, 
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(Art.  189).  Then,  either  by  trial,  or  by  calculation  from 
the  formula  r  =  STT^/  — ,  find  the  length  of  the  simple  pen- 
dulum that  has  the  same  periodic  time  (OP).  This  gives  us 
the  depth  of  H  below  the  surface.  Draw  a  horizontal  line 
mn  across  the  area  at  that  depth ;  then  If  will  lie  in  mn. 

E  S 


c  DC 

Fig.  1876. 

Note.  If  the  area  be  irregular  in  shape,  great  care  must 
be  taken  when  suspending  it  that  its  position  is  the  same  as 
when  in  the  fluid ;  that  is  to  say,  any  given  side,  AB,  must 
have  the  same  inclination  to  the  horizontal  in  both  cases. 

The  determination  of  the  exact  position  of  H  on  the  line 
mn  may  prove  more  difficult. 

If  the  area  be  bounded  by  a  regular  polygon  (including 
the  circle)  H  is  always  vertically  below  G*. 

For  a  triangle  with  one  side  horizontal,  it  is  in  the  line 
joining  the  middle  point  of  that  side  with  the  opposite  angle. 

Also  in  any  case  (as  in  the  example),  where  the  area 
is  symmetrical  about  a  vertical  axis,  H  is  vertically  below  G. 

These  cases  cover  most  of  the  likely  instances. 

*  Greenhill,  Hydrostatics,  p.  67. 

21—2 
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For  irregular  areas  the  position  of  //  is  not  so  easy  to 
determine.  If,  however,  various  points  on  the  line  mn, 
drawn  on  the  suspended  area,  be  tapped  with  a  pencil  point, 
it  is  easy  to  find  a  point  where  simple  oscillation  takes  place 
without  any  lateral  rotation  or  twisting. 

(ii)  We  now  have  to  consider  the  case  when  no  part  of 
the  area  lies  in  the  free  surface  of  the  liquid  ;  or  when  we 
have  to  include  the  atmospheric  pressure,  which  is  normally 
equivalent  to  33'88  ft.  or  1032'8  cms.  of  water. 

We  have  seen  that  the  total  pressure  will  be  equal  to  the 
pressure  of  the  fluid  below  the  topmost  point  of  the  area, 
plus  a  uniform  pressure  acting  at  the  centre  of  gravity 
of  the  area. 

Determine  the  point  of  application  of  the  former  quantity 
j),  as  in  case  (i). 


Then  drawing  a  figure  to  scale  (fig.  187  b),  (the  actual 
outline  of  the  area  is  immaterial,  the  relative  positions  of  G 
and  H!  being  the  important  items),  draw  a  horizontal  line 
EF  at  a  distance  above  AB  corresponding,  on  the  given 
scale,  to  the  height  of  fluid  above  the  top  of  the  area. 

Take  any  point  S  in  EF,  not  in  the  same  straight  line  as 
G  and  Hl}  and  join  SG,  SHlt  and  GHl.  From  the  point  a 
where  the  line  SG  cuts  AB  (or  AB  produced)  draw  aH 
parallel  to  8Hlt  cutting  GHt  in  H. 


Then  H  will  be  the  Centre  of  Pressure  or  point  of  appli- 
cation of  the  total  pressure  compounded  of  the  uniform 
pressure  of  the  fluids  above  AB,  and  the  variable  pressure 
of  the  fluid  below  AB. 

This  method  might  seem  to  be  applicable  only  in  cases 
where  the  area  is  vertical  in  the  fluid;  but  whatever  the 
inclination  of  the  area  to  the  horizontal  (0),  the  pressure  on 
any  point  is  still  proportional  to  its  distance  from  the 
highest  point,  being  h  sin  0.  Hence  the  position  of  the  centre 
of  pressure  is  unaltered,  so  far  as  the  fluid  below  its  highest 
point  is  concerned.  For  the  total  pressure  in  case  (ii),  how- 
ever, the  vertical  depths  of  G  and  Hl  must  be  taken. 
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213.  Method  III.  Graphic  Method.  The  principle  of 
this  method  is  that  of  Modulus  Figures,  described  in 
J.  Goodman's  " Mechanics  applied  to  Engineering"  to  which 
students  are  referred  for  a  fuller  development  of  it. 


B. 


c{ 


Fig.  188. 

Let  amb  (fig.  188)  be  any  plane  area  (or  the  projection 
on  a  plane  of  any  curved  area),  immersed  in  a  fluid  with  oo 
as  its  free  surface. 

Through  the  lowest  point  of  the  area  draw  a  horizontal 
line  cd,  and  also  divide  up  the  area  by  any  number  of  straight 
lines  ab  parallel  to  cd. 

Project  these  on  to  the  base  (as  at  cd),  take  any  point  o 
in  the  free  surface  of  the  fluid,  and  join  oc,  od,  cutting  ab  in 
e  and/. 

From  o  draw  ogh  vertically,  cutting  ef  and  cd  in  g  and  h. 
Then  by  similar  triangles 

ef  _  cd  __  ab 
og     oh  ~~  oh ' 
or  efxoh  =  abx  og. 

That  is  to  say,  a  pressure  caused  by  a  head  of  water  equal 
to  oh,  on  the  strip  ef,  is  the  same  as  the  pressure  on  ab  due 
to  its  depth.  If  we  do  this  for  a  series  of  horizontal  strips 
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the  locus  of  ef  gives  us  the  shaded  figure  in  the  diagram  with 
a  constant  pressure  due  to  a  depth  o/t,  and  consequently  this 
pressure  can  be  concentrated  at  C,  the  centre  of  gravity  of 
the  shaded  figure.  This  point  C  then  is  also  the  Centre  of 
Pressure  of  the  original  area. 

C  is  found  practically  by  cutting  out  or  tracing  the 
shaded  area  on  cardboard  or  tinfoil  and  proceeding  as  in 
Chapter  XIV,  or  it  may  be  determined  graphically  by  any 
of  the  methods  described  in  that  Chapter. 

Fig.  188  (A)  is  given  to  show  that  even  if  the  original 
perimeter  be  rectilinear  r  the  derived  perimeter  is  not  so, 
except  where  the  original  lines  are  either  horizontal  or 
vertical. 

The  total  pressure  on  the  original  area  will  be  the  shaded 
area  multiplied  by  the  product  of  the  depth  oh  and  the 
specific  gravity  of  the  liquid. 


CHAPTER  XXV. 

ELASTICITY. 

214.  Every  substance,  whether  solid  or  fluid,  undergoes 
distortion  when  any  external  force  is  brought  to  bear  on  it. 
If  the  distortion  be  not  too  great,  the  substance  will  com- 
pletely recover  from  it  when  the  distorting  force  is  removed. 
This  power  of  recovery  from  distortion  is  known  as  the 
elasticity  of  the  substance. 

The  complete  theory  of  elasticity  is  exceedingly  complex, 
and  indeed,  some  parts  of  it  have  not  yet  been  completely 
developed. 

Strain.  Any  distortion  in  a  substance  produced  by  an 
external  force  is  called  a  strain.  This  may  involve  a  change 
in  size  alone,  a  change  in  shape  alone,  or  a  combination  of 
the  two. 

We  get  an  instance  of  the  first  of  these  strains  if  we  place 
a  hollow  thin  rubber  sphere,  containing  air,  under  the  bell 
jar  of  an  air  pump,  and  exhaust  the  jar.  External  pressure 
being  removed,  the  air  in  the  sphere  expands. 

A  mass  of  jelly  illustrates  the  second  case,  since  it  can  be 
pressed  into  any  shape,  its  volume  remaining  unaltered. 

Finally,  a  cylindrical  cork  may,  by  pressure  on  its  ends, 
have  its  length  reduced  by  as  much  as  10  per  cent,  without 
any  change  in  its  lateral  dimensions*.  Here  we  have  change 
of  both  shape  and  size. 

*  Thomson  and  Tait,  Elements  of  Natural  Philosophy,  p.  247. 
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Stress.  Any  force  causing  a  strain  is  termed  a  stress', 
tension,  pressure,  flexure,  and  torsion  are  all  instances  of 

stresses. 

Hooke's  law.  Hooke  stated  that,  within  certain  limits, 
the  distortion  produced  in  a  substance  is  directly  proportional 
to  the  stress  producing  it.  This,  which  is  known  as  Hooke  s 
law,  is  the  basis  of  the  theory  of  elasticity. 

Thus,  for  any  body, 

stress 

— r-  =  c  (a  constant), 
strain 

Knowing  the  stress  and  strain  in  any  particular  case, 
their  ratio  can  easily  be  calculated,  but  its  value  (c)  is  com- 
paratively useless  for  reference,  since  it  only  applies  to  a 
given  piece  of  the  substance,  of  fixed  dimensions. 

If  however  we  adopt  (or  reduce  to)  unit  measurements, 
we  get  standard  values  of  c  for  particular  materials.  We 
therefore  reduce  these  strains  and  stresses  to  similar  ones 
involving  unit  dimensions,  and  so  get 

stress  per  unit  area         ^ 
strain  per  unit  length 

Coefficient  or  modulus  of  elasticity.  G  is  here  a 
quantity  depending 

(a)  on  the  nature  of  the  stress  and  of  the  resulting 

strain,  and 

(b)  on   the   nature   of  the   material   subjected  to  the 

strain, 

and  it  is  termed  a  Coefficient  or  Modulus  of  Elasticity.  More 
than  20  such  moduli  are  known,  but  only  two  or  three  will 
be  dealt  with  here. 

Elasticity  of  volume  (k).  Let  the  volume  of  a  body  be 
V,  and  its  surface  area  be  a. 

Also  let  it  be  subjected  to  a  total  pressure  P  distributed 
evenly  over  its  surface,  and  let  its  volume  be  thereby  reduced 
by  an  amount  v. 
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Then  we  get  the  diminution  per  unit  volume  ~--n->  and 

P 

the  pressure  per  unit  area  =  —  . 

stress     P      v      PV     n 
^=         = 


G  is  here  termed  the  coefficient  of  volume  elasticity,  or  the 
bulk  modulus,  and  is  usually  designated  by  k.  Its  reciprocal, 

j-  ,  is  known  as  the  compressibility  of  the  body. 

K 

This  will  only  be  the  case  if  the  body  is  '  isotropic,'  that 
is  to  say,  has  the  same  properties  in  all  directions,  so  that  the 
shape  of  the  body  under  uniform  pressure  will  be  similar  to 
its  original  shape.  Glass,  metals,  and  fluids  are  in  general 
isotropic.  If,  however,  we  repeated  this  experiment  with  a 
piece  of  wood,  we  should  find  the  compression  across  the  grain 
relatively  greater  than  that  along  the  grain.  Such  a  sub- 
stance is  termed  aeolotropic,  and  the  determination  of  its 
moduli  is  more  complex.  The  shapes  of  the  body  before  and 
during  compression  would  not  be  similar. 

Clearly,  any  uniform  reduction  in  the  pressure  on  a  body 
could  theoretically  be  employed  in  the  same  way,  instead  of 
additional  pressure. 

Coefficient  of  rigidity  (n).  Shearing  strain.  If  the  dis- 
tortion of  the  body  be  one  of  form  only,  its  volume  remaining 
unaltered,  it  is  called  a  shearing  strain,  and  the  force  pro- 
ducing it  is  called  a  shearing  stress. 

It  may  be  illustrated  very  simply  by  taking  a  quantity  of 
foolscap  or  examination  paper,  and  applying  the  knuckle  or 
finger-tips  to  the  top  sheet  with  a  circular  motion,  gentle 
pressure  being  exerted  ;  each  sheet  will  rotate  slightly  more 
than  the  one  beneath  it.  This  is  the  method  commonly  em- 
ployed for  facility  in  distributing  the  paper.  The  shape  of 
the  pile  is  no  longer  the  same,  but  its  volume  obviously  has 
not  changed.  There  is  no  tendency  to  revert  to  the  original 
form,  because  the  sheets  are  detached  ;  but  had  they  formed 
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a  coherent  mass,  they  would,  on  the  cessation  of  the  rotating 
pressure,  have  resumed  their  former  positions. 

The  resistance  of  a  solid  (shape  elasticity  being  restricted 
to  solids)  to  this  distortion  is  termed  its  rigidity,  and  as 
before,  within  limits 

shearing  stress  per  unit  area        ~ 
shearing  strain  per  unit  length 

G  is  here  termed  the  coefficient  of  rigidity  of  the  material 
in  question,  and  is  generally  denoted  by  n. 

Modulus  of  torsion  (T).  The  coefficient  of  rigidity  is 
a  measure  of  the  resistance  of  the  substance  to  distortion. 
We  may,  however,  express  the  same  result  as  the  force  or 
couple  required  to  distort  the  substance,  and  call  it  the 
modulus  of  torsion.  This  latter  term,  denoted  by  r,  is  how- 
ever usually  employed  for  given  specimens  of  wire  without 
regard  to  their  thickness,  whilst  n  refers  to  a  piece  of  the  same 
material  of  unit  cross-section. 

The  modulus  of  torsion  of  a  wire  or  rod  may  be  denned  as 
the  couple  required  to  twist  unit  length  through  one  radian. 


Since  any  other  form  of  distortion  must  necessarily  be 
compounded  of  compressibility  and  rigidity,  it  follows  that 
if  we  know  k  and  n  for  any  substance,  we  can  calculate  its 
other  moduli  from  them. 

215.  Young's  Modulus  (E).  This  modulus  is  con- 
sidered here  at  greater  length  than  the  others,  both  because 
it  is  the  one  most  commonly  employed  in  practical  work,  and 
also  because  it  can  be  more  readily  explained  than  the  others 
without  advanced  mathematics  being  involved. 

If  we  suspend  a  bar  or  wire  by  one  end,  and  attach 
a  mass  of  considerable  size  to  the  other,  the  bar  or  wire  will 
lengthen  or  stretch,  and  within  limits  this  elongation  is 
proportional  to  the  applied  force. 
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If  a  mass  of  1  kgr.  be  suspended  as  described  above  from 
a  wire  whose  cross-section  is  1  sq.  mm.  its  increase  in  length 
will  in  most  cases  be  a  very  small  fraction  of  its  original 
length.  (For  a  steel  wire  it  will  be  about  '000044.) 

According  to  Hooke's  Law  it  would  thus  theoretically 

take    .A-ATvTrri-    kgr.,   or   22,727  kgr.   to    stretch    the    above 
'UUUU44 

steel  wire  to   twice  its  original  length.     This  number  for 
any  substance  is  known  as  its  coefficient  of  elasticity. 

Practically,  this  is  impossible,  since  the  wire  would  snap 
long  before  this  stage  was  reached.  But  this  is  found  to  be 
the  most  convenient  form  of  expressing  this  elastic  property 
of  a  solid,  and  is  known  as  Young's  Modulus.  It  is  generally 
designated  by  E. 

The  above  value  of  E  is  of  course  in  kgr.  per  sq.  mm., 
and  if  we  expressed  the  modulus  in  Ibs.  per  square  inch,  or 
dynes  per  sq.  cm.  (the  C.G.S.  units),  we  should  get  a  different 
set  of  figures.  In  accordance  with  the  majority  of  the 
experiments  in  this  book  we  shall  adhere  to  the  C.G.S.  units, 
but  the  above  modulus  is  easily  converted.  Since  there  are 
100  sq.  mm.  in  1  sq.  cm.  a  wire  with  a  cross-section  of 
1  sq.  cm.  is  clearly  equal  to  100  such  wires  as  the  above, 
which  would  give  us  2,272,700  kgr.  per  sq.  cm.  Further, 
1  kgr.  =  1000  gr.  =  1000  x  981  dynes,  so  that  in  dynes  per 
sq.  cm.  the  value  would  be 

2272700  x  1000  x  981  =  2,229,518,700,000. 

Such  a  number  as  this  does  not  readily  convey  any 
definite  idea  to  us,  and  moreover,  we  cannot  be  sure  of  any 
of  the  figures  after  the  first  three  or  four,  so  we  adopt 
a  practice  which  is  very  common  in  scientific  work  and 
express  it  as  22'3  x  1011. 

All  the  Elastic  Moduli,  in  the  same  way,  are  generally 
expressed  as  multiples  of  1011. 

Young's  Modulus,  like  all  the  others,  can  be  expressed  in 

, ,      r  stress  per  unit  area  ,    .  . 

the  form -. r— = -r  ,  and  since  the  stress  per  unit 

strain  per  unit  length 
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area  equals  the  stretching  force  (F)  divided  by  the  cross- 
section  (a),  and  the  strain  per  unit  length  equals  the 
elongation  (#)  divided  by  the  original  length  (I),  we  get 


a      I      ax 
which  is  the  ordinary  formula  for  finding  E  by  stretching. 

It  might  at  first  sight  be  thought  that  E  and  k  are 
identical,  but  at  the  same  time  as  the  wire  is  lengthening, 
its  cross-section  is  diminishing,  although  not  in  the  same 
proportion. 

We  have  already  seen,  however,  (Art.  214)  that  Young's 
Modulus  can  be  calculated  if  we  know  n  and  k. 

Most  of  the  more  advanced  works  treating  of  the  pro- 
perties of  matter  contain  a  mathematical  proof  of  the  formula 


from  which  if  two  of  the  unknowns  be  determined,  the  third 
can  be  readily  obtained. 

For  most  solids,  Young's  Modulus  (E)  is  between  2'5  and 
3  times  the  value  of  n. 

216.  Poisson's  Ratio  (cr).  Poisson  investigated  the 
changes  in  the  various  dimensions  of  a  substance  when 
stretched,  arid  the  ratio  of  the  lateral  contraction  to  the 
increase  in  length  (per  linear  unit  in  each  case)  is  called 
after  him,  and  is  usually  designated  <r.  Its  value  for 
different  materials  ranges  from  "1  to  '4. 

If  we  know  the  coefficient  of  rigidity  and  Young's 
modulus  for  any  substance,  we  can  readily  calculate  a  from 
the  formula* 

E 

~ 
from  which  we  get 

E 


Kayleigh,  Tlieory  of  Sound,  Vol.  i.  p.  253. 
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Simple  experiment  to  illustrate  Poissons  Ratio.  Take 
a  piece  of  indiarubber  about  2  inches  long,  1  inch  wide,  and 
half  an  inch  thick.  Compress  the  two  ends  so  as  to  make 
the  rubber  form  an  arc ;  or  better,  press  it  against  the  curved 
surface  of  a  cylinder  of  say  2  inches  radius.  If  the  outer 
surface  of  the  rubber  (which  has  been  elongated)  be  now 
examined,  it  will  be  found  that  it  is  hollowed  into  a  circular 
arc  in  a  direction  at  right  angles  to  its  length,  the  outer 
layers  having  contracted  laterally.  It  is  possible,  by  fitting 
discs  of  various  diameters,  to  roughly  determine  the  radius 
of  this  circle,  and  then  the  ratio  of  the  radius  of  the  cylinder 
plus  half  the  thickness  of  the  rubber  to  the  radius  of  the  disc 
plus  half  the  thickness  of  the  rubber,  will  give  us  cr*. 

217.  Determination  of  Young's  Modulus.  We  have 
seen  that  Young's  Modulus  may  be  defined  as  the  force 
which  would  be  able  to  double  the  length  of  a  wire  of  unit 
cross-section,  if  its  elastic  limit  were  not  previously  reached. 

Although  E  cannot  be  determined  directly  in  this  manner, 
it  can  be  deduced  from  various  experiments. 

A.  Determination  of  Young's  Modulus  by  stretching. 
I.  This  is  the  most  direct  method  of  finding  E,  which  is 
deduced  from  the  formula 

*-5, 

ax 

where  F—  force  applied, 

I  —  length  of  wire  or  bar, 

a  =  cross-section  (which  must  be  uniform), 
and      x  —  elongation  observed. 

A  wire  of  the  substance  in  question  is  taken  and  its 
diameter  found  in  several  places  by  the  Micrometer  Screw 
Gauge.  From  the  mean  of  these  its  cross-section  is  cal- 
culated. One  end  is  then  fastened  (preferably  by  clamping 
between  two  metal  plates),  as  high  up  as  possible,  so  that,  there 
being  a  considerable  length  of  wire,  the  elongation  may  be 

*  See  Appendix. 
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more  pronounced.  A  cross  beam  in  the  ceiling  of  an  ordinary 
physical  laboratory  will  do  very  well.  A  metal  vernier  is 
clamped  on  to  the  wire  about  five  feet  from  the  ground. 
A  second  wire  clamped  in  the  same  way  hangs  parallel 
to  the  wire  in  question  about  half 
an  inch  away  and  carries  a  metal 
scale  over  which  the  vernier  slides 
(see  fig.  189).  A  scale-pan  or 
hook  is  attached  to  the  end  of 
the  wire  to  be  tested,  and  both 
wires  are  weighted  sufficiently 
to  keep  them  taut. 

This  method  of  using  two 
wires  will  obviate  any  error  due 
to  the  yielding  of  the  support 
at  the  upper  end  of  the  wire, 
but  unless  the  clamping  be  very 
securely  done  the  wire  may  give 
a  little.  Hence  for  very  accurate 
results  a  second  vernier  and  scale 
should  be  fixed  8  or  10  feet  higher 

up  on  the  wires.  The  differences  between  the  two  sets  of 
readings  will  then  give  the  elongation  of  the  length  of  wire 
between  them. 

Having  carefully  read  the  scale  and  vernier,  put  a  kgr. 
(or  any  other  mass,  suitable  to  the  wire  in  question,)  in  the 
scale-pan.  When  adding  or  removing  weights,  support  the 
pan  with  the  other  hand,  and  only  allow  the  change  of  stress 
to  act  on  the  wire  by  degrees.  When  the  wire  is  quite  steady 
read  the  scale  and  vernier.  Then  add  another  kgr.  and 
repeat  until  you  have  several  readings.  Finally  remove  the 
weights  at  the  same  rate  as  they  were  added,  taking  readings 
as  before.  Find  the  mean  elongation  per  kgr.  by  the  method 
of  differences,  as  explained  in  the  determination  of  g  by  the 
pendulum  (Art.  188).  Carefully  measure  the  length  of  wire 
from  the  support  (or  the  lower  clamp  of  the  upper  vernier) 
to  the  upper  clamp  of  the  vernier,  and  from  the  figures 
obtained  calculate  E  as  in  the  following  example. 


Fig.  189. 
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Example. 
Weight 

Weights  being  added     Weights  being  removed 

in  kgr. 

Readings  in  cm.           Readings  in  cm. 

0 

1-13 

1-14 

1 

1-20 

1-20 

2 

1-26 

1-27 

3 

1-32 

1-33 

4 

1-37 

1-38 

5 

1-43 

1-43 

6 

1-48 

1-48 

7 

1-53 

1-53 

Elongation 

for  4  kgr. 

from  0  to  4 

•24  cm. 

,      1  „  5 

•23     „ 

,      2  „  6 

•22     „ 

,      3  „  7 

•21     „ 

,      7  „  3 

•20     „ 

,      6  „  2 

•21     „ 

,      5  „  1 

•23     „ 

,      4  „  0 

•24    „ 

8)18 

Average  =  *2225  cm. 

Hence  the 

mean  elongation 

for  each  4  kgr. 

added 

=  -2225  cm 

The  wire  was  of  steel,  and  its  mean  diameter  was  found  to  be 
•85  mm.,  giving  a  radius  of  425  mm.  The  effective  length  was 
643-4  cm. 

VI 

Then  #=±- 

ax 

4000  x  981  x  643-4 


3-1416  x-04252x -2225 
-  19-99  xlO11. 

II.     The  following  modified  form  of  the  preceding  ex- 
periment will  be  found  to  give  excellent  results. 
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A  rigid  wooden  framework  (fig.  190)  about  6  feet  high 
has  a  powerful  spring-balance  attached  to  the  top  crossbar. 


Fig.  190. 

This  should  give  readings  up  to  250  or  300  Ibs.,  or  100  kgr. 
The  given  wire  is  connected  with  this  by  a  metal  clamp 
(Art.  187)  fastened  to  the  hook  of  the  balance,  and  this  clamp 
also  carries  a  thin  metal  strip  about  a  foot  long,  the  lower 
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portion  of  which  is  graduated  in  millimetres.  A  vernier, 
clamped  to  the  given  wire,  slides  over  this,  as  described 
above. 

The  other  end  of'  the  given  wire  is  fastened  to  the  eye  of 
a  long  screw  passing  through  the  lower  crossbar,  a  nut  on  the 
under  side  of  the  crossbar  enabling  any  required  tension  to 
be  put  on  the  wire. 

By  this  arrangement  the  wire  can  be  subjected  to  con- 
siderable strain  without  difficulty,  and  since,  by  Hooke's  law, 
the  elongation  (within  limits)  varies  with  the  tension,  we  are 
thus  enabled  to  get  sensible  elongations  with  very  short 
wires.  In  practice,  an  effective  length  of  10  inches  or  25 
centimetres  is  quite  sufficient. 

Tenacity.  This  apparatus  also  enables  us  to  easily  find  the 
breaking  strain  of  the  wire.  The  maximum  tension  before 
breaking,  divided  by  the  cross-section  of  the  wire,  gives  us 
its  tenacity. 

218.  B.  Determination  of  Young's  Modulus  by 
flexure.  Perhaps  the  most  convenient  method  of  deter- 
mining E  for  any  solid  is  by  finding  the  flexure  of  a  rod 
under  a  given  stress. 

If  I  be  the  length  of  a  horizontal  bar  of  uniform  cross- 
section,  fixed  at  one  end, 

b  „    its  breadth, 

h  „     „   thickness  (or  height), 

x  „  the  vertical  displacement  at  the  free  end, 

F  „  the  applied  force  at  the  free  end, 


then*  B-        ...........................  (i). 

oh*x 

If  the  rod  has  a  circular  cross-section  of  radius  =  r 


*  See  Appendix. 
8.    T.  22 
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Very  often  it  is  more  convenient  to  support  the  bar  at  each 
end,  and  load  it  in  the  centre.     Then  it  may  be  regarded  as 

•I  Tjl 

two  rods,  each  of  length  ^ ,  having  a  force  of  ^  acting  on  its 
end,  and  we  get 


Fl> 


Similarly  for  a  circular  rod  we  have 


To  carry  out  the  experiment.  Fix  one  end  of  the  bar 
firmly  in  a  vice  or  clamp  it  between  two  plates.  To  a  jDoint 
near  the  other  end  attach  a  scale-pan  and  immediately  above 
the  pan  fasten  a  finely-divided  scale  in  a  vertical  position. 
For  small  flexures  the  scale  graduations  will  still  remain 
horizontal.  (Or  a  scale  may  be  fixed  to  some  object  behind 
the  bar,  and  the  level  of  the  bar  read  off.)  The  pan  is  to  be 
loaded  and  unloaded  just  as  in  the  last  experiment,  readings 
being  best  taken  by  a  reading  telescope  on  a  stand  a  few 
feet  away.  This  has  a  fine  horizontal  wire  on  its  object 
glass,  and  we  read  the  scale-mark  coincident  with  this  wire. 
With  a  little  practice  it  is  easy  to  approximate  the  second 
place  of  decimals  by  eye  when  the  wire  is  between  two  scale 
marks.  As  this  telescope  shows  all  objects  inverted,  the 
student  will  probably  find  it  an  advantage  to  fix  his  scale 
wrong  way  up,  so  that  he  may  see  the  scale  in  its  correct 
position  through  the  telescope.  The  distance  from  the  point  of 
support  to  the  point  of  application  of  the  force  (or  between 
.the  two  points  of  support  if  the  force  acts  in  the  centre)  is 
then  accurately  measured,  and  also  the  breadth  and  thick- 
ness of  the  bar,  the  means  of  several  readings  being  taken. 

Young's  Modulus  is  then  determined  as  in  the  following 
example. 
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Example.  A  lath  of  yellow  pine,  the  average  breadth  of 
which  was  2-22  cm.,  and  depth  1'28  cm.,  was  rigidly  clamped  at 
one  end,  and  a  scale-pan  and  millimetre  scale  attached  to  a  point 

the  lath  70  cm.    from   the  clamp.     A  series   of    100  gram 


on 

weights  was  used,  and  the  following  readings  obtained. 

Headings 

Load  Loading                         Unloading 

0  gr.  11-40  cm.                        11-45  cm. 

100  11-78                              11-84 

200  12-16                              12-20 

300  12-56                             12-63 

400  12-97                             13-03 

500  13-38                             13-43 

600  13-78                             13-82 

700  14-20                             14-21 

800  14-60                             14-60 

Difference  for  500  gr. 

From         0  to    500                      1'98  cm. 

100  600                     2-00 

200  700                     2-04 

300  800                     2-04 

800  300                     1-97 

700  200                     2-01 

600  100                     1-98 

500  0                     1-98 


Then 


Average  flexure  for  500  gr.  =  2  cm. 
F_±FP _  4  x  500  x  981  x  703 

Wx~     2-22xl-283x2 
-  -723  x  1011. 


219.  C.  Determination  of  Young's  Modulus  by 
transverse  vibrations.  If  a  rod  be  clamped  rigidly  at  one 
end  and  the  other  end  be  then  drawn  to  one  side  and 
released,  a  series  of  harmonical  oscillations  will  be  set  up. 

For  a  rod  of  rectangular  cross-section  the  period  of 
oscillation,  T,  is  connected  with  E  by  the  formula 


22—2 
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where      I  =  length  of  rod, 

d  =  specific  gravity  of  rod, 
and         b  —  breadth  of  rod  in  the  plane  of  vibration. 

For    a    rod   of    circular    cross-section    (radius  =  r),    the 
formula  becomes 


The  time  of  oscillation  is  taken  as  described  in  Art.  188. 

If  the  given  bar  be  short  and  thick  the  vibrations  will  be 
too  quick  to  count.  In  such  cases  the  bar  should  be  made 
still  shorter,  if  necessary,  and  then,  on  causing  it  to  vibrate, 
a  musical  note  will  be  given  out.  The  number  of  vibrations 
per  second  necessary  to  produce  such  a  note  may  be  de- 
termined acoustically,  and  so  the  periodic  time  ascertained. 

This  method  gives  excellent  results,  and  the  wideness  of 
its  application  may  be  gathered  from  the  three  following 
examples. 

Example  1.  A  copper  rod,  130  cm.  long  and  of  mean  radius 
•415  cm.  and  specific  gravity  8'95,  was  clamped  at  one  end,  and 
its  periodic  time  found  to  be  '398  sec. 


•092 

1304x8-95 

~(-09x7rx-415x-398)2 
=  117xlOu. 

Example  2.  A  deal  plank -261  cm.  long  and  l'25cm.  thick 
was  experimented  on  and  the  periodic  time  found  to  be  '859  sec. 
The  specific  gravity  of  the  wood  was  *66. 

1A    1 

Then  E  = 


162  W 

2614x-66 

:(T62xl-25x-859)2 
:l-012xlOu. 
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Example  3.  A  tuning-fork  of  known  frequency  (number  of 
vibrations  per  sec.  =  512)  had  prongs  6'5  cm.  long  and  '25  cm. 
thick,  and  the  specific  gravity  was  7  '8.  The  periodic  time  was 
of  course  --  sec. 


_6-54x7-8x5122 

(•162x-25)2 
=  22-26  x  10n. 

220.  D.  To  determine  the  coefficient  of  rigidity  of 
a  wire.  Take  a  long  and  fairly  stout  wire,  and  suspend 
it  as  in  Art.  217.  To  its  lower  end  fasten  securely  a  heavy 
cylinder  or  disc,  of  known  mass  and  radius,  so  that  its  axis 
is  a  prolongation  of  the  wire. 

If  the  disc  be  now  rotated  through  40°  or  50°,  it  will 
vibrate  harmonically;  that  is  to  say,  its  oscillations  will  be 
isochronous  (see  Art.  185). 

The  time  of  a  complete  vibration*  is 


where  /  is  the  Moment  of  Inertia  of  the  disc,  and  T  is  the 
moment  of  the  torsional  couple  twisting  the  wire. 

It  can  be  proved  mathematically*  that 

T_  Tryir4 
21    ' 

where  r  =  radius  of  the  wire, 

I  =  length  of  the  wire, 
n  —  its  coefficient  of  rigidity. 

Also  for  a  cylinder  or  disc,  the  Moment  of  Inertia 
(/)  =  —  s-  -  where  M  equals  the  mass,  and  R  the  radius  of 
the  disc  (Art.  203). 

*  See  Appendix. 
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^s  k&JBfj*. 

MMR* 
whence  n  =  — — — . 

[If  the   time   of   a   single   oscillation — that   is,   in   one 

direction  only — be  taken,  we  get  n  =  —'         .] 

lit 

It  will  be  observed  that  the  fourth  power  of  the  radius  is 
involved  in  this  formula,  so  that  the  radius  must  be  ascer- 
tained with  very  great  care  and  exactness.  The  most 
accurate  method  is  to  determine  the  volume  of  the  whole 
wire  (see  Chap.  VII)  and  hence  calculate  the  radius.  On  this 
account  even  the  standard  values  of  n  for  various  substances 
are  only  approximate. 

The  best  way  to  determine  the  time  of  oscillation  is  to 
make  a  mark  on  the  side  of  the  disc,  suspend  a  wire  or  piece 
of  thread — weighted — in  front  of  the  apparatus,  and  observe 
when  the  two  coincide,  the  disc  moving  in  the  same  direction 
on  each  occasion.  The  mean  time  is  found  by  the  method 
of  approximations  as  in  Art.  188. 

Work  out  as  in  the  following: 

Example.  A  steel  wire  was  used,  and  the  following  factors 
determined : 

1=  193-65  cm. 
r—  -0745  cm. 
M=  6523  gr. 
R  =9-25  cm. 
t-  7-232  sec.  (double  oscillation). 


Then  n 

r 

^x  193-65x6523  x  9-25 


•07454x7-2322 
=  8-43xlOn. 
(This  result  is  expressed  in  dynes  per  sq.  cm.) 
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E.  To  find  the  modulus  of  torsion  of  a  given  wire  (T). 
The  foregoing  result  gives  us  the  coefficient  of  rigidity  of 
the  material  of  which  the  wire  consists,  and  should  always 
be  the  same  for  wires  made  of  that  material,  whatever  their 
thickness  or  length. 

We  often,  however,  want  to  know  the  modulus  of  torsion 
of  a  given  piece  of  wire  as  a  piece,  in  order  to  employ  it  in 
torsional  experiments. 

To  do  this,  if  we  have  already  found  n,  we  multiply  the 

TTT^ 

result  by  -~-  ,  since  T  =  IT. 

Thus,  in  the  last  example,  the  modulus  of  torsion  of  the 

n  x  TTT* 
wire  =  —  jg— 

=  8-43  x  1011  x  TT  x  -07454  x  J, 
T  =  4*08  x  107  dynes  per  cm.  of  length. 

We  should,  of  course,  only  do  this,  if  we  had  already 
found  n  for  the-  wire.  For  we  see  that  if  we  multiply  the 

formula  for  n  by  -  -  we  get 
Z 


__ 


4-7T2     MR* 


f~»   •'** 

r 


Experimenting  as  before,  we  thus  do  not  require  the 
radius  of  the  wire,  which  as  we  have  seen  is  the  most 
inaccurate  factor  of  the  formula. 
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221.  F.  To  find  the  coefficient  of  rigidity  of  a  wire 
by  Maxwell's  needle.  Some  students  may  have  a  difficulty 
in  grasping  the  significance  of  /  in  the  foregoing  formulae. 
By  the  use  of  the  vibrating  needle,  /  can  be  eliminated. 

If  we  take  the  time  of  oscillation  of  a  given  wire  with 
a  vibrator,  we  have 


Then  if  we  increase  the  moment  of  inertia  by  an  amount 
i  we  get 


(ii). 

From  (i)  and  (ii)  we  have 

v  -i    nd 

47T2~?      '         l 

whence,  by  subtraction, 


T  47T8 

that  is,  T= 


Maxwell's  needle  consists  of  a  hollow  metal  tube  and 
four  cylinders,  each  just  fitting  into  the  tube  and  one -fourth 
of  its  length,  so  that  the  four  can  just  be  contained  in  the  tube. 
Two  of  these  are  hollow  and  the  other  two  filled  with  lead. 
A  socket  in  the  middle  of  the  cylinder  receives  the  wire,  and 
the  cylinder  hangs  with  its  axis  horizontal. 

Let  Ic  be  the  moment  of  inertia  of  the  empty  tube  about 
a  transverse  axis  through  its  centre  of  gravity. 

/!  =  the  similar  moment  of  inertia  of  an  empty  cylinder. 

72  =  the  similar  moment  of  inertia  of  a  loaded  cylinder. 
m^  =  mass  of  loaded  cylinder. 
Wa  =  mass  of  empty  cylinder. 

a  =  length  of  tube. 
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Now  if  /  be  the  moment  of  inertia  of  a  body  of  mass  w 
about  an  axis,  and  d  be  the  distance  away  of  a  parallel  axis, 
then  the  moment  of  inertia  of  the  body  about  the  second  axis 

(Art.  202.) 


(i)  Let  the  two  loaded  cylinders  be  next  the  suspending 
wire  in  the  tube,  all  four  cylinders  being  in  the  tube  ;  then 
the  moment  of  inertia  of  the  system  about  the  axis  of  the 
wire  being  /,  we  get 

/  =  Ic  +  27,  +  272  +  2m,       '  +  2m,    ~ 


(ii)     Interchanging  the  cylinders  (i.e.  putting  the  empty 
cylinders  next  the  wire),  we  get 


/  +  i  =  7,  +  27,  +  27,  +  2m,         +  2m, 
and  by  subtraction 


=  2  («,-«,)  f 
,^^ 

Now  we  have  already  seen  that 

T=^^     (Art.   219) 
and  also  that 


TT 
Hence 

from  which  we  get 


__  m!  —  m2) 


a  formula  having  none  but  easily  ascertained  factors. 

The  practical  work  is  carried  out  exactly  as  in.  Art.  220. 
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222.  G.  Instead  of  Maxwell's  needle,  the  form  of 
vibration  needle  described  in  the  chapter  on  moments  of 
inertia  (Chap.  XXIII)  may  be  employed. 

The  periodic  time  of  oscillation  should  be  taken  for  two 
positions  of  the  balls,  the  first  and  last  holes  being  the  best 
for  this  purpose. 

Then  as  before  (Art.  220) 


Sliri 


but  i  =  2m(62-a2),  (Art.  209), 

' 


Example.  In  the  experiment  given  in  Art.  209  the  length  of 
the  wire  used  was  58  7  cm.  and  the  mass  of  each  of  the  balls  was 
584  gr.  The  weight  of  the  wire  in  air  was  3'152  gr.  and  in 
water  279,  hence  its  volume  was  '362  c.c.  (Art.  62)  and  conse- 

volume         -362 
quentlyr2—  -•= — 


Then 


58'7    X  7T  * 

16  x  58-73  x  Tr3  x  584  x  127-9 
•3622x  101-4 


223.  H.  To  find  the  coefficient  of  rigidity  of  a  wire 
by  the  extension  of  a  helical  spring.  If  a  length  of  wire 
be  coiled  round  a  pencil  in  such  a  manner  that  successive 
coils  touch,  we  get  a  helical  spring.  When  this  is  stretched 
longitudinally,  the  action  on  the  spring  is  almost  entirely 
one  of  torsion. 

Let     W  be  the  stretching  force  in  dynes, 
d    „     „    extension  of  the  spring, 
N  „     „    number  of  coils  in  the  spring, 
a    „     „    radius  of  the  coils, 
and  b    „     „         „       „     „    wire. 
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Then  it  can  be  shown  mathematically*  that 


-jj-  —  . 
db* 

To  perform  the  experiment.  Fix  the  spring  in  a  vertical 
position,  clamping  its  upper  end  rigidly  ;  then  make  a  mark 
on  the  lower  part  of  the  spring,  and  read  its  position  on 
a  vertical  scale  for  various  loads  attached  to  its  lower  end. 
Calculate  its  average  extension  for  any  given  load,  as  in 
Art.  217,  and  deduce  n  by  the  above  formula. 

224.  J.  To  find  the  coefficient  of  rigidity  of  a  wire 
by  the  oscillations  of  a  helical  spring.  If  a  mass  If  grams 
be  suspended  from  the  end  of  such  a  spring  of  mass  m,  on 
drawing  down  the  mass  M  and  then  releasing  it,  it  will 
describe  a  number  of  vertical  harmonic  oscillations. 

It  can  be  shown  •(•  that  if  T  be  the  periodic  time  of  an 
oscillation 


, 
whence 


COMPRESSIBILITY. 

225.  All  majbter  is  compressible,  but  the  measurement 
of  this  compressibility  is  in  most  instances  exceedingly 
difficult  to  determine  directly. 

Gases.  The  compressibility  of  gases  has  already  been 
dealt  with  under  Boyle's  Law  in  Art.  199. 

*  Poynting  and  Thomson,  Properties  of  Matter,  p.  104. 
f  Poynting  and  Thomson,  Properties  of  Matter,  p.  108. 
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Liquids.  The  compressibility  of  liquids,  which  is  very 
slight,  is  usually  determined  by  a  Piezo- 
meter (fig.  191),  which  is  a  strong  glass 
vessel  containing  water,  and  having  a 
screw  at  the  top  which  when  turned 
will  diminish  the  capacity  of  the  vessel. 
It  further  contains  a  glass  bulb  and 
fine  tube,  filled  with  the  given  liquid, 
the  end  dipping  into  mercury,  and  also 
an  air  manometer.  The  capacity  of  the 
bulb  and  tube  (which  is  graduated) 
must  be  known.  When  the  screw  is 
turned,  the  water  transmits  the  pressure 
applied  to  the  given  liquid  and  the 
manometer,  so  that  we  can  read  off  the 
diminution  of  volume  and  the  pressure. 

The  value  of  k  for  distilled  water 
at  15°  C.  is  about  '214  x  10",  giving  a 
reduction  in  volume  of  474  x  10~5  or 
"0000474  per  atmosphere  pressure. 

Solids.  The  practical  determina- 
tion of  the  Coefficient  of  Compressibility 

(  T  ) ,  or  of  its  reciprocal,  the  Coefficient 

\K/ 

of  Volume  elasticity  (k)  of  a  solid  is 
very  difficult. 

It  has  been  determined  for  some  solids  by  ascertaining 
the  amount  of  shortening  per  unit  length  of  a  rod  placed  in 
a  Piezometer  cylinder.  Since  the  pressure  is  uniform  all 
over  the  surface  of  the  rod,  this  linear  compression  is  one-third 
of  the  total  compression. 

More  often,  however,  k  is  ascertained  indirectly. 

We  have  already  seen  (Art.  215)  that 


from  this  we  get 


Fig.  191. 


nE 
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Example.     To  find  k  for  the  steel  wire  used  in  the  previous 
experiments. 

We  found  in  Art.  217  that  E=  19-99  x  1011, 
and  also  in  Art.  220  that  n  =    8'43  x  1011, 

hence  we  get 

nE  8-43  x  19-99 

Lt *+    I  (ill 

"  3  (3n- E)  ~  3  (25-29  -  19*99) 
=  10-6  x  10U. 


EXAMPLES   XX. 

1.  Take  an  indiarubber  cord,   attach  one  end  of   it  to  a 
dynamometer,  and  clamp  the  other  end.     Stretch  the  cord,  and 
by  plotting  the  tensions  as  ordinates  and  extensions  as  abscissae, 
find  the  work  done  in  stretching  it.     The  curve  should  be  a 
straight  line,  proving  Hooke's  law. 

2.  In  a  similar  manner  find  the  work  done  in  raising  a 
weight  from  the  ground  by  an  elastic  string. 

3.  Find  E  for  a  given  wire  by  stretching. 

4.  Find  n  for  the  same  wire   (a)  by  method  D,  (b)  by  a 
vibration  needle. 

5.  Find  r  for  the  same  wire. 

6.  Calculate  k  for  the  same  wire. 

7.  Calculate  <r  for  the  same  wire. 

8.  Find  n  and  r  for  another  wire  of  the  same  material. 

9.  Find  n  for  a  spiral  spring  by  methods  H  and  J. 


APPENDIX. 

CONSTRUCTION  AND  GRADUATION  OF  A 
COMMON  HYDROMETER. 


have  already  seen  (Art.  71)  how  to  make  a  simple  hydro- 
meter, the  great  drawback  being  the  fact  that  the  graduations  on 
the  scale  do  not  enable  us  to  read  off  the  specific  gravity  without 
calculation. 

It  is  possible,  however,  to  graduate  such  an  instrument  by 
a  simple  graphical  construction,  admitting  of  an  equally  simple 
proof  ;  and  as  the  various  operations  involved  in  the  construction 
of  the  hydrometer  are  all  taken  from  exercises  already  done  in 
this  book,  we  strongly  recommend  that  it  be  carried  out  by  each 
student.  It  will  be  found  to  be  a  very  instructive  experiment, 
and  not  at  all  difficult.  The  fact  of  the  hydrometer  having 
been  actually  made  will  also  greatly  add  to  the  knowledge  of  the 
instrument  and  its  use. 

The  hydrometer  is,  in  theory,  a  uniform  tube  of  glass,  or 
wooden  rod  (see  Art.  65),  whose  volume  of  immersion  varies  in- 
versely as  the  density  of  the  liquid  concerned.  But  in  practice, 
such  a  tube  or  rod  cannot  be  used,  since  it  will  not  float  vertically, 
but  will  turn  over  on  its  side  in  any  liquid.  (In  the  language  of 
hydrostatics,  the  reason  for  this  is  because  the  metacentre  would 
be  below  the  centre  of  gravity  in  such  a  position,  and  hence  the 
equilibrium  would  be  unstable.) 

Also  such  a  tube  would  be  inconveniently  long.  Therefore 
a  shorter  tube  is  taken,  a  bulb  blown  near  one  end  of  it,  and 
mercury  put  into  the  short  length  of  tube  below  the  bulb,  until 
the  volume  and  weight  of  the  instrument  are  exactly  equal  to  the 
volume  and  weight  of  the  original  theoretical  tube. 

If  such  an  apparatus  can  be  obtained  or  made,  so  much  the 
better.  But  if  not,  the  following  much  simpler  method  will  give 
excellent  results  if  carefully  done. 

Take  a  piece  of  thin  glass  tubing  about  30  cm.  long  and 
7  mm.  internal  diameter.  Close  one  end.  Find  its  mass  (Art.  35) 
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and,  having  temporarily  closed  the  other  end  with  a  piece  of  cork, 
its  volume  (Art.  54).  Suppose  these  are  respectively  lOgrs.  and 
15  c.c.  and  that  we  wish  to  make  a  hydrometer  for  liquids 
ranging  from  '7  to  1*4  in  specific  gravity.  Clearly  the  instru- 
ment will  be  nearly  submerged  in  a  liquid  whose  specific  gravity 
=  *7,  whilst  only  half  of  it  will  be  immersed  in  a  liquid  of  twice 
that  density.  As  these  are  to  be  the  extremities  of  the  scale,  it 
is  clear  that  the  volume  of  the  tube  containing  the  scale  (called 
the  stem)  must  be  half  the  entire  volume  of  the  instrument. 
For  any  other  range  of  scale  we  can  find  the  ratio  of  volume  of 
stem  (v)  to  total  volume  (  V)  by  the  formula 


where  slt  s2  are  the  specific  gravities  of  the  lightest  and  heaviest 
liquids  to  be  tested. 

To  return  to  the  case  in  question.  Take  a  cork,  well  made 
and  sound,  of  about  5  c.c.  volume,  bore  a  hole  lengthways 
through  its  centre,  and  pass  the  glass  tube  through  it  until  the 
closed  end  projects  about  10cm.  Then  the  volume  of  cork  and 
lower  part  of  tube  =  5  +  5=  10  c.c.,  and  the  volume  of  the  remaining 
20  cm.  of  stem  =10  c.c.  ;  whence  the  volume  of  stem  ^^  total 
volume  of  apparatus,  as  required. 

Place  the  instrument  in  water,  and  carefully  pour  mercury 
into  the  tube,  until  it  floats  with  about  12  cm.  above  the  surface. 

Measure  this  length  accurately. 

Then  transfer  it  to  a  solution  made  up  of  26  grams  of  common 
salt  dissolved  in  74  grams  of  water.  This  is  what  is  called  a 
26  °/0  solution  of  salt,  and  its  specific  gravity  is  1*2.  Again  care- 
fully measure  the  length  above  the  liquid. 

Then  cut  a  small  piece  of  cork  to  fit  the  bore  of  the  tube,  and 
push  it  down  until  it  is  level  with  the  cork  outside. 

Graduation.  We  now  come  to  the  most  important  part  of  the 
operation,  viz.  the  graduation. 

Draw  a  vertical  straight  line  AS,  and  mark  off  distances 
AC  and  AE,  equal  to  the  lengths  above  the  surfaces  of  the  water 
and  of  the  salt  solution  respectively. 

From  the  point  C  draw  a  horizontal  straight  line  Off,  and 
from  C  mark  off  14  equal  divisions,  each  1  cm.,  or  any  other 
convenient  unit,  in  length. 
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Through  the  point  10,  ten  of  these  units  from  C,  draw  a 
straight  line  DF  parallel  to  AS ;  and  from  E  draw  EM  parallel 
to  Gil  meeting  DF  in  M. 


05 

1 

1-05 
1-1 
MS 
1-2 
1-25 
1-3 


u 
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LLLLL 
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i  III// 


11   12  13         H 


Now  E  is  the  level  of   the  salt  solution  having   a   specific 
gravity  of  1*2. 

Therefore  join  M  with  the  point  12  on  the  line   CH,  and 
produce  the  line  12M  to  meet  AS  in  the  point  L. 
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Then  AL  is  the  length  of  the  theoretical  tube  equal  in  volume 
and  weight  to  our  hydrometer. 

From  L  draw  straight  lines  through  the  points  7  to  14, 
cutting  the  straight  line  DF. 

Then  the  points  of  intersection  with  DF  will  give  the  surfaces 
of  flotation  in  liquids  of  specific  gravities  from  *7  to  1*4  respec- 
tively, the  various  radiating  lines  from  L  forming  a  series  of 
Harmonic  Pencils. 

Proof  of  correctness  of  the  graduations.  It  can  easily  be 
shown  that  any  two  of  these  graduations  are  relatively  accurate. 

Let  us  consider  our  two  standard  ones,  i.e.  water  (1)  and  salt 
solution  (1-2). 

Since  the  two  triangles  LEM  and  LC12  are  similar,  their 
corresponding  sides  are  proportional,  hence 

LE  _  EM   _  (7.10  _  10  _  J_ 
LC  "(7.12  "(7.12  ~T2~r2' 

But  LE  =  volume  of  that  part  of  the  hydrometer  which  would 
be  submerged  in  a  liquid  of  specific  gravity  1-2,  and  L G  =  volume 
submerged  in  water,  whence  we  deduce  that  the  volumes  sub- 
merged are  inversely  proportional  to  the  densities  of  the  liquids 
in  question,  a  result  we  have  already  proved ;  therefore  E  and  0 
are  the  true  notation  surfaces  for  these  two  liquids. 

In  the  same  way,  any  other  of  these  graduations  may  be  shown 
to  be  relatively  correct  with  that  for  water;  hence  the  whole 
series  is  correct. 

To  prepare  the  scale.  Take  a  strip  of  paper  long  enough  to 
reach  from  the  top  of  the  tube  to  the  cork,  and  rather  more  than 
the  circumference  of  the  tube  in  width. 

Carefully  copy  on  to  it  the  graduations  from  the  line  J)F, 
roll  it  round  a  thin  pencil  with  the  graduations  outside,  and  slip 
it  down  the  inside  of  the  tube  until  it  touches  the  small  piece  of 
cork. 

Finally,  close  the  top  of  the  tube. 

The  cork  float  should  be  either  varnished,  or  thoroughly 
soaked  in  melted  paraffin  wax,  to  protect  it  from  the  action 
of  acids,  or  from  absorption  of  liquids. 
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MATHEMATICAL    PROOFS  OF  SOME   OF  THE   FOKMIM.AK 
REFERRED  TO  IN  PRECEDING  CHAPTERS. 

1.     Determination   of  the   mass-equivalent    of  the  pulley   in 
AtwoocCs  machine  (p.  245). 

Let  m  be  the  moss  of  the  pulley,  a  its  radius,  k  its  radius  of 
gyration,  and  a>  its  angular  velocity. 

Its  moment  of  inertia  /  =  m'k*. 
Also  aa>  =  v. 


Tlien  if  T  and  T'  be  tlie  tensions  of  the  descending  and  ascending 
parts  of  the  cord  respectively,  and  p  grains  be  required  to  counter- 
act the  friction  of  the  pulley,  we  get 

.....................  (i), 


(ii), 
T'-Mg  =  Mf   ........................  (iii). 

Multiplying  (ii)  and  (iii)  by  a,  and  adding  to  (i)  we  get 

mga=  l(2Af  +  m+p)a  +  -    - 


.^    + 


m'/e* ' 
—r 


If  we  write  q  for  — |- ,  this  becomes 
f= 


2.     Hicks'  ballistic  balance  (p.  263). 

Let  r  -  distance  from  the  pointer  to  the  axis  of  suspension. 

d  =  displacement  of  the  pointer  on  the  scale. 

0  =  angle  moved  through  in  radians. 

A  =  vertical  displacement  of  the  pointer. 

v  =  velocity  of  the  pointer  just  before  or  after  impact. 
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Tlion,  for  small  angles,  such  as  are  possible  with  the  balance, 

d—rd  (approximately). 
Also  A  =  r(l-cos0)     (See  fig.  169.) 

e 

=  2r  sin2  -a 

m 


m 

=  ~o"  (approximately). 


But 


v      0  *Jgr 
Hence  -^  =  —  z— 

CL  Tu 


which  is  a  constant  for  the  instrument. 

This  constant  having  been  once  determined,  any  of  the 
following  courses  may  be  adopted  in  all  future  experiments : 

1.  All  the  displacements  may  be  multiplied  by  the  constant. 

2.  A  calculated  scale  of  velocities  may  be  pasted  over  the 
centimetre  scale  of  the  instrument. 

3.  The    displacements    themselves    may    be    regarded    as 
velocities   on    a   reduced    scale,  since   they  are   proportional   to 
them. 

By  means  of  this  apparatus  we  may  investigate  the  laws  of 
impact  and  momentum.  A  series  of  experiments  with  different 
weights  should  be  carried  out. 

The  student  must  not  forget  to  include  the  weight  of  the 
platform  itself  in  every  case. 

Example.  In  a  Hicks'  balance,  the  distance  from  the  end  of  the 
pointer  to  the  axis  of  suspension  was  94  cm. 

Then  -, 


/981 
V   94~ 


=  3-23. 

'23—2 
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Thus  the  value  of  the  constant  for  the  machine  was  3-23,  and 
this  value  was  marked  on  the  side  of  the  apparatus.  At  the 
same  time,  students  using  the  balance  for  the  first  time  were 
shown  how  to  deduce  the  constant  for  themselves. 

3.     Proof  of  the  formulae  for  the  ballistic  pendulum  (p.  264). 

Let  0  be  the  point  of  suspension,  G  the  mass  centre  of  the 
pendulum  and  bullet,  S  the  point  of 
attachment   of   the   tape,   and  P  the  Q 

point  where  the  path  of  the  shot  cuts 
OG. 

Let  OG  =  a, 

OP=p, 
OS=s, 
the  length  of  tape  drawn  out  =  d. 

Then  m  Vp  =  moment  of  momentum 
of  the  shot  about  0 


mVp 


If  the  pendulum  swings  through  an  angle  0,  since  the  work 
done  =  the  loss  of  kinetic  energy, 


But  if  T  =  the  time  of  a  single  oscillation  of  the  pendulum, 


go, 
gaT- 


Thus 


irmp 


.(i). 
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But  2s  sin  ^  =  dy 

MgaTd 
irmps 

4.     The  compound  pendulum  (p.  282). 
The  moment  of  the  restoring  couple  about  A 
=  mgl±  sin  6, 

.'.  the  angular  acceleration  =        *  — —  , 

A 

where  /x  =  the  moment  of  inertia  about  the  axis  through  A. 

Now  the  angular  acceleration  of 
a  simple  pendulum 


Hence  the  motion  of  the  compound 
pendulum  is  the  same  as  that  of  a 
simple  pendulum  of  length 


Let  /  be  the  moment  of  inertia 
about  a  parallel  axis  through  G.      Then 


'    47T2      mli 

similarly  ~T~^  ~  — 7 

Adding  and  subtracting,  we  get 


7  7 

f  J     2' 
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•  •  TV*  ~r?ir  =  I:7T  +  lf 


Thus 
Also 


_=       _ 

4jr2     ^i  —  4  »» 

TV  +  gy    T?-Tf 


5.     The   acceleration   of  a   sphere   down   an   inclined  plane 
(p.  286). 

Let  0  =  the  angle  of  inclination  of  the  plane. 
d  =  the  distance  between  the  guides. 
a  =  the  radius  of  the  sphere. 

h  =  the  distance  of  the  axis  of  rotation  of  the  sphere  from 
its  centre. 

Then  mgh  sin  0  =  the  moment  of  the  rotating  couple 

-'ar 


But 


Now 


hence 


sin  0 


/= 


— 7-    sin 


(-?) 

d2)  g  sin  0 
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If 
If 


/=0. 


=  |-  <7  sin  0 


6.     Poissoris  ratio  (p.  331). 

Let  I  be  the  length  and  b  the  breadth  of  the  median  (arid 
therefore  unstretched)  section  of   the 
rubber  and  let  t  be  its  thickness. 

Let  dl  be  the  longitudinal  exten- 
sion, and  db  the  lateral  contraction 
of  the  outer  layer. 

Then,  by  definition, 

db      dl_l.db 

"^j^-i'bTdr 


Now 


hence 


Similarly 


Thus 


l  +  dl 
t 


P  t' 


l__dl 

P~  t 

2 

b_  _db 
Pi~  * 


t 

I 
p 

Pl    dl 
*y~7x 

2 

2 

Tb 

I 

Pl      dl 

b 

'  p  ~  db' 

l.db 

b  .  dl 

P., 

PI 

dl 

db' 


7.  -4  roc^  of  uniform  section  is  clamped  at  one  end,  and  a 
weight  W  is  suspended  from  the  other  end;  to  find  the  deflexion  of 
this  end  from  the  horizontal  (p.  335). 
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Let  I  be  the  normal  length  of  the  rod,  h  its  thickness,  and  b 
its  breadth.     Then  if  00'  be  the  central  horizontal  section  of 
the  rod,  the  fibres  above  00'  will  all  be 
stretched,  whilst  those  below  00'  will 
be  compressed.     00'  itself  will  remain 
unstretched,  and  its  length  is  therefore  I. 
It  will  however  be  bent  into   an  arc 
whose  centre  G  is  the  centre  of  cur- 
vature.   Let  the  radius  of  curvature  GO 
of  the  central  plane  =  />. 

Now  take  any  cross-section  ABCD 
of  the  rod  perpendicular  to  the  central 
section  00',  and  let  EF  be  its  line  of 
intersection  with  00'.  Take  any  point 
P  in  the  section  ABCD,  and  draw  PN 
perpendicular  to  EF.  Let  NL  —  z. 
Then  if  T  be  the  force  of  tension  (or 
compression)  of  the  fibres  at  P, 

T=e.PN  ............  (i), 

e  being  a  constant  depending   on  the 
material. 

Hence  any  small  area  a  of  the  plane  ABCD  will  be  acted  on 
by  a  force  =  e  .  PN  .  a. 

The  moment  of  this  force  about  EF=  e  .  PN*  .  at  and  the  sum 
of  all  such  moments  about  EF 


=«/, 

where  /=  moment  of  inertia  of  section  about  EF.     But  the  sum 
of  these  moments  must  be  equal  to  the  bending  moment  at  EF  ; 
:.    eI=W(l-z)     .....................  (ii). 

Now  by  Hooke's  law,  if  E  be  Young's  modulus,  we  have 
PK-z      T 


but 


PK    p  +  PN 

z  p 


E' 
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But  r=e.PJT(i)9 

PN     e.PN 

so  that  —  — ™ —  ', 

p  & 

E 
.'.   e=  —. 

P 

Substituting  in  (ii),  we  get 


p 

l  =  jF(J-s) 
P~       El 

Now    -   is  the  curvature  of  the  plane   00 ',    TF"(^— *)  is  the 

P 

bending  moment  about  EF,  and  the  quantity  El  is  termed  the 
flexural  rigidity  of  the  rod  at  the  cross-section  A  BCD ;  hence  the 
above  equation  (iii)  may  be  expressed  generally  in  the  form 

bending  moment 

curvature  —  — -. — ;— rr= —  . 

flexural  rigidity 


Again  the  curvature  of  00'  I  =  -  J  —  "y~  \~r) 

d?x 

(x  being  the  vertical  displacement  of  E  or  A\  so  that 

d*=JF 
W 

But  when  z  =  0,  -y-  =  0 


_  dx       W 

Hence  -=-  =  -frr 

dz      Jiil 
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Now  when  z  =  Q,  x  =  Q, 

.'.    (7=0; 

W  (W     a» 

and  •-•"    .....................  ( 


Hence,  if  z  =  I,  the  distance  through  which  the  end  of  the  rod 
is  depressed  (x) 

W_  /P  _  ^\ 
"17  \2~6y 
TF/3 


Now  if  the  cross-section  of  the  rod  be  rectangular, 

W 

."•IT 


If  the  cross-  section  be  circular,  of  radius  r, 


8.  ^A^  moment,  of  the  torsional  couple  required  to  twist  one 
end  of  a  wire  through  a  radian,  the  other  end  being  fixed  (p.  339). 

Let  T~  the  required  moment, 
I  =  length  of  wire, 
r—  radius         „ 

Since  the  wire  is  in  the  same  condition  of  strain  throughout 
its  length,  we  may  investigate  the  strain  just  above  the  attached 
mass. 
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Take  two  concentric  circles  in  the  cross-section  of  the  wire,  of 
radii  x  and  x  +  dx  respectively. 

Then  the  area  of  the  strip  between  them  will  be  very  approxi- 
mately %TTX  .  dx. 

A1       .  „  .          ,.   .   .,.      .  ^     stress  per  unit  area 

Also  since  the  coefficient  or  rigidity  (n)=—  —  :  —  -  -  r—^  -  -r-  , 

and  also  the  strain  for  the  strip  under  consideration 

displacement  _  x 
length  I 

(the  angular  displacement  being  a  radian),   we  get  stress   per 

unit  area  =  -=-  ,  acting  at  a  distance  x  from  the  centre. 

C 

Thus  its  moment  about   the  centre  =  —--  ,   and  that  of  the 

L 

whole  strip 

nx*     _          . 
=  —=-  x  ZTTX  .  ax  = 

6 


F  27rnx3dx      2?rn  /r    , 

Hence  1 T^  I       — = =  — —  I   af5^ 

J  o         ^  ^    7  o 


-n-nr* 


9.  The  differential  equation  for  harmonic  motion  and  its 
solution  (pp.  270,  311,  339,  342,  345). 

We  have  already  seen  (Art.  184)  that  if  a  particle  move  in  a 
straight  line  so  that  its  acceleration  is  always  directed  to  a  fixed 
point  in  that  line  and  varies  as  its  distance  from  that  point,  then 
the  motion  is  called  a  simple  harmonic  motion. 

The  differential  equation  expressing  this  motion  is 


the  negative  sign  being  employed  because  when  x  is  positive,  the 
acceleration  is  negative,  and  vice  versd. 
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The  solution  of  this  equation  has  already  been  found  by 
elementary  methods,  and  gives  us  for  the  time  of  a  complete 
oscillation 

t  =  2^.     (Art.  184.) 

The  same  result  may,  however,  be  obtained  by  directly 
solving  the  above  equation,  and  this  process  also  includes  cases 
where  more  elementary  methods  are  not  so  readily  applicable. 

dx 

Multiplying  both  sides  of  the  equation  by  2  — - ,  we  get 

dt 

9  dx     dzx  _  dx 

On  integrating  this  we  obtain 


dx 
Now  -j-  is  the  velocity  of  the  particle,  which  —  0  when  x  =  a 

Clt 

(where   a    is   the   amplitude,    or   greatest   displacement   of   the 
particle);  hence 


Thus 


Integrating  again,  we  get 

M  f 

sin-1  -  =  \/^t  +  k, 

and  taking  a  and  —  a  as  limits  for  xt 

=  sin-1  (1)-  sin"1  (-1) 


=  7T. 

Hence  the  time  of  a  single  oscillation  is  —  ,  and  the  time  of 
a  double  or  complete  oscillation  is  therefore 

27T 
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This  method  of  solution  is  applicable  to  any  form  of  harmonic 
motion.  Thus  let  us  find  the  time  of  oscillation  of  a  mass, 
suspended  from  a  vertical  wire,  and  rotated  through  an  angle, 
the  wire  remaining  vertical.  The  torsion  of  the  wire  produces  a 
restoring  couple,  or  torque,  causing  the  mass  to  rotate  in  the 
opposite  direction,  and  thus  setting  up  a  series  of  oscillations. 

Let  T  be  the  torque,  or  couple  moment,  exerted  when  the  end 
of  the  wire  to  which  the  mass  is  attached  is  rotated  through 
1  radian,  the  other  end  of  the  wire  being  rigidly  clamped. 

Then  TO  is  the  torque  exerted  when  the  wire  is  twisted 
through  6  radians. 

Now  the  torque  is  equal  to  the  moment  of  inertia  of  the  mass 
multiplied  by  its  angular  acceleration.  Also  when  0  is  positive, 
the  angular  acceleration  is  negative,  and  vice  versd. 

Hence  -TO  =  Iu, 

<*•*         T 


This  equation  is  of  the  same  form  as 

Hence  its  solution  is 

'L     (Art.  220.) 


BESSEL'S  METHOD  FOE,  DETERMINING  g  BY  THE 
SIMPLE  PENDULUM. 

We  have  seen,  (Art.  187),  that  the  moment  of  inertia  of  the 
bob  influences  the  result  of  the  experiment,  so  for  exact  work  we 

K2 

must  increase  the  length   I  by  an  amount  y,  where   K  is  the 
radius  of  gyration  of  the  bob. 

Now  it  is  not  easy  to  measure  I,  the  distance  from  the  point 
of  suspension  to  the  mass  centre  of  the  bob,  very  accurately ;  the 
following  method,  however,  originally  devised  by  Bessel,  will  not 
only  obviate  this  difficulty,  but  will  also  eliminate  the  moment  of 
inertia  entirely  for  all  ordinary  experiments. 
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Suspend  the  bob  in  the  ordinary  way  by  a  fine  thread.     This 
should  be  about  150  cm.  long.     If  ^  be  the  periodic  time, 


9 

47T2 

so  that  t?  =  —  (/1  +  7~)    '••• W' 

Then  shorten  the  string  by  some  definite  amount  (say  50  cm.), 
which  must  be  very  carefully  determined,  and  repeat  the  ex- 
periment. 


Then  t*=—li+  .........  .  ..............  (ii). 

ff      \  &2/ 

From  (i)  and  (ii),  by  subtraction,  we  get 


whence  g  =  ^  fc  -  y  (l  -  £)  . 


Now  ^  —  Z2  is  definitely  known,  and  the  two  actual  lengths  are 

K2 

only  involved  in  the  small  fraction  j-j  .     Let  the  radius  of  the 

Ma 
bob  be  1  cm.,  ^=150  cm.  and  12=  100  cm. 

Then  £  =  ^      —  =  -000027, 

Zj/a     5  x  150  x  100 

and  its  omission  altogether  will  only  involve  an  error  of  less  than 
•3  mm.  in  the  value  of  g,  which  is  less  than  the  probable  experi- 
mental error  in  determining  tf2. 

Thus  it  is  unnecessary  to  measure  either  ^  or  lz.  If  small 
oscillations  (viz.  not  more  than  4°  on  either  side  of  the  vertical) 
be  used,  this  is  one  of  the  most  accurate  methods  of  determin- 
ing 9- 
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PROOF   OF   THE   FORMULAE  FOR  BIFILAR  AND 
TRIFILAR  SUSPENSION. 

(i)     If  the  C.G.  be  midway  between  the  strings. 

Let  the  rod  AB  be  suspended  from  the  beam  CD  by  two 
equal  and  parallel  strings  of  length  I  and  distance  apart  2a,  and 
let  the  weight  of  the  rod  be  mg. 


Then  if  T  be  the  tension  on  each  string,  2T=7ng.  Now  let 
the  rod  be  rotated  about  its  centre  of  gravity  G  through  a  small 
angle  0,  so  that  the  points  A  and  B  describe  arcs  equal  to  x. 
Then  x  =  aO.  The  strings  will  no  longer  be  vertical;  let  their 
angle  of  deviation  be  <£. 

Then  l<j>  =  x  =  aO. 

Now  the  horizontal  component  of  T=  Tsin  </>  and  the  moment 
of  this  about  G  =  Ta  sin  <£. 

Hence  the  couple  about  G  =  2Ta  sin  <f> 

=  ing  a  sin  <f> 
=  mga<f>  (approx.) 
_  mga?  0 
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Thus 

whence 
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(ii)     If  the  c.  G.  "be  not  midway  between  the  strings. 
Let  n  be  the  ratio  of  their  distances  from  G. 
Then  n  +  lT  =  m 


also 


n+ 


As  before,  the  moments  of  the  horizontal  components  of  the 
tensions  about  G 


.- 
n+l 


n+ 
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mg 


n+l' 

.  mg       2aO 


Jn 

Theu  < 


(n  +  l)  Trk       I  I 

a          V   ng' 
(iii)     Trifilar  suspension. 
This  is  identical  with  case  (i)  substituting  321  for  2I7. 
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Questions  set  at  the  Practical  Examinations  for  Woolwich 
and  Sandhurst  Candidates  from  November  1905  to 
November  1908. 

(By  kind  permission  of  the  Controller  of  Jf.M.  Stationery  Office.) 

MATHEMATICS  I. 

NOVEMBER,  1905. 

A. 

1.  Find   the   density  of   the  metal  of   the  given   wire  by 
weighing  and  measuring.  (pp.  47  &  63)* 

2.  Trace  a  curve,  showing  the  relation  of  load  and  effort  for 
the  given  machine,  and  calculate  the  efficiency  for  three  different 
loads.  (p.  211) 

B. 

1.  Find    the  density  of   the  metal  of   the  given   wire  by 
weighing  and  measuring.  (pp.  47  &  63) 

2.  Trace  a  curve,  showing  the  relation  between  load  and 
sliding  friction  for  the  given  materials.  (p.  230) 

C. 

1.  Find  the  density  of  the  given  liquid  by  comparing  the 
height  of  a  column  of  it  with  a  column  of  water.  (p.  100) 

2.  A  picture  frame  is  hung  from  a  nail  by  a  string  attached 
to  two  hooks  on  its  upper  side ;  the  string  containing  a  spring 
balance.     Observe  how  the  pull  in  the  string  varies  with  its 
length.     Plot  a  graph  of  the  results.  (p.  204) 

*  The  pages  in  brackets  after  the  questions  indicate  the  parts  of  the 
book  where  the  experiment  is  dealt  with. 
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D. 

1.  Find  the  average  diameter  of  the  given  balls  by  direct 
measurement,  and  also  from  their  weight  and  assumed  density. 

(pp.  45  &  83) 

2.  A  weight  hangs  by  a  cord  from  a  nail.     Attach  a  second 
cord,  with  a  spring  balance  inserted,  to  the  weight,  and  pull  it 
horizontally.     Trace   a   curve   showing    how   the    pull    on    the 
second    cord    varies   with    the   horizontal    displacement   of    the 
weight.  (p.  204) 

E. 

1.  Find  the  average  diameter  of  the  given  balls  by  direct 
measurement,  and  also  by  their  displacement  of  water. 

(pp.  45  &  78) 

2.  A  weight  is  supported  by  a  tie  and  a  horizontal  strut; 
find  how  the  pull  in  the  tie  varies  as  the  inclination  changes,  and 
plot   a   curve   giving   the  pull  as  a   function  of   the  angle  of 
inclination  of  the  tie.  (p.  205) 

F. 

1.  Determine   the  area   of   the  cross-section  of   the  given 
capillary  tube.  (p.  107) 

2.  Trace  a  curve  showing  the  relation  of  effort  to  load  for 
the  given  machine,  and  calculate  the  efficiency  for  three  different 
loads.  (p.  211) 

G. 

1.  Find  the  density  of   sugar  by  the  hydrostatic  balance 
method.  (p.  88) 

2.  Hang  the  given  weights  over  a  pulley  by  a  thread.     Let 
the  heavier  start  at  various  distances  from  the  floor  and  find  the 
time  of  fall.     Show  by  a  curve  the  relation  between  the  distance 
and  time  of  fall.  (p.  245) 

H. 

1.  Find  the  density  of  sugar  by  the  specific  gravity  bottle 
method.  (p.  91) 

2.  Hang  the  given  weights  over  a  pulley  by  a  thread.     Let 
the  heavier  start  at  various  distances  from  the  floor  and  find  the 
time  of  fall.     Show  by  a  curve  the  relation  between  the  distance 
and  time  of  fall.  (p.  245) 

24 2 
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JUNE,  1906. 

A. 

Hang  any  load  on  the  pulley  tackle  provided  and  see  what 
effort  is  needed  to  keep  the  load  moving  when  it  is  started. 
Repeat  with  different  loads  and  tabulate  your  results. 

Also  plot  your  results,  and  give  a  graph  showing  the  effort 
E  as  a  function  of  the  load  L ;  show  clearly  the  co-ordinate  axes 
and  the  scales  you  use. 

Measure  the  distances  moved  through  in  some  case  by  the 
effort  and  the  load,  and  give  as  a  decimal  the  ratio  of  the 
distance  moved  by  the  effort  to  the  distance  moved  by  the  load. 

(pp.  210  &  211) 

B. 

Find  the  time  T  that  the  ball  takes  to  run  down  the  groove 
and  the  difference  of  level  D  of  the  two  ends  of  the  groove. 
Vary  D  and  find  T  for  each  position.  What  difficulties  arise 
when  the  groove  is  too  steep  and  when  it  is  too  level  ?  Tabulate 
your  results;  take  several  observations  for  each  position,  and 
show  them  all.  Give  the  diameter  of  the  ball.  (p.  285) 

C. 

Find  what  effort,  E>  will  keep  the  pulley  running  up  the 
plank  when  it  is  started.  Measure  the  difference  of  level,  D, 
of  the  two  ends  of  the  plank.  Vary  D  and  find  E  for  each 
position.  Show  the  results  in  a  table  and  also  in  a  graph ;  in  the 
graph  make  the  co-ordinate  axes  and  the  scales  you  use  clear. 

(p.  220) 

D. 

Set  the  pulley  in  motion  by  hanging  the  least  weight  that 
will  do  on  a  string  wrapped  round  the  spindle.  Measure  the 
distance  and  time  of  fall  to  the  floor.  Vary  the  distance,  and 
tabulate  your  results.  Also  give  a  graph  showing  the  time  of 
fall  as  a  function  of  the  distance  of  fall  j  show  clearly  the 
$o-ordinate  axes  and  the  scales  you  use. 

Give  also  the  diameter  and  the  breadth  of  the  face  of  the 
pulley.  (p.  254) 

E. 

Hang  any  load,  L,  from  a  string  wrapped  round  the  spindle, 
and  see  what  effort,  Et  hanging  from  a  string  round  the  pulley 


APPENDIX   II  371 

will  keep  it  moving  when  started.     Repeat  with  different  loads 
and  tabulate  your  results. 

Also  plot  your  results,  and  give  a  graph  showing  E  as  a 
function  of  L'}  show  clearly  the  axes  of  co-ordinates  and  the 
scales  you  use.  (p.  224) 

F. 

Hang  a  weight  of  1  kilogram  as  a  pendulum,  and  find  its 
time  of  swing  when  swinging  through  two  different  lengths  of 
arc,  say  about  5  cm.,  and  60  to  70  cm.  Give  the  length  of  the 
pendulum  measured  to  the  point  where  you  judge  the  centre  of 
gravity  to  be,  and  give  the  length  of  each  arc  of  swing. 

Lengthen  or  shorten  the  pendulum,  and  again  find  its  time 
of  swing  through  two  different  arcs.  Give  the  length  of  the 
pendulum  and  of  each  arc. 

As  far  as  your  experiments  tell,  does  the  time  of  swing 
depend  on  the  arc  of  swing,  or  on  the  length  of  the  pendulum  1 

(p.  272) 

G. 

Tie  the  middle  of  the  cord  to  an  end  of  the  spiral  spring. 
Fasten  the  other  end  of  the  spring.  Carry  the  ends  of  the  cord 
over  the  pulleys,  and  load  one  with  3  kg.  and  the  other  with  the 
given  mass.  Adjust  the  pulleys  so  that  the  strings  run  as  freely 
as  possible.  Tap  the  knot  gently  to  bring  the  system  to  as  steady 
a  position  as  possible.  On  a  sheet  of  paper  draw  the  directions 
of  the  three  forces  acting  on  the  knot,  and  so  find  the  pull  in  the 
spring  and  the  weight  of  the  mass. 

Measure  the  stretched  spring.  Hang  it  up  and  see  what  load 
will  stretch  it  to  the  same  length.  Also  weigh  the  given  mass. 

(p.  202) 

H. 

Clamp  the  pulleys  to  the  table  in  convenient  positions,  and 
by  means  of  three  strings  knotted  together  hang  over  the  pulleys 
a  weight  of  2  kg.  and  the  two  given  masses.  See  that  each 
string  runs  symmetrically  over  its  pulley,  and  tap  the  knot  to 
bring  it  to  the  steadiest  position.  On  the  sheet  of  paper  draw 
the  directions  of  the  forces  acting  at  the  knot,  and  so  compare 
their  magnitudes. 

Check  your  results  by  weighing  the  given  masses. 

If  time  allows,  repeat  the  first  part,  using  3  kg.  instead  of 
2  kg.  (p.  202) 
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I. 

Hang  the  beam  by  the  single  ring,  and  hang  on  it  by  one  of 
the  line  of  rings  the  lightest  of  the  four  given  masses ;  then  hang 
on  it  by  a  loop  of  cord  another  of  the  masses  in  such  a  way  that 
the  beam  rests  level;  hence  calculate  the  greater  mass  in  terms 
of  the  least.  In  the  same  way  express  the  remaining  two  masses 
in  terms  of  the  least. 

Weigh  the  four  masses  and  verify  your  results.  Tabulate  the 
whole  set  of  results.  (p.  226) 

J. 

Hang  the  beam  by  one  of  the  line  of  rings.  Hang  on  it  by  a 
loop  weights  that  will  make  it  rest  level,  and  note  the  distance 
of  the  loop  from  the  point  of  suspension  of  the  beam.  Repeat 
with  other  positions,  and  give  a  graph  showing  the  weight 
necessary  as  a  function  of  the  distance  from  the  point  of 
suspension. 

Assuming  the  single  ring  to  mark  the  centre  of  gravity  of 
the  beam,  give  the  weight  of  the  beam,  and  verify  by  direct 
weighing.  (p.  226) 

K. 

Hang  up  the  beam  in  different  ways  and  load  it  by  weights 
hanging  from  a  loop  till  it  rests  horizontal.  Deduce  the  weight 
of  the  beam. 

Hang  the  beam  by  the  single  ring,  and  hang  one  of  the 
unknown  weights  from  another  ring.  See  where  one  of  the 
known  weights  must  be  hung  to  bring  the  beam  to  the  horizontal. 
Deduce  the  value  of  the  unknown  weight.  Repeat,  using 
different  known  weights,  and  also  hanging  the  unknown  weight 
in  different  positions. 

In  this  way  find  the  values  of  both  the  unknown  weights, 
and  check  by  direct  weighing.  (p.  226) 

L. 

Find  by  experiment  by  which  hole  the  sheet  of  metal  must 
be  hung  to  make  its  time  of  swing  (in  its  own  plane)  as  great  as 
possible,  and  find  this  greatest  time  of  swing.  (p.  280) 
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M. 

At  this  session  one  of  the  following  was  set  to  each  Candidate. 

1.  Weigh  and  measure  the  given  block  of  wood  and  calculate 
its  volume  and  density.     Fill  the  bucket  as  full  of  water  as  it 
will  hold,  then  float  the  block  in  it  and  catch  the  overflow  in 
the  cylindrical  vessel;  measure  the  depth  and  diameter  of  the 
overflow  and  so  find  its  volume  and  weight.     Find,  by  direct 
weighing,  the  weight  of  the  overflow  and  the  weight  of  block. 
Tabulate  your  results.  (p.  78) 

2.  Hang  various  loads  up  to  5  kilos  on  the  spring.    Measure 
the  spring  under  each  load  and  also  when  unstretched.     Plot 
each   load  against  the  corresponding  extension   of   the  spring, 
showing  clearly  the  scales  used,  and  draw  a  curve  showing  the 
load  as  a  function  of  the  extension. 

From   the    curve    read    off  the   load    that  will    produce  an 
extension  of  10  cm.,  and  verify  by  trial.  (p.  331) 


N. 
At  this  session  one  of  the  following  was  set  to  each  Candidate. 

1.  Weigh  the  two  given  masses  in  air  and  in  water,  and  so 
find  their  densities  and  volumes. 

In  each  case  begin  with  the  pail  of  water  as  full  as  it  will 
hold,  catch  the  overflow  in  the  cylindrical  vessel,  and  find  its 

volume    from    the   formula   j  x  depth  x  (diameter)2.       Find    the 

volume  of   the   overflow  also  by  weighing   it.     Tabulate   your 
results.  (p.  78) 

2.  By  means  of    3   knotted  strings  hang  over  the  pulleys 
(clamped  in  suitable  positions)  a  weight  of  2  kg.,  a  bundle  of  10 
nails,  and  a  bundle  of  5  nails.     See  that  each  string  runs  truly 
over  its  pulley,  and  tap  the  knot  to  bring  it  to  its  steadiest 
position.     Draw  the  triangle  of  the  3  forces  acting  on  the  knot, 
and  so  find  the  weight  of  each  bundle.     Calculate  the  average 
weight  of  a  nail  in  each  bundle,  and  the  average  of  the  whole  1 5. 

Repeat  with  a  weight  of  3  kg.  instead  of  2  kg.  (p.  202) 
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NOVEMBER,  1906. 

A. 

Hang  various  weights  in  succession  from  the  pulley.  In  each 
case  measure  the  angle  through  which  the  end  of  the  steel  rod  is 
twisted.  Tabulate  your  results,  giving  also  the  diameter  of  the 
pulley ;  and  give  a  graph  of  the  angle  of  twist  as  a  function  of 
the  weight. 

Assuming  the  ratio  angle  turned  through  -f-  weight  to 
be  constant,  give  its  value  from  your  graph,  stating  the  units. 

What  weight  should  you  (from  your  results)  expect  to  twist 
the  rod  through  42°  ?  Verify  by  trial.  (p.  360) 

B. 

From  the  board  that  is  hinged  to  the  table  hang  any  weight  by 
a  loop  in  such  a  position  as  to  hold  the  board  horizontal.  Measure 
the  distance  along  the  board  from  the  loop  to  the  axis  of  rotation. 
Repeat  with  other  weights. 

Tabulate  your  results,  and  draw  a  graph  of  the  distance 
between  axis  and  loop  as  a  function  of  the  weight. 

Give  also  a  table  showing  the  product  of  the  distance  by  the 
weight  for  each  observation. 

From  your  results,  at  what  distance  should  you  expect 
2-7  kilos  to  hold  the  board  horizontal1?  Test  your  estimate 
by  trial. 

C. 

Let  the  ball  roll  down  the  groove  and  note  the  time  it  takes. 
Take  several  observations,  and  use  the  average  as  the  true  time. 
Give  also  the  distance  the  ball  runs  along  the  groove,  and  the 
angle  of  slope  of  the  groove. 

Let  the  ball  run  down  the  groove  and  along  the  table,  and 
note  the  time  for  the  whole  run.  Take  several  observations  and 
average  them.  Give  also  the  distance  the  ball  runs  along  the 
table. 

From  the  distance  the  ball  runs  along  the  groove,  and  the 
time  it  takes,  calculate  the  acceleration  of  the  ball,  supposed 
uniform.  Also  find  the  speed  along  the  table  (supposed  uniform); 
and  supposing  this  to  be  the  speed  on  leaving  the  groove,  use 


APPENDIX  II  375 

this  and  the  distance  run  on  the  groove  to  calculate  the  accelera- 
tion along  the  groove. 

If  time  allows,  repeat  the  whole  experiment,  letting  the  ball 
start  some  little  distance  from  the  top  of  the  groove.  (p.  285) 

D. 

Twist  the  load  at  the  bottom  of  the  wire  through  90°  and 
determine  the  time  for  a  complete  oscillation  by  several  observa- 
tions of  the  number  of  oscillations  in  30  or  60  seconds. 

Repeat  the  experiment  when  the  initial  angle  of  twist  is  180°, 
360°  and  720°. 

Show  your  results  in  a  table.  (p.  339) 

E. 

A  cord  supported  at  two  points  and  containing  a  spring 
balance  carries  a  mass  hanging  from  a  pulley.  See  that  the 
mass  is  in  its  steadiest  position,  then  note  the  inclination  of  the 
cord  to  the  horizontal,  and  the  pull  in  the  cord.  Repeat  with 
different  inclinations.  Show  your  results  in  a  table  and  in  a 
graph.  Give  also  the  label-number  of  the  mass. 

From  your  graph  give  the  pull  in  the  cord  when  the  inclina- 
tion is  45°,  and  the  inclination  when  the  pull  is  4*4  kilos.  Test 
by  observation.  (p.  204) 

F. 

Weigh  the  given  piece  of  stone  in  air  and  in  water,  using  as 
balance  the  beam  hung  from  the  wall  bracket.  Note  the  loss  of 
weight  in  water. 

Hang  the  pail  of  water  on  the  balance  and  counterpoise  it ; 
and  find  the  change  in  the"  counterpoise  required  when  the  same 
piece  of  stone  is  supported  so  as  to  hang  completely  immersed  in 
the  water  without  touching  the  balance. 

Compare  the  change  in  the  counterpoise  with  the  loss  of 
weight  in  the  first  experiment. 

Repeat  both  experiments  with  a  second  piece  of  stone. 

Tabulate  your  results,  showing  also  the  label  numbers  of  the 
stones.  (p.  85) 
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G. 

Pin  a  piece  of  paper  on  the  trolley.  Arrange  the  spring  so 
that  the  brush  it  carries  will  touch  the  trolley  as  it  runs  under- 
neath. Dip  the  brush  in  ink  (by  raising  the  inkpot  to  it),  set  it 
swinging  and  let  the  trolley  go  so  that  you  get  a  sinuous  curve 
traced  on  the  paper.  Draw  on  the  paper  the  line  the  brush  at 
rest  would  have  made.  The  sinuous  curve  divides  this  line  into 
distances  traversed  by  the  trolley  in  equal  intervals  of  time. 
Find  this  interval  of  time  by  observing  the  swinging  of  the 
brush  for  30  or  60  seconds. 

Show  in  a  graph  the  distance  traversed  in  any  time.    (p.  247) 

H. 

Hang  the  beam  up  by  the  3rd  eye  from  one  end  and  find  the 
load  that  must  be  hung  from  the  end  ring  to  keep  the  beam 
level.  Now  hang  on  the  end  ring  additional  loads  of  5,  10, 
15,  ...  hectograms,  and  in  each  case  find  where  the  bunch  of  nails 
must  be  hung  to  keep  the  beam  level. 

Use  your  results  to  graduate  the  beam  as  a  steelyard,  then 
determine  by  it  the  weight  of  the  given  mass.  Compare  with 
the  result  of  direct  weighing.  (p.  226) 

JUNE,  1907. 
A. 

You  are  required  to  determine  how  much  the  given  lath  is 
deflected  by  different  central  loads. 

Clamp  the  two  bars  to  the  table  at  its  ends  and  arrange 
them  so  that  they  project  over  the  edge  of  the  table  about 
10  centimetres. 

Place  the  lath  so  that  it  rests  upon  the  projecting  ends  of  the 
bars  and  hang  different  weights  in  turn  upon  the  lath  midway 
between  the  supports  by  means  of  a  loop  and  hook. 

Observe  the  deflection  of  the  lath  at  the  loop  and  tabulate 
your  observations. 

Give  a  graph  whose  co-ordinates  are  load  and  deflection  and 
express  the  deflection  in  terms  of  the  load. 

Check  your  result  by  calculating  the  deflection  produced  by  a 
load  not  previously  used  and  then  observe  the  actual  deflection 
under  this  load.  (p.  336) 
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B. 

You  are  required  to  determine  how  the  length  of  a  lath 
affects  its  deflection  under  a  constant  load. 

Clamp  the  lath  to  the  table  and  hang  on  to  the  lath  the  given 
mass  by  a  loop  and  hook.  Measure  with  a  metre  scale  the 
length  L  of  the  lath  between  the  block  and  the  loop  which  is 
being  deflected,  and  the  deflection  D  of  the  lath  at  the  loop. 
Repeat  the  observations  with  different  values  of  L,  using  the 
same  load  and  tabulate  your  observations. 

Give  a  graph  whose  coordinates  represent  D  and  Z3  and 
express  D  in  terms  of  L. 

Check  your  result  by  selecting  some  point  on  your  graph 
which  has  not  been  determined  by  experiment  and  write  down 
the  corresponding  values  of  D  and  L.  Then  check  this  result  by 
experiment.  (p.  335) 

C. 

Construct  a  simple  pendulum  by  suspending  a  2-kilo  weight 
from  a  fixed  bracket  in  the  wall  by  a  piece  of  string.  Measure 
the  length  L  of  the  pendulum  to  the  centre  of  the  weight  with  a 
metre  scale. 

Set  the  pendulum  oscillating,  observe  the  number  of  oscilla- 
tions in  60  seconds  and  determine  the  time  T  of  one  oscillation. 
State  what  you  understand  by  "one  oscillation"  in  your  ex- 
periment. 

Repeat  the  observations  with  different  lengths  of  pendulum 
and  tabulate  your  observations.  Add  to  your  table  a  column 
containing  the  squares  of  the  times  of  one  oscillation  and  give  a 
graph  whose  co-ordinates  are  L  and  T2.  By  means  of  your  graph 
deduce  an  algebraical  relation  between  the  co-ordinates,  (p.  274) 

D. 

Hang  a  weight  on  the  given  spring.  Cause  the  weight  to 
oscillate  vertically  by  displacing  it  through  3  or  4  centimetres 
and  removing  your  hand.  Determine  the  time  of  one  oscillation 
by  counting  the  oscillations  for,  say,  60  seconds. 

Repeat  with  a  number  of  different  weights  and  tabulate  your 
results. 

Give  a  graph  showing  the  relation  between  the  weight  and 
the  time  of  one  oscillation. 
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Replace  the  weight  by  the  given  irregular  piece  of  material 
and  from  the  time  of  oscillation  and  your  graph  deduce  the 
weight  of  the  material.  Also  write  down  the  number  on  the 
piece  of  material  for  the  purpose  of  identification. 

State  what  you  understand  by  "one  oscillation"  in  your 
experiment. 

E. 

By  means  of  the  hook  and  cord  provided,  attach  a  weight  to 
the  spring  and  measure  the  corresponding  extension. 

Repeat  with  at  least  six  other  weights  and  tabulate  your 
observations. 

Give  a  graph  whose  co-ordinates  represent  weight  and  exten- 
sion. Replace  the  weight  by  the  piece  of  stone  provided  and 
deduce  its  weight  from  the  extension  of  the  spring  and  your 
graph. 

Without  removing  the  stone  suspend  it,  completely  immersed 
in  a  pail  of  water,  and  determine  from  your  observations  on  the 
extension  of  the  spring  the  volume  of  the  stone. 

Write  down  the  label-number  attached  to  the  stone. 

(pp.  85  &  328) 

F. 

Suspend  a  mass  of  stone  by  a  cord  and  hook  to  one  of  the 
eyes  in  the  beam  hanging  from  a  bracket  in  the  wall,  so  that  it 
is  about  1 5  centimetres  off  the  floor. 

Balance  it  by  a  weight  of  5  kilos,  suspended  by  a  loop  slipped 
over  the  opposite  end  of  the  beam,  and  thus  deduce  the  weight  of 
the  stone  in  kilos. 

Let  the  stone  remain  suspended  from  the  balance,  but  com- 
pletely immerse  the  stone  in  a  pail  of  water. 

Again  balance  the  beam  by  adjusting  the  weight  of  5  kilos, 
and  deduce  the  weight  of  1  cubic  decimetre  of  stone  from  your 
observations. 

Write  down  the  label-number  attached  to  the  stone. 
If  you  have  time  repeat  the  experiment  with  the  bunch  of 
nails  instead  of  the  piece  of  stone. 

Tabulate  your  observations  and  results.  (pp.  85  &  226) 
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G. 

Set  the  pulley  in  motion  by  hanging  a  weight  of  W  kilos  on  a 
string  wrapped  round  the  pulley  spindle. 

Arrange  for  a  fall  of,  say,  1  metre  and  measure  the  time  of 
fall  T  seconds. 

Repeat  the  observations,  using  in  turn  a  number  of  different 
values  of  W  and  a  fall  of  1  metre. 

Tabulate  your  observations.  Give  a  graph  co-ordinating  the 
time  of  fall  and  the  weight  W. 

Replace  the  weight  W  by  the  given  bag  of  shot  and  note  the 
time  of  fall.  From  this  observation  and  your  graph  deduce  the 
weight  of  the  bag  of  shot.  (p.  254) 

H. 

Support  the  metal  plate  on  a  knife  edge  through  the  central 
hole.  Hang  on  to  the  plate  three  separate  weights  by  three 
hooks  and  strings.  Measure  with  a  metre  scale  the  perpendicular 
distance  between  each  string,  and  the  vertical  through  the  knife 
edge,  and  tabulate  your  observations. 

Repeat  with  a  number  of  sets  of  three  weights,  using  different 
holes  in  the  plate. 

Calculate  the  product  of  each  weight  and  its  corresponding 
perpendicular.  Consider  the  products  relating  to  the  weights  on 
the  left  side  of  the  vertical  through  the  knife  edge  as  positive, 
and  the  others  as  negative. 

Determine  for  each  set  of  weights  the  algebraical  sum  of  the 
products,  and  tabulate  the  results.  (p.  207) 

I. 

Hang  the  5-kilo  weight  to  the  central  eye  of  the  beam. 
Hang  up  the  beam  by  a  cord  attached  to  the  two  end  eyes  of  the 
beam  and  passing  over  a  pulley ;  the  beam  to  be  kept  level ;  the 
cord  to  contain  a  spring  balance.  Observe  the  inclination  of  the 
cord  to  the  horizontal  and  the  pull  in  the  cord. 

Vary  the  length  of  the  cord,  observe  the  pull  and  the 
inclination  in  each  position ;  show  the  pull  as  a  function  of  the 
inclination  in  a  table  and  also  in  a  graph. 

For  what  inclination  is  the  pull  in  the  cord  equal  to  the 
weight  of  the  loaded  beam1?  Read  off"  the  weight  from  the 
graph,  and  verify  by  adjusting  the  cord  at  the  proper  inclination. 

(p.  204) 
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J. 

Construct  a  simple  pendulum  by  suspending  a  weight  from  a 
fixed  bracket  in  the  wall  by  a  piece  of  string.  Measure  the 
length  L  of  the  pendulum  to  the  centre  of  the  weight  with  a 
metre  scale.  Set  the  pendulum  oscillating,  observe  the  number 
of  oscillations  in  60  seconds,  and  determine  the  time  T  of  one 
oscillation.  State  what  you  mean  by  one  oscillation  in  your 
experiment.  Repeat  the  experiment  with  a  number  of  different 
lengths  of  pendulum  and  tabulate  your  results. 

Hang  up  the  given  lamina  by  putting  one  of  its  holes  over 
the  knife  edge,  and  determine  the  time  of  one  oscillation  of  the 
lamina. 

Give  a  graph  co-ordinating  length  and  time  of  oscillation  of 
the  simple  pendulum,  and  from  it  determine  the  length  of  simple 
pendulum  which  will  oscillate  in  the  same  time  as  the  lamina. 

Check  this  result  by  adjusting  a  simple  pendulum  to  oscillate 
with  the  lamina  and  measuring  its  length.  (p.  280) 


NOVEMBER,   1907. 

A. 

Support  the  beam  near  one  end  by  a  knife  edge  resting  on 
the  table,  and  near  the  other  end  by  a  spring  balance  hooked 
into  the  last  eye ;  the  spring  balance  being  suspended  from  the 
wall  bracket  by  a  vertical  cord. 

Slip  a  loop  of  cord  over  the  beam  and  observe  the  balance 
indication,  (/"),  the  beam  being  horizontal. 

Attach  a  weight  of  5  kilos  to  the  loop  and  measure  the 
horizontal  distance  (x)  of  the  loop  from  the  knife  edge.  Also 
read  the  balance  indication  (-^).  Repeat  the  observations  with 
at  least  seven  different  values  of  (x)  and  tabulate  them  all.  The 
distance  (JT)  between  the  knife  edge  and  the  vertical  through 
the  spring  balance  must  be  kept  constant,  together  with  the  load 
of  5  kilos. 

Add  to  your  table  two  columns,  one  containing  the  products 
5#,  and  the  other  the  products  (F-f)  X. 

Find  the  sum  of  each  of  these  two  columns. 

Give  a  graph  co-ordinating  (F)  and  (x).  Select  some  value 
of  (x)  not  previously  observed  and  determine  from  your  graph 
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the  corresponding  value  of  F.  Also  find  the  value  of  F  by 
adjusting  the  loop  at  a  distance  (x)  from  the  knife  edge  and 
reading  the  spring  balance.  (p.  206) 

B. 

Suspend  the  beam  from  a  wall  bracket  by  its  central  eye  by 
a  loop  of  cord. 

Three  cords  are  knotted  together.  Connect  one  of  them  to  a 
spring  balance,  the  other  end  of  which  is  to  be  made  fast  to  one 
of  the  end  eyes  in  the  beam.  Tie  another  cord  to  a  spring,  the 
other  end  of  which  is  connected  to  the  remaining  end  eye  in  the 
beam  by  a  hook.  To  the  third  cord  attach  a  weight  of  3  kilos. 

Make  a  sketch  of  the  apparatus  indicating  the  knot  by  P,  the 
two  end  eyes  by  T  and  Q,  and  the  point  of  intersection  of  the 
vertical  through  P  and  the  line  TQ  by  R.  Measure  PT,  PQ, 
and  TR.  Observe  the  indication  of  the  spring  balance  and  the 
extension  of  the  spring.  By  means  of  the  measurements 
reproduce  the  triangle  TPQ  in  your  book  to  a  scale  of  one-fifth 
of  full-size  and  find,  by  drawing,  the  tensions  in  PQ  and  PT. 

Tabulate  your  observations  and  results.  Check  the  tension 
in  the  spring  by  removing  it  from  the  beam  and  measuring  its 
extension  under  at  least  four  different  loads.  Give  a  graph 
co-ordinating  load  and  extension,  and  read  from  your  graph  the 
load  producing  the  observed  extension  when  the  spring  was 
connected  to  the  beam.  (pp.  203  &  328) 

C. 

Fill  up  the  pail  with  water  until  it  begins  to  overflow. 
Catch  the  overflow  and  return  it  to  the  water  can. 

Weigh  the  two  irregular  pieces  of  material  and  tabulate  your 
observation.  Identification  numbers  will  be  found  on  the  small 
labels  attached  to  the  pieces. 

Carefully  immerse  one  piece  of  material  in  the  water  and 
catch  the  overflow.  From  your  measurements,  calculate  the 
volume  of  the  overflow  in  litres,  and  the  mass  of  12  cubic 
centimetres  of  the  material. 

Repeat  your  observations  with  the  second  piece  of  material, 
but  weigh  the  overflow  instead  of  measuring  it.  Determine  the 
volume  of  the  piece  and  the  mass  of  12  cubic  centimetres  of  it. 

(P.  78) 
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D. 

Cramp  the  lath  to  the  table  so  that  it  projects  beyond  the 
latter  about  150  centimetres. 

Measure  the  deflection  (/>)  of  the  lath,  caused  by  a  weight 
( TF)  suspended  by  a  loop  of  cord  from  the  lath  at  a  distance  of 
145  centimetres  from  the  edge  of  the  table.  The  deflection  must 
be  measured  at  the  loop. 

Repeat  with  at  least  six  other  values  of  ( W]  and  give  a  graph 
co-ordinating  (D)  and  ( W).  Replace  the  weight  by  an  irregular 
piece  of  material  and  deduce  its  weight  from  the  graph. 
Without  removing  the  piece  of  material,  immerse  it  in  water  and 
observe  the  deflection  of  the  lath.  From  these  observations 
calculate  the  density  of  the  material.  (pp.  85  &  335) 

E. 

Cramp  the  lath  to  the  table  so  that  it  projects  beyond  the 
latter  about  150  centimetres. 

By  a  loop  of  cord 'hang  a  weight  ( IF)  on  the  outer  end  of  the 
lath  at  a  distance  of  140  centimetres  from  the  edge  of  the  table. 

Set  the  weight  oscillating  vertically  through  a  small  distance 
and  determine  the  period  of  oscillation  (T)  by  counting  the 
oscillations  in  one  minute.  State  what  you  mean  by  an  oscilla- 
tion. Also  determine  the  period  of  oscillation  for  each  of  six 
other  weights  and  tabulate  your  results. 

Give  a  graph  co-ordinating  (T)  and  the  square  root  of  (  W). 

Replace  ( W)  by  an  irregular  piece  of  material  and  determine 
the  period  of  oscillation.  Read  off  the  weight  of  the  piece  from 
your  graph.  (p.  337) 

F. 

Cramp  three  pulleys  to  the  table  and  by  means  of  three 
strings  knotted  together,  hang  over  the  pulleys  a  3  kilo  weight 
and  two  other  masses. 

Tap  the  knot  so  as  to  bring  the  strings  into  their  most  stable 
position  and  mark  the  directions  of  the  strings  upon  the  paper. 
Write  near  each  line  either  the  weight  attached  to  that  cord  or 
the  number  on  the  label.  Remove  the  loads  on  the  strings  and 
determine  by  drawing  the  unknown  weights. 

Select  a  point  not  in  the  line  of  action  of  any  of  the  forces, 
and  determine  the  moment  of  each  force  round  this  point  and 
the  sum  of  the  moments. 
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If  time  permits,  repeat  the  experiment  using  a  5  kilo  weight 
instead  of  the  3  kilo  weight. 

Tabulate  all  your  observations.  (pp.  202  &  207) 

G. 

With  the  pulley  arrangement  provided  determine  the  least 
effort  (E)  which  must  be  applied  to  the  free  end  of  the  cord  to 
lift  a  weight  ( W}.  Repeat  your  observations  with  at  least  seven 
other  values  of  (W).  Tabulate  your  observations  and  sketch  a 
diagram  showing  the  arrangement  of  the  cord. 

Give  a  graph  co-ordinating  (E)  and  (W)  and  from  it  write 
down  the  equation  connecting  them. 

By  measurement  determine  the  ratio 
movement  of  effort 
movement  of  load 

Give  a  graph  co-ordinating  (  W)  and  the  effort  that  would  be 
required  if  there  were  no  friction,  using  the  same  base  ( W)  as 
for  the  previous  graph.  Write  down  the  amount  of  effort 
required  to  overcome  friction  alone  when  5  kilos  and  3  kilos  are 
being  lifted  respectively.  (pp.  210  &  216) 

H. 

Find  the  number  of  oscillations  per  minute  of  the  lath  when 
supported  on  a  knife  edge  placed  through  the  end  hole,  and  thus 
determine  the  time  (T)  of  one  oscillation. 

Repeat  your  observations  when  the  lath  is  supported  by  the 
knife  edge  in  each  of  the  remaining  holes. 

Determine  approximately  the  centre  of  gravity  of  the  lath 
with  the  metal  discs  attached,  by  balancing  it  with  its  edge  across 
a  lead  pencil  which  rests  upon  the  table.  Do  aot  mark  the  lath. 
Measure  the  distance  (L)  between  the  centre  of  gravity  of  the 
lath  and  the  point  of  suspension  for  each  different  value  of  (T). 

Tabulate  all  your  observations  and  state  what  you  mean  by 
the  time  of  one  oscillation. 

Give  a  graph  co-ordinating  (T)  and  (L).  (p.  280) 
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JUNE,   1908. 

1. 

Cramp  two  pulleys  to  the  table  in  convenient  positions,  and 
by  means  of  three  strings  knotted  together,  hang  over  the  pulleys 
the  two  irregular  masses  A  and  B,  the  third  string  being  attached 
to  a  spring  whose  other  end  is  tied  to  a  third  cramp. 

See  that  each  string  runs  symmetrically  over  its  pulley,  and 
tap  the  knot  to  bring  it  to  its  steadiest  position. 

On  the  sheet  of  paper  draw  the  directions  of  the  strings  and 
write  near  each  string  the  label  number  on  the  mass  or  the  length 
of  the  spring. 

Remove  the  masses,  again  measure  the  length  of  the  spring 
and  then  determine  its  previous  extension  (E). 

Hang  the  spring  upon  a  bracket  in  the  wall  and  measure  its 
extension  under  six  different  loads.  Give  a  graph  co-ordinating 
load  and  extension.  From  your  graph  determine  the  tension  (C) 
on  the  spring  corresponding  to  its  extension  (E). 

Determine  the  weights  of  A  and  B  by  drawing  the  triangle 
whose  sides  represent  the  forces  A,  B  and  C  at  the  knot. 

(pp.  202  &  328) 
2. 

Suspend  the  given  plate  on  a  knife  edge  by  any  one  of  its 
holes.  Set  the  plate  oscillating  in  its  own  plane  and  determine 
the  number  of  oscillations  in  one  minute  and  then  the  time  (T) 
of  one  oscillation.  Indicate  by  a  sketch  which  hole  you  use  and 
state  what  you  mean  by  one  oscillation.  Measure  the  distance 
(Z>)  between  the  centre  of  the  plate  and  the  knife  edge. 

Repeat  your  observations  when  the  plate  is  suspended  in  turn 
by  each  of  the  holes  in  one  half  of  it.  Tabulate  your  observa- 
tions and  results. 

Give  a  graph  co-ordinating  (T)  and  (D). 

Suspend  the  plate  by  a  hole  near  one  of  its  edges  and  hang  a 
weight  W  by  a  cord  and  hook  to  one  of  the  other  holes  near  the 
same  edge. 

Measure  the  distance  between  the  cord  and  a  vertical  through 
the  knife  edge,  and  the  distance  between  the  same  vertical  and 
the  centre  of  the  plate. 

From  these  observations  determine  the  weight  of  the  plate. 

(pp.  207  Jk  280) 
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3. 

Crarnp  the  given  lath  to  the  table  so  that  about  85  per  cent, 
of  its  length  projects  beyond  the  table. 

Mark  a  point  A  on  the  lath  at  two-thirds  of  the  overhang 
from  the  table.  Measure  the  height  of  the  lath  from  the  floor  at 
this  point  and  at  the  end  of  the  lath.  Now  hang  a  weight  on 
the  lath  at  A  with  a  loop  of  cord  and  repeat  the  measurements 
from  the  floor.  The  difference  of  the  heights  of  a  point  gives  the 
deflection  of  the  lath  at  that  point  due  to  the  load.  The  differ- 
ence of  the  deflections  at  A  and  at  the  end  of  the  lath  divided  by 
their  horizontal  distance  apart  gives  the  change  of  slope  of  the 
lath  at  A  due  to  the  given  load. 

Determine  this  change  of  slope  due  to  a  weight  of  ( JF)  kilos 
slung  on  the  lath  at  A. 

Repeat  your  observations  with  other  weights  at  A  and 
tabulate  your  results.  Note  that  all  deflections  should  be 
measured  from  the  position  of  the  unloaded  lath. 

Give  a  graph  co-ordinating  change  of  slope  and  load,  and 
express  one  in  terms  of  the  other  algebraically.  (p.  335) 

4. 

Calculate  the  volume  of  the  given  block  of  wood  from  your 
measurements. 

Eill  the  bucket  as  full  of  water  as  it  will  hold  and  then  float 
the  block  on  it.  Catch  the  overflow  in  the  cylindrical  vessel  and 
weigh  it.  Calculate  the  weight  of  1  cubic  metre  of  the  wood. 

Weigh  the  piece  of  stone  or  metal  provided  and  note  its 
label-number. 

Immerse  it  in  the  bucket  full  of  water  and  catch  the  over- 
flow. Weigh  the  overflow  and  from  your  observations  calculate 
the  weight  of  50  cubic  centimetres  of  the  substance.  (p.  85) 

5. 

Attach  the  given  weight  to  the  string  passing  round  the 
spindle  of  the  pulley;  see  that  all  the  string  is  rolled  on  tlie 
spindle. 

Allow  the  weight  to  fall  and  revolve  the  pulley.  Measure 
the  height  through  which  the  weight  descends,  and  also  the 
height  to  which  it  is  again  raised  by  the  continued  revolution 
of  the  pulley.  Repeat  the  experiment. 

25—2 


386  PRACTICAL    MATHEMATICS 

Find  the  total  amount  of  energy  expended  against  friction 
during  this  movement.  Assuming  the  resistance  due  to  friction 
to  be  constant,  calculate  what  weight  if  attached  to  the  free  end 
of  the  string  would  just  suffice  to  keep  the  pulley  revolving  with- 
out acceleration.  (p.  254) 


6. 

Set  the  pulley  in  motion  by  hanging  a  weight  of,  say  \  kilo 
on  a  string  wrapped  round  the  pulley  spindle. 

Measure  the  height  of  fall  (ff)  of  the  weight  and  observe  the 
time  of  fall  (T)  seconds.  Repeat  the  observations,  using  the 
same  weight  but  different  heights  of  fall. 

Tabulate  your  observations.  Give  a  graph  co-ordinating  the 
time  of  fall  and  the  square  root  of  the  height  of  fall,  and  deduce 
the  equation  connecting  (T)  and  (H). 

Assuming  that  the  average  velocity  of  the  weight  is  the 
mean  of  its  initial  and  final  velocities,  calculate  the  velocity  (  V) 
with  which  the  weight  strikes  the  floor  in  each  case ;  and  give  a 
graph  co-ordinating  ( V)  and  (T).  (p.  254) 

7. 

Suspend  the  spiral  spring  from  a  bracket  in  the  wall ;  measure 
its  length  when  unloaded,  and  when  loaded  with  the  various 
weights  supplied,  and  tabulate  the  results. 

Attach  one  end  of  the  spring  to  the  eye  near  one  extremity 
of  the  wooden  beam,  and  the  other  end  of  the  spring  by  a  fairly 
long  piece  of  string  to  the  eye  at  the  opposite  extremity.  Hang 
the  string  over  the  bracket  and  attach  a  weight  to  the  eye  in 
the  centre  of  the  beam,  adjusting  the  string  until  the  beam  is 
horizontal. 

Measure  the  extension  of  the  spring  and  find  what  load  this 
represents.  Also  measure  ZT,  the  vertical  height  of  the  sus- 
pension above  the  top  of  the  beam,  and  Z,  the  side  of  the 
triangle  formed  by  the  string. 

Repeat  these  measurements  with  each  pair  of  eyes  in  the 
beam  equidistant  from  its  centre. 

Give  a  graph  co-ordinating  —   and  the  force  shown  by  the 

// 

extension  of  the  spring.  (pp.  204  &  328) 
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Firmly  clamp  the  long  steel  rod  so  that  170  cms.  of  it  project 
over  the  edge  of  the  table.  Set  the  projecting  portion  vibrating 
through  a  small  arc  in  a  vertical  plane. 

Count  the  number  of  vibrations  executed  in  a  given  time, 
say  half  a  minute,  and  so  obtain  the  time  of  one  vibration. 

Repeat  the  experiment  with  shorter  lengths  by  reducing  the 
projecting  portion  10  cms.  each  time,  until  the  vibrations  become 
too  rapid  to  count.  Tabulate  the  results. 

Find  what  algebraical  relation  exists  between  T,  the  time  of 
one  vibration,  and  L,  the  length  of  the  projecting  portion. 

With  the  same  lengths  as  previously  used  measure  the  deflec- 
tion (Z>)  caused  by  hanging  a  weight  from  the  free  end  of  the  rod, 
the  deflection  being  measured  by  reading  the  height  of  the  free 
end  above  the  floor  before  and  after  applying  the  weight. 

Plot  a  curve  showing  for  the  same  series  of  lengths  the 
relation  between  the  time  of  one  vibration  (T)  and  the  deflection 
(D)  caused  by  the  added  weight.  (p.  337) 

9. 

Fix  a  pulley  at  the  end  of  the  inclined  plane,  and,  by  means 
of  a  string  passing  over  the  pulley,  connect  the  loaded  trolley 
with  each  of  the  given  weights  in  succession.  Adjust  the  in- 
clination of  the  plane  until  equilibrium  is  established  with  each 
of  the  weights. 

Measure  the  height  of  the  top  of  the  plane  above  the  table, 
and  give  a  graph  co-ordinating  the  height  of  the  plane  and  the 
weight  needed  to  produce  equilibrium. 

Measure  also  the  length  of  the  plane,  and  from  your  results 
find  the  total  weight  of  the  loaded  trolley.  (p.  220) 

10. 

Support  the  long  steel  rod  by  knife-edges  20  cms.  from  the 
ends  ;  hang  each  of  the  given  weights  in  turn  by  a  loop  of  string 
over  the  centre  of  the  rod  and  measure  the  deflection  at  the 
centre  produced  by  each  weight*  Ascertain  if  the  rod  returns 
to  its  original  position  after  the  removal  of  the  weights. 

Give  a  graph  co-ordinating  the  deflection  and  the  weight. 
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Suspend  the  given  solid  in  place  of  the  weights  previously 
used  and,  from  the  deflection  it  causes,  determine  its  weight. 

Immerse  the  solid  in  water,  and  from  the  readings  you  obtain 
calculate  its  specific  gravity.  (pp.  85  &  336) 

11. 

Fill  the  smaller  vessel  half  full  of  water,  suspend  it  from  the 
spring  balance  and  read  the  extension  produced.  Now  suspend 
the  solid  in  the  vessel  by  a  piece  of  string  and  hang  it  so  that  it 
is  completely  immersed  in  the  water  but  does  not  touch  the 
bottom  or  sides  of  the  vessel;  again  read  the  spring  balance. 
Let  the  solid  rest  on  the  bottom  of  the  vessel  and  take  a  third 
reading. 

From  these  results  find  the  volume  and  specific  gravity  of  the 
solid. 

Determine  the  specific  gravity  of  the  given  block  of  wood  by 
finding  the  average  depth  immersed  when  it  floats  in  water. 

(pp.  85  &  92) 

12. 

Find  the  centre  of  the  wooden  beam  by  balancing  it  on  a 
knife  edge ;  mark  the  centre  with  a  slip  of  gummed  paper. 
Attach  a  known  weight  near  one  end  of  the  beam  and  again 
find  the  position  of  equilibrium. 

Measure  the  distance  L  from  the  centre  of  the  beam  to  the 
knife  edge,  and  I  from  the  point  of  attachment  of  the  weight  to 
the  knife  edge. 

Vary  the  position  of  the  weight  along  the  beam  and  find  in 
each  case  the  values  of  L  and  I ;  take  about  8  readings. 

Give  a  graph  co-ordinating  L  and  I,  and  find  the  weight  of 
the  wooden  beam. 

Use  the  beam  and  known  weight  to  find  the  correct  weight 
of  the  given  solid. 

Draw  a  diagram  of  the  last  case,  giving  the  various  distances 
when  in  equilibrium.  (pp.  199  &  207) 

NOVEMBER,  1908. 
I. 

To  a  bracket  in  the  wall  attach  the  free  end  (C)  of  one  of  the 
three  cords  knotted  together,  and  to  the  free  end  (B)  of  another 
cord  attach  a  5  kilo  weight  so  that  when  it  hangs  freely  it  is 
clear  of  the  floor. 
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To  the  free  end  (A)  of  the  remaining  cord  attach  a  spring 
balance  and  secure  the  latter  by  a  cramp  to  the  table. 

For  each  of  the  points  A  C  and  the  common  knot  D  measure 
its  height  above  the  floor  and  its  distance  from  the  wooden 
upright.  With  the  aid  of  these  measurements  show  to  scale 
in  your  book  the  configuration  of  the  cords  CD  DB  DA  and 
mark  on  the  drawing  the  reading  of  the  spring  balance. 

Alter  the  length  of  the  cord  DA  and,  as  before,  determine 
the  positions  of  the  points  A  C  D  with  regard  to  the  floor  and 
wooden  upright.  Show  to  scale  in  your  book  the  arrangement  of 
the  cords  and  mark  the  reading  of  the  spring  balance. 

Repeat  these  observations  for  at  least  two  more  positions  of 
D  and  tabulate  all  your  observations.  In  each  case  measure  and 
tabulate  the  angles  CDB  and  ADC  together  with  their  sines. 

Calculate  the  value   — : —  .  _ ...  for  each  case  where  x  is  the 
x  sin  ADC 

spring  balance  indication.  (pp.  170  &  202) 

II. 

Support  the  given  beam  in  a  horizontal  position  by  a  spring 
balance  attached  to  one  of  the  end  eyes  and  a  knife  edge  situated 
;it  20  centimetres  from  the  other  end  eye  of  the  beam.  The 
knife  edge  should  rest  upon  the  short  cantilever  cramped  to  the 
table.  The  weights  should  be  slung  from  the  beam  by  loops  of 
cord  slipped  over  it.  The  weight  of  the  beam  may  be  taken  as 
3  kilos. 

Suspend  a  3  kilo  weight  from  the  beam  at  a  point  midway 
between  the  spring  balance  and  the  knife  edge  and  a  5  kilo 
weight  from  the  beam  on  the  other  side  of  the  knife  edge  at 
18  centimetres  from  the  latter. 

Tabulate  all  the  forces  acting  on  the  beam  (including  the 
weight  of  the  beam),  together  with  their  corresponding  distances 
from  the  knife  edge. 

Repeat  your  observations  with  the  5  kilo  weight  at  12  centi- 
metres from  the  knife  edge,  but  without  disturbing  the  3  kilo 
weight. 

Again  repeat  your  observations  with  the  3  kilo  weight  at 
50  centimetres  from  the  knife  edge,  but  without  disturbing  the 
5  kilo  weight. 
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In  each  case  determine  the  sum  of  the  moments  of  the  forces 
round  the  knife  edge,  assuming  clockwise  direction  to  be  positive. 
Give  a  sketch  of  the  arrangement  if  time  permits. 

III. 

By  means  of  the  fixed  pulley,  cord,  and  pulley  shackle  con- 
struct a  lifting  appliance  in  which  the  pulley  shackle  is  supported 
by  two  parts  of  the  cord  which  are  nearly  parallel. 

Sketch  the  arrangement. 

Suspend  a  weight  ( W)  from  the  hook  of  the  pulley  shackle. 
Attach  a  spring  balance  to  the  free  end  of  the  cord  and  note  its 
indication  ($)  as  its  ring  or  hook  is  pulled  steadily  by  the  hand 
so  as  to  raise  W  slowly. 

Repeat  with  at  least  eight  other  values  of  IF  and  finally 
replace  W  by  the  mass  of  stone,  observing  the  corresponding 
value  of  S. 

Tabulate  all  your  observations  and  record  the  label-number  on 
the  stone. 

Give  a  graph  co-ordinating  W  and  S  and  deduce  an  equation 
connecting  them.  Read  from  your  graph  the  weight  of  the 
stone  and  also  deduce  it  from  your  equation. 

If  time  permits  add  another  graph  showing  the   values  of 

W 

-o-,  using  the  same  base  as  for  the  first  graph. 

MATHEMATICS     IT. 

NOVEMBER,  1905. 

N.B. — The  Examiner  will  assign  two  experiments  to  each  Can- 
didate. The  experiments  are  all  of  equal  value.  A  short 
description  should  be  given  of  the  apparatus  used  and  of  the 
method  of  using  it.  Observations  and  results  should  be 
entered  in  tabular  form.  Graphs  are  to  be  drawn  in  pencil 
and  not  inked  in.  All  calculations  should  be  made  in  the 
examination  book. 

1.  The  acceleration  of  a  ball  rolling  down  an  inclined  plane 
is  •£  of  the  acceleration  of  a  body  sliding  down  a  smooth  plane 
of  the  same  slope.  Let  the  given  ball  roll  down  the  given  tube 
set  at  different  slopes,  plot  the  time  taken,  as  a  function  of  the 
angle  of  slope,  and  calculate  the  acceleration  due  to  gravity. 

(p.  287) 
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2.  Draw  a  graph  showing  the  relation  between  volume  and 
pressure  in  the  case  of  air,  the  relation  to  be  determined  experi- 
mentally by  means  of  the  apparatus  supplied.  (p.  296) 

3.  The  given  piece  of  india-rubber  rod  supports  a  scale-pan. 
Load  up  the  pan  gradually  and  record,  by  means  of  a  graph,  the 
manner  in  which  the   elongation  varies   with  the   load ;  then 
unload  gradually  and  record  the  observations  as  before. 

From  your  results  calculate  Young's  modulus  for  india-rubber. 

(p.  331) 

4.  Obtain  the   number  of   complete  oscillations  of   simple 
pendulums  of  different  lengths  in  the  same  time,  say  1  minute. 
Plot  on  squared  paper  a  graph  showing  the  relation  between 
length   and   frequency,    and   determine   from   your   results   the 
acceleration  of  a  falling  body.  (p.  274) 


JUNE,  1906. 

A. 

Set  up  the  groove  at  a  convenient  slope.  Observe  the  time 
the  ball  takes  to  run  down  the  groove,  and  give  its  final  velocity 
in  cm.  per  sec. 

From  measurements  of  the  ball  and  the  groove  express  the 
angular  velocity  of  the  ball  in  terms  of  its  linear  velocity. 

The  kinetic  energy  of  a  ball  of  weight  in  grams  and  radius  a 
cm.  moving  at  v  cm.  per  sec.  and  spinning  at  o>  radians  per  sec.  is 

717 


1  ^.aW)  gram-centimetres.     Calculate  the  kinetic  energy 

Jol 

of  the  ball  on  leaving  the  groove. 

Give  also  the  loss  of  potential  energy,  and  account  for  any 
difference  between  this  and  the  kinetic  energy.  (p.  285) 


B. 

In  Fig.  1  ABC  is  a  sketch  of  one  of  the  rods  provided,  fixed 
at  A  and  B.  Compare  the  position  of  C  with  the  end  of  the 
other  rod  when  neither  is  loaded,  and  when  C  is  loaded  with 
5  kg.  ;  and  so  find  the  deflection  caused  by  the  load  of  5  kg. 

Get  a  second  observation  by  interchanging  the  bars,  that  is, 
by  loading  the  other  one. 


392 


PRACTICAL   MATHEMATICS 


Measure  BG  and  give  in  centimetre-kilograms  the  couple 
acting  on  the  rod  at  B  due  to  a  load  of  5  kg.  at  C.  If  this  same 
couple  acted  at  every  point  of  the  rod  the  deflection  CD  would  be 

times  the  actual  deflection,  and  the  rod  would  take  the  form 

of  the  arc  ABD  of  a  circle.     Give  the  radius  R  cm.  of  this  circular 
arc  ABD.     Assume  GE  equal  to  the  diameter. 


Fig.  I. 


6 

Fig.  2. 


Assuming  the  middle  line  of  the  rod  unchanged  in  length 
when  the  couple  actually  acting  at  B  is  supposed  to  act  also  at 
every  point  of  the  rod,  give  the  increase  of  length  of  the  top  line 
of  the  rod  (see  Fig.  2). 

If  a  couple  G  cm. -kg.  acting  at  every  point  of  the  rod  bends 
it  into  an  arc  of  radius  R  cm.  it  causes  in  the  top  line  of  the  rod 

a  tension  of  Q  kg.  per  sq.  cm.  given  by  --VYT  —  G,  where  a  cm.  is  the 

radius  of  the  bar.     Calculate  Q,  and  find  Young's  modulus  for  the 
bar.  (p.  335) 

C. 

Tie  the  ends  of  a  string  2  or  3  metres  long  to  the  iron  rod. 
By  this  string  hang  the  rod  from  the  bracket  on  the  wall,  and 
adjust  so  that  both  parts  of  the  string  are  vertical  and  the  rod 
is  horizontal  and  symmetrical.  Set  the  rod  swinging  about  the 
vertical,  and  find  the  time  t  sec.  of  a  to-and-fro  swing. 

The   time  t  sec.,  the  distance  d  cm.  between  the  points  of 
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support,  the  length  I  cm.  of  each  vertical  part  of  the  string,  and 
a  constant  A  are  connected  by 


Find  the  value  of  A. 

If  L  cm.  is  half  the  length  of  the  rod  and  x  cm.  the  distance 

of  any  point  of  the  rod  from  the  middle,  then  \y?dx  taken  along 

the  rod  is  equal  to  2LA.     Find  A  from  this,  and  compare  with 
the  previous  result.  (p.  315) 

D. 

Hang  the  sheet  of  metal  by  the  single  hole  and  observe  the 
time  of  a  small  to-and-fro  swing  of  the  sheet  in  its  own  plane. 
Also  find  and  mark  the  position  of  its  centre  of  gravity. 

Theoretically  the  time  of   swing  is  (with  the  c.G.s.   units) 


•  in  which  h  is  the  distance  of  the  centre  of  gravity  from 
\/98U 

the  axis  of  suspension  and  K  is  given  by  K2\dS=  I  r2d/S,  where 

dS  is  an  element  of  area  of  the  swinging  sheet,  r  the  distance  of 
this  element  from  the  axis  of  suspension,  and  the  integration 
extends  over  the  surface  of  the  sheet.  Make  an  outline  of  the 
sheet  and  draw  a  series  of  circles  with  their  centres  at  the  centre 
of  suspension  and  with  radii  of  4,  8,  12, ...  cm.  For  the  purpose 

of  calculating    \r*dS  suppose  the  area  contained  between  two 

consecutive  circles  of  radii  rt  and  r2to  be  condensed  at  a  distance 

7*  •-I-'  y 

— 2  from  the  centre ;  and  estimate  each  such  area,  neglecting 
2i 

the  loss  of  area  by  the  holes  in  the  sheet.  Thus  find  roughly  the 
theoretical  time  of  swing  and  compare  with  the  experimental 
result.  (p.  280) 

NOVEMBER,  1906. 

A. 

"Weigh  the  given  sheet  of  metal  and  find  the  position  of  its 
centre  of  gravity.  Attach  any  three  known  loads  to  it  by 
strings,  one  hanging  vertically  and  the  other  two  passing  over 
pulleys.  Tap  the  sheet  to  bring  it  to  the  steadiest  position. 
You  now  have  the  sheet  of  metal  in  equilibrium  under  4  forces. 
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Mark  these  forces  in  direction  ami  magnitude  on  the  sheet  of 
metal,  and  transfer  them  to  drawing  paper, 

In  anyway  you  please  find  the  horizontal  and  tho  vortical 
component  of  each  force.  What  ought  to  be  the  value  of  (.ho 
sum  of  the  horizontal  components?  and  the  sum  of  the  vertical 
components]  and  the  moment  of  the  forces  about  the  centre  of 
gravity  of  the  sheet  1  See  to  what  degree  of  accuracy  they  havo 
these  values. 

Also,  supposing  the  weight  of  the  sheet  the  only  force  known 
in  magnitude,  find  from  your  drawing  the  magnitudes  of  the 
other  3  forces,  and  tabulate  them  beside  the  weights  of  tho  3 
loads  that  cause  them.  (pp.  204  &  207) 

B. 

Hang  the  small  pail  on  one  end  of  the  beam,  and  load  tho 
other  end  till  the  beam  rests  horizontal.  Increase  the  count  er- 
poiso  by  1  kilo,  and  pour  water  into  the  pail  till  the  beam  is 
horizontal ;  measure  the  depth  of  the  water.  Add  another  kilo 
to  the  counterpoise  and  do  as  before.  Repeat  till  you  havo 
7  litres  of  water  in  the  pail.  Tabulate  your  results.  Also  give 
a  graph  of  the  volume  of  water  in  litres  as  a  function  of  tho 
depth,  showing  the  depth  full  size  and  representing  1  litre  by 
5  GUI.  ;  show  the  axes  of  co-ordinates  and  the  scales. 

From  the  volume-depth  graph  deduce  another  giving  the  area 
of  the  surface  of  the  water  as  a  function  of  tho  depth.  Use  tho 
same  depth  axis  and  represent  100  sq.  cm.  by  5  cm. 

Deduce  also  a  graph  of  tho  diameter  of  tho  pail  at  any  depth 
as  a  function  of  the  depth;  depth  axis  as  before,  and  diameter 
shown  half-size.  Check  your  work  by  measuring  tho  top  and 
bottom  diameters  of  the  pail.  (p.  226) 

C. 

You  are  given  a  weight  with  3  cords  attached.  Use  these 
cords  to  suspend  the  weight  from  the  3  eyes.  By  hanging  plumb 
lines  to  the  table,  or  otherwise,  draw  the  projection  of  the  3 
cords  on  the  tabla  Draw  also  the  projection  on  a  vertical  plane 
parallel  to  the  wall. 

Call  the  pulls  in  the  3  cords  P  Q  7?,  and  express  tho  vertical 
and  horizontal  components  in  terms  of  these.  By  considering 
the  equilibrium  of  the  horizontal  components  find  the  ratios 
P  :  Q  :  R,  and  by  considering  the  equilibrium  of  tho  vortical 
components  find  another  equation  for  P  Q  A*.  Hence  find  the 
pull  in  each  cord. 
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T;i,l«!  ;i  corner  of  ;i  sheet  of  drawing  paper  (Uial,  you  li.-i.vr 
already  pinned  to  the  lahln)  for  origin  of  r<>  ordinal,!-;;.  Through 
this  origin  take  any  suitable  co-ordinato  planes,  stating  what 
they  are.  Give  the  co-ordinates  of  the  3  ends  of  the  cords  and 
of  tho  knot  where  they  meet. 

Tabulate  all  your  results. 

JUNK,  1907. 
A. 

You  are  required  to  determine,  in  gram-centimetre  units,  the 
kinetic  energy  stored  in  the  given  pulley  and  its  spindle,  when 
rotating  at  the  rate  of  1  radian  per  second,  by  a  consideration  of 
the  work  done  by  a  falling  body  and  the  kinetic  energy  stored  in 
a  moving  mass. 

Coil  a  piece  of  cord  round  the  spindle  of  tho  pulley  arid 
attach  to  the  free  end  only  such  a  weight  as  will  just  keep  tho 
pulley  rotating  without  acceleration. 

Replace  the  small  weight  by  a  larger  one  W  (say,  J  kilo)  and 
count  the  number  of  turns  N  made  by  tho  pulley  as  you  wind 
up  tho  weight  from  the  floor  to  a  height  of  //  centimetres  above 
tho  floor.  From  this  observation  determine  the  effective  diameter 
of  the  spindle,  and  write  down  the  moment  of  resistance  of 
friction  of  the  unloaded  pulley. 

Observe  the  time  T  seconds  required  by  the  weight  W  to  fall 
through  //  centimetres  before  striking  the  floor.  Repeat  a 
mmil>er  of  times  and  find  the  average  time.  Tabulate  all  your 
observations. 

If  time  permits,  replace  tho  weight  of  i  kilo  by  another 
weight  and  determine  the  average  time  of  fall  through  H 
centimetres. 

Now  calculate  and  tabulate  for  each  of  tho  two  experiments : — 

1.  The  work  done  by  gravity  on  the  weight  in  falling. 

2.  The  work  done  in  overcoming  friction. 

3.  The  kinetic  energy  of  the  weight  as  it  strikes  the  floor. 
\.     The  kinetic  energy  in  tho  rotating  pulley  and  spindle 

as  the  weight  strikes  tho  floor. 
5.     Tho  energy  of  pulley  and  spindle  when  rotating  at  1 

radian  per  second  (=  57*3°  per  second). 
Express  work  and  energy  iti  cent! metre-grams.  (p.  254) 
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B. 

You  are  required  to  determine  (as  nearly  as  you  can  with  the 
apparatus  given  you)  the  acceleration  due  to  gravity  at  the 
earth's  surface  in  London. 

Hang  a  weight  W  on  the  end  of  the  spring  and  find  its 
period  of  oscillation  in  the  vertical  direction  by  counting  the 
oscillations  during  a  number  of  seconds.  Repeat  the  observation 
a  number  of  times  and  find  the  average  period  of  oscillation. 
Tabulate  all  your  observations. 

Load  the  spring  with  six  different  weights  and  measure  the 
corresponding  extensions.  Tabulate  your  observations. 

Hang  another  weight  on  the  spring  and  find  its  average 
period  of  oscillation. 

Give  a  graph  co-ordinating  load  and  extension  of  the  spring 
and  deduce  from  it  an  expression  for  the  extension  in  terms  of 
the  load. 

The  period  T  of  an  oscillating  body  is  given  by  the  equation 

/displacement  of  body  from  mean  position 
V  corresponding  acceleration 

By  means  of  this  equation  and  that  connecting  force,  mass,  and 
acceleration  together  with  the  results  of  your  observations 
calculate  the  value  of  "g"  for  each  of  the  two  average  periods  of 
oscillation. 

The  mass  of  the  spring  may  be  neglected  in  your  experiment. 

C. 

By  means  of  the  spring  supported  on  a  bracket  in  the  wall 
and  a  metre  scale,  determine  the  extension  produced  by  each  of 
the  four  pieces  of  stone,  lead,  &c.,  on  the  table,  and  express  their 
weights  in  terms  of  the  lightest. 

Tabulate  the  label  numbers  and  the  relative  weights. 

Attach  the  four  pieces  of  stone,  lead,  <fec.,  to  the  ends  of  the 
four  cords,  and  arrange  that  each  cord  passes  over  a  pulley 
clamped  to  the  edge  of  the  table  so  that  the  weights  hang  freely 
and  the  cord  quadrilateral  has  each  side  in  tension  and  its  plane 
parallel  to  the  table.  Tap  the  strings  to  bring  them  to  their 
steadiest  position. 

Pin  the  piece  of  drawing  paper  under  the  cords  and  transfer, 
in  any  way  you  please,  the  complete  configuration  of  the  cords  to 
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the  paper,  and  write  the  label  number  of  each  weight  near  its 
corresponding  cord.  Great  care  should  be  exercised  in  bringing 
the  cords  to  their  steadiest  position  and  in  transferring  their 
configuration  to  the  paper. 

After  removing  the  paper  from  underneath  the  cords,  select 
some  point  P,  outside  of  the  quadrilateral,  and  at  least  10 
centimetres  from  any  cord.  Draw  perpendiculars  from  P  to  each 
of  the  weight  cord  lines  and  calculate  the  moment  of  each  weight 
about  the  point  P,  considering  the  clockwise  direction  as  negative. 
Tabulate  the  moments  and  find  their  algebraical  sum. 

Find  graphically  the  tension  in  each  side  of  the  quadrilateral 
and  tabulate  them.  Treating  each  corner  of  the  quadrilateral  in 
turn,  you  will  determine  each  tension  twice.  Tabulate  all  these. 

(pp.  204,  207  &  328) 

D. 

Pin  a  strip  of  paper  on  the  trolley,  and  then  let  the  trolley 
run  down  the  inclined  plane  so  that  the  oscillating  brush  draws 
a  sinuous  curve  on  the  strip  of  paper.  Draw  also  the  line  which 
the  brush  at  rest  would  describe  as  the  trolley  ran  down.  The 
sinuous  curve  cuts  the  line  into  lengths  of  (say)  a  b  c  ...  centi- 
metres. Verify  that  b  —  a  =  c-b  =  d  —  c  =  etc.  (1),  and  call  the 
common  value  p. 

Set  the  brush  in  motion  again  and  find  its  time  T  sees,  of  a 
half  swing.  Assuming  that  the  acceleration  k  cm. /sec.2  of  the 
trolley  is  related  to  T  and  p  by  p  =  kT*  (2),  find  the  acceleration. 

Measure  the  length  of  the  inclined  plane  and  the  difference  of 
level  of  its  ends,  deduce  the  component  of  gravitational  accelera- 
tion along  the  plane,  and  compare  with  the  acceleration  of  the 
trolley. 

Prove  the  formulas  (1)  and  (2)  mentioned  above. 

(pp.  220  &  247) 

NOVEMBER,  1907. 

A. 

Suspend  the  spring  from  an  eye  on  the  beam ;  tie  a  string 
about  25  cm.  long  to  its  lower  end  and  suspend  a  weight  from 
this  string.  Observe  the  position  of  equilibrium,  then  set  the 
weight  oscillating  vertically  and  observe  its  extreme  positions, 
the  spring  being  still  extended  when  the  weight  is  in  its  highest 
position.  From  consideration  of  energy  deduce  the  velocity  of 
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the  weight  when  passing  the  equilibrium  position  and  in  five 
other  positions;  also  find  the  pulls  of  the  spring  in  those 
positions. 

Hence  draw  a  graph  connecting  the  position  of  the  weight 
with  the  power  at  which  the  spring — regarded  as  a  machine — is 
working;  include  in  your  graph  both  halves  of  the  complete 
oscillation. 

Also  draw  a  graph  connecting  the  velocity  of  the  weight 
with  its  position,  and  deduce  the  graph  connecting  position  and 
time.  Hence  draw  the  graph  connecting  power  and  time,  and 
deduce  the  work  done  by  the  spring  in  passing  from  the  lowest 
to  the  equilibrium  position  and  from  the  equilibrium  to  the 
highest  position.  (p.  268) 

B. 

Fasten  the  four  strings  in  one  knot;  pass  three  of  them, 
A  B  C,  over  pulleys  on  three  sides  of  the  table  and  pass  the 
fourth  D  over  a  pulley  fixed  above  the  table.  Suspend  known 
weights  from  A  B  (7,  an  unknown  weight  from  .Z),  and  tap  the 
strings  to  ensure  the  best  position  of  equilibrium. 

Taking  as  co-ordinate  axes  two  edges  of  the  table  and  a  line 
vertically  upwards,  find  the  equations  of  A  B  C,  and  the  co- 
ordinates of  the  knot.  From  these  deduce  the  equations  of  D 
and  the  unknown  weight.  Then  compare  your  results  with 
those  obtained  by  direct  measurement. 

C. 

The  time   T  of   complete   oscillation   of   a   body  oscillating 
freely  when  suspended  from  a  point  P  within  itself  is  given  by 
/~S" 

T=%7r    / ,  where  a  is  the  distance  from  P  to  the  centre  of 

V  ga 

gravity  G,  and  k  is  called  the  swing  radius  for  this  point  of 
suspension;  further  if  k0  is  the  swing  radius  for  Gt 

kz  =  k*  +  a\ 

Hang  the  given  sheet  of  metal  from  five  of  the  holes  in 
succession,  and  observe  the  time  of  oscillation  for  each  (the  two 
holes  in  the  body  of  the  sheet  must  be  used).  Then,  using  two 
of  the  holes  only,  and  taking  such  other  observations  as  are 
necessary,  deduce  a  formula  for  the  time  of  oscillation  when 
the  plate  is  suspended  from  the  point  whose  co-ordinates  are 
(x,  y)  referred  to  the  axes  marked  on  the  sheet.  Verify  your 
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formula  by  comparison  with  the  measured  times  for  the  other 
three  holes. 

If  a  straight  line  is  drawn  on  the  sheet,  how  (roughly)  does 
the  time  of  oscillation  vary  at  different  points  along  it  ? 

(P.  280) 
JUNE,  1908. 
1. 

The  given  steel  rod  is  fixed  at  one  end  and  can  be  submitted 
to  any  desired  torque  by  loading  the  board  clamped  to  its  free 
end.  The  angle  A  through  which  the  free  end  of  the  rod  is 
twisted  can  be  measured  by  aid  of  the  disc  fixed  on  the  rod. 
The  modulus  of  torsion  M  of  a  rod  is  the  ratio  of  the  couple 
applied  at  one  end  to  the  torsion  produced  per  unit  length  of 
wire.  Determine  the  torsion  modulus  in  C.G.S.  units. 

Also  estimate  the  amount  of  energy  that  can  be  stored  in  a 
metre  of  this  rod  by  giving  the  rod  a  twist  of  one  degree  per 
metre.  (p.  360) 

2. 

Attach  three  strings  to  well-separated  points  of  the  given 
metal  plate.  Now  suspend  the  plate  by  tying  the  strings  to 
three  different  points. 

Take  two  edges  of  the  table  and  a  vertical  line  as  axes  of 
co-ordinates,  measure  the  co-ordinates  of  the  ends  (or  of  two  other 
points)  of  each  string,  and  write  down  the  equations  of  each 
string;  the  equations  of  the  straight  line  through  the  points 
(a  b  c)  and  (d  e  f)  are 

x  —  a     y  —  b     z  —  c 
d—a~e—b ~f— c ' 

Show  from  the  equations  that  the  lines  of  the  strings  all 
meet  a  certain  vertical  line,  and  record  the  co-ordinates  of  the 
points  of  intersection. 

3. 

Place  the  middle  eye  of  the  beam  on  the  knife-edge  and  see 
that  the  beam  swings  freely.  Put  the  two  pieces  of  putty  on 
the  beam  near  its  ends  so  that  they  balance.  Arrange  by  aid  of 
a  stop  on  the  table  that  the  beam  is  kept  horizontal  when  one 
piece  of  putty  is  removed,  and  now  suspend  this  piece  by  a 
thread  vertically  above  the  spot  it  occupied  on  the  beam.  Burn 
the  thread  so  that  the  putty  falls  on  the  beam  and  observe  the 
consequent  angular  deflection  of  the  beam. 

s.  T.  26 
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If  I  is  the  distance  of  each  piece  of  putty  from  the  knife- 
edge,  m  the  mass  of  each  piece,  /  the  moment  of  inertia  of  the 
beam,  a  the  angular  deflection  observed,  v  the  velocity  of  the 
putty  when  it  strikes  the  beam,  and  T  the  time  of  a  complete 
swing  of  the  beam  when  loaded  with  both  pieces  of  putty,  it  is 
known  that 

mvl  =  —  (/  +  2mP)  sin  -  . 


-  . 

Determine  a  for  three  different  heights  of  fall  and  record  your 
results.  Determine  the  moment  of  inertia  of  the  beam  taking 
g  =  981  cm./sec2.  (p.  264) 

4. 

Arrange  that  the  two  balls  hang  touching  one  another  with 
their  strings  parallel,  and  with  the  line  joining  their  centres 
parallel  to  the  fixed  metre  scale.  Pull  one  ball  aside,  keeping 
its  centre  and  the  two  strings  in  one  plane,  and  tie  it  to  a 
thread  to  hold  it  in  its  displaced  position.  By  means  of  the 
fixed  metre  scale  observe  the  angular  displacement  from  the 
vertical  of  the  string.  Burn  the  thread.  The  ball  will  swing 
as  a  pendulum  till  it  strikes  the  stationary  ball.  Observe  the 
consequent  angular  throw  of  the  struck  ball. 

The  coefficient  of  restitution  of  the  balls  can  be  found  from 
the  formula 

L±£-     /* 
2     ~V   h 

where  h  is  the  vertical  distance  through  which  the  striking  ball 
descends  between  its  release  and  the  impact,  and  k  is  the 
maximum  vertical  distance  through  which  the  struck  ball  rises 
after  the  impact. 

Make  the  necessary  observations  to  determine  the  coefficient 
of  restitution,  using  several  values  of  h.  (p.  265) 

NOVEMBER,  1908. 

I. 

A  weight  suspended  from  a  fixed  point  by  a  string,  and  a 
metre  stick  fixed  horizontally,  are  provided.  Measure  the  im- 
pulsive breaking  tension  of  each  of  the  given  samples  of  thread 
in  the  following  manner  :  — 

Tie  one  end  of  the  thread  to  the  hanging  weight  and  the  other 
end  to  a  fixed  point  at  the  same  level,  with  the  thread  just  drawn 
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tight.  Displace  the  weight  towards  the  right-hand  side  of  its 
equilibrium  position,  keeping  it  close  to  the  metre  stick,  and,  after 
noting  the  displacement  of  the  string,  allow  the  weight  to  swing 
and  break  the  thread,,  Observe  immediately  the  greatest  displace- 
ment attained  by  the  string  as  the  weight  swings  to  the  left. 

From  the  observed  displacements  of  the  string,  the  length  of 
the  string,  the  position  of  the  scale,  and  the  mass  of  the  weight, 
the  momentum  of  the  weight  just  before  breaking  the  thread  and 
the  momentum  just  after  can  be  computed.  The  difference  is  the 
impulsive  breaking  tension  of  the  thread.  (p.  261) 

II, 

Pass  a  string  over  the  fixed  horizontal  cylinder  provided,  and 
to  one  of  its  ends  tie  a  weight  and  to  the  other  end  tie  the  hook 
of  a  spring  balance.  By  pulling  the  spring  balance  in  a  vertical 
downward  direction  (keeping  the  two  parts  of  the  string  parallel) 
the  friction  between  the  string  and  cylinder  can  be  overcome 
and  the  weight  started  into  upward  motion.  Similarly,  by 
relaxing  the  tension  of  the  spring  balance  the  weight  can  be 
allowed  to  start  into  downward  motion.  Read  the  spring 
balance  carefully  on  each  of  these  occasions,  and  compute  from 
your  readings  and  from  the  known  mass  of  the  weight  used,  the 
difference  and  the  sum  of  the  tensions  in  the  two  parts  of  the 
string  on  each  occasion. 

Repeat  the  experiment,  so  altered  that  the  lap  of  the  string 
on  the  cylinder  is  90°  instead  of  180°. 

Exhibit  your  results  as  a  curve  co-ordinating  differences  of 
tensions  with  sums  of  tensions. 


The  Examination  for  Junior  Appointments  in 
the  Admiralty.    July,  1908. 

MATHEMATICS.     CLASS   I. 

A. 

Clamp  the  beam  in  a  horizontal  position  to  the  bracket  in  the 
wall,  so  that  the  row  of  eyes  hangs  downwards.  Hook  a  spring 
balance  into  one  of  the  end  eyes  and  tie  a  piece  of  string  to  the 
ring  at  the  other  end  of  the  balance.  Slip  a  loop  of  cord  over 
the  string  and  make  the  latter  fast  to  the  other  end  eye.  To  the 

26—2 
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loop  hook  a   2-kilogram  weight,  and  arrange  that  the  loop,  if 
produced,  would  bisect  the  distance  between  the  end  eyes. 

Stretch  a  piece  of  fine  string  tightly  between  the  end  eyes, 
and  measure  the  distance  (H)  between  it  and  the  point  where 
the  loop  bears  upon  the  long  string.  Also  measure  the  length 
(L)  between  the  last  point  and  the  centre  of  one  of  the  end  eyes. 
Read  the  spring  balance  (S)  and  tabulate  all  your  observations. 
Repeat  with  seven  other  values  of  H  and  add  another  column  to 

your  table   containing  the   values   of   jj.      Give   a   graph   co- 
ordinating S  and  jj.  (p.  204) 

B. 

Arrange  the  beam  so  that  the  end  eye  overhangs  the  table  by 
a  few  centimetres.  Attach  a  weight  ( W  kilos)  to  the  over- 
hanging eye  by  a  piece  of  cord,  so  that  when  the  beam  is 
balanced  in  a  horizontal  position  across  a  knife  edge  the  weight 
is  just  clear  of  the  floor. 

Measure  the  distance  apart  (x)  of  the  knife  edge  and  the 
cord  supporting  the  weight  W.  Repeat  with  at  least  seven 
other  values  of  W  and  the  two  masses  of  stone  or  metal, 
adjusting  the  knife  edge  till  a  balance  is  obtained.  Tabulate 
your  observations. 

Give  a  graph  co-ordinating  W  and  x,  and  deduce  from  it  the 
weights  of  the  pieces  of  stone  or  metal. 

Record  the  label-numbers  on  the  stone  or  metal.  (p.  226) 

C. 

By  means  of  the  spring  balance  and  pail  of  water,  determine 
the  weight  and  volume  of  each  of  the  two  masses  of  stone  or 
metal.  Write  down  the  volume  of  each  mass  in  cubic  metres, 
and  calculate  the  weight  of  a  cubic  metre  of  each  substance. 

Verify  your  results  by  filling  the  pail  to  the  spout  and 
catching  the  water  displaced  by  each  of  the  masses  and 
measuring  it  in  the  glass  cylinder. 

Tabulate  all  your  observations  and  results.  (pp.  78  &  85) 

D. 

Clamp  the  lath  to  the  table  top  so  that  it  overhangs  the  latter 
by  140  centimetres.  Slip  a  loop  of  cord  over  the  end  of  the  lath 
and  hang  on  to  it  a  5-kilogram  weight.  Arrange  the  cord  at 
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100  centimetres  (L)  from  the  edge  of  the  table  and  measure  the 
distance  between  the  lath  and  the  floor.  Remove  the  weight 
from  the  lath  and  again  measure  the  distance  between  the  lath 
and  floor,  and  thus  determine  the  deflection  (D)  of  the  lath  at 
L  =  100  centimetres  from  the  table. 

Repeat  the  observations  for  at  least  seven  other  values  of  Z, 
making  the  range  as  great  as  possible. 

Give  a  graph  co-ordinating  D  and  L,  and  write  down  from 
your  graph  the  deflections,  when  L  is  respectively  50  centimetres 
and  120  centimetres.  (p.  335) 

E. 

With  the  pulley  arrangement  provided,  determine  the  least 
effort  (E)  which  must  be  applied  to  the  free  end  of  the  cord  to 
lift  a  weight  W.  The  effort  E  is  to  be  determined  by  attaching 
a  spring  balance  to  the  free  end  of  the  cord,  and  observing  its 
indication  when  the  hook  is  grasped  by  the  hand  and  by  the 
application  of  a  steady  pull,  the  weight  W  is  raised  at  an 
approximately  uniform  rate. 

Repeat  your  observations  with  at  least  eight  other  values  of 
W,  and  tabulate  them. 

Give  a  graph  co-ordinating  E  and  TF,  and  from  it  write  down 
the  equation  connecting  them. 

If  time  permits,  use  one  of  the  pieces  of  stone  or  metal  for  W, 
and  determine  the  corresponding  value  of  E.  From  your  graph 
read  off  the  weight  of  the  stone.  Record  its  label-number. 

(p.  211) 


MATHEMATICS.     CLASS  II. 

A. 

Clamp  the  lath  to  the  table  so  that  it  overhangs  about 
140  centimetres.  Hang  weights  of  1,  2,  3,  4  and  5  kilos 
respectively  on  the  lath  at  a  distance  of  135  centimetres  from 
the  edge  of  the  table,  and  measure  the  deflection  of  the  point  of 
attachment  of  the  weight  produced  in  each  case.  Tabulate  your 
observations. 

Give  a  graph  co-ordinating  deflection  (D)  and  load  ( W),  and 
determine  C  in  the  equation  W  —  CD. 
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Hang  a  5-kilo  weight  on  the  lath  at  135  centimetres  from  the 
edge  of  the  table,  set  it  oscillating  vertically  and  count  the 
number  of  complete  oscillations  in  1  minute.  Repeat  this 
observation  and  determine  the  average  time  of  1  oscillation. 

Employ  the  average  result  thus  obtained  to  determine  the 
value  of  "<?"  in  centimetres  per  second  per  second. 

The  time  T  seconds  of  one  complete  oscillation  is  given  by 
the  equation 

Why  is  the  number  you  obtain  not  accurate  1        (pp.  335  &  337) 

B. 

A  cord  quadrilateral  having  a  cord  attached  to  each  corner  is 
to  be  arranged  so  that  the  plane  of  the  quadrilateral  is  parallel  to 
the  table,  and  three  of  the  four  corner  cords  are  to  pass  over 
three  loose  pulleys  clamped  to  the  edge  of  the  table,  while  the 
fourth  cord  is  attached  to  a  spring  balance,  the  ring  of  which  is 
slipped  over  the  screw  of  a  clamp  at  the  edge  of  the  table. 

Attach  the  three  pieces  of  stone  or  metal  provided  to  the 
three  remaining  corner  cords.  You  may  adjust  the  pulleys 
along  the  edge  of  the  table,  but  each  side  of  the  quadrilateral 
must  be  in  tension. 

Tap  the  cords  to  bring  them  to  their  steadiest  position. 

Pin  the  drawing  paper  under  the  cords  and  transfer  the 
complete  configuration  of  the  cords  to  the  paper,  and  write  the 
label-number  of  each  piece  of  stone  or  metal  near  its  corre- 
sponding cord,  together  with  the  indication  of  the  spring  balance. 

After  removing  the  paper  from  under  the  cords,  determine 
graphically  the  tension  in  each  side  of  the  quadrilateral  and  the 
weight  of  each  piece  of  stone  or  metal. 

Use  a  scale  of  forces  of  2  centimetres  to  1  kilo.  Tabulate  the 
forces  and  weights  of  stone,  &c.,  and  record  the  label-numbers. 

If  time  permits,  show  by  a  sketch  how  you  transferred  the 
configuration  of  the  cords  to  the  paper.  (p.  204) 
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MATHEMATICS.     CLASS   III. 

A. 

You  are  supplied  with  a  pendulum  consisting  of  a  strip  of 
wood  AB  with  a  heavy  metal  end  C.  In  the  wood  are  four  holes 
Z>,  E,  F,  G,  by  which  the  pendulum  may  be  suspended  from  a 
horizontal  axis. 

1.  Suspend  the  pendulum  by  one  of  the  holes,  and  balance 
by  applying  a  vertical  force  at  another.     From  two  such  observa- 
tions find  the  mass  of  the  pendulum  and  the  distance  AH,  where 
H  is  the  centre  of  mass. 

2.  Allow  the  pendulum  to  swing  under  gravity  when  sus- 
pended from  axes    through   the   different   holes   in    succession. 
Find  the  mean  time  (T)  of  a  single  oscillation  in  each  case,  and 
calculate  the  length  (I)  of  the  simple  pendulum  with  the  same 
time  of  oscillation. 

Draw  the  graph  connecting  I  with  x  the  distance  of  the  point 
of  suspension  from  the  end  A  of  the  pendulum. 

Estimate  the  value  of  x  for  which  I  is  equal  to  x. 

3.  From  two  of  the  observations  in  (2)  calculate  the  distance 
AH  of  the  centre  of  mass  from  -4,  and  the  swing-radius  or  radius 
of  gyration  about  an  axis  through  that  point. 

4.  What  is  the  moment  of  inertia  about  the  axis  of  sus- 
pension in  each  case  in  (2)  1  (pp.  226  &  280) 

5.  Find  from  the  theory  of  the  pendulum  and  your  results 
the  exact  value  of  x  when  I  is  a  minimum. 

B. 

The  curve  in  the  diagram  below  is  a  cardioid.  You  are 
desired  to  draw  such  a  curve,  to  investigate  its  area  and  the 
position  of  its  centre  of  area,  both  practically  and  theoretically. 

The  curve  is  constructed  as  follows : — Through  0,  a  fixed 
point  on  a  given  circle,  are  drawn  chords  such  as  OA,  and  on  the 
line  OA  are  measured  lengths  QA  and  AP  each  equal  to  the 
diameter  of  the  circle. 

1.  On  the  piece  of  cardboard  supplied  draw  such  a  curve, 
making  the  diameter  of  the  circle  15  cm. 
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2.  By  comparing  the  weight  of  a  measured  area  of  card- 
board with  that  of  your  figure  when  cut  out,  determine  the  area 
of  the  latter. 


If  a  is  the  diameter  of  the  circle,  the  area  of  the  cardioid  will 
be  ICTTO?.     Find  k. 

3.  Find,  experimentally,  the  position  of  the  centre  of  area 
(G)  of  your  figure.     If  OG  =  ma,  find  m. 

4.  Taking  OG  and  OD  as  axes  of  x  and  y,  measure  a  series 
of  equidistant  ordinates  of  the  curve,  and  deduce  an  approximate 
value  for  its  area  and  therefore  for  k. 

5.  Construct  a  graph  whose  ordinates  are  proportional  to 
the  products  of  the  ordinate  and  abscissa  of  points  on  the  cardioid. 

From  the  area  of  the  new  curve  and  the  result  of  (4)  deduce 
the  value  of  m. 

6.  If  6  be  the  angle  POC,  express  x,  y  and  OP  in  terms  of 
a  and  0. 

7.  Calculate   the   value   of    6   when  the   tangent  at    P  is 
parallel  to  OD,  the  length  of  OP  in  this  case,  and  the  length 
of  OD. 

8.  Find,  by  integration,  the  value  of  k. 

With  the  record  of  your  work  you  should  give  in  the  semi- 
cardioid  ODPC,  marking  on  the  figure  the  point  G. 

(pp.  73  &  198) 


ANSWERS. 


EXAMPLES  I,  p.  10. 

1.  (1)  80,920,000.       (2)  624,000,000.       (3)  263. 

(4)  2497.  (5)  2-03.  (6)  1-64. 

2.  (1)  24-75.  (2)  1350.          (3)  193.          (4)  293. 

(5)  291.  (6)  444,300. 

3.  (1)  -00235.       (2)  -1482.       (3)  -43429.       (4)  -005774. 

4.  648,000  sq.  yds..  5.     447,000.  6.     -3183. 
7.     14,137  c.c.             8.     100  cms.             9.     539yds. 

10.  3-41  ins. ;     9-47  cms.        11.     5*37  miles;     7 '66  kilometres. 

12.  904.  13.     411  cms.,    29  cms. 

14.  26,532,000  gals. ;     74,000  tons. 

15.  44,100  tons.  16.     8787  sq.  yds. 

17.  (1)  £35-684,     (2)  £128-491,     (3)  £2-923,     (4)  £11-153. 

18.  (1)  £25.  Vs.  9d.,      (2)  £4.  19s.  9c£, 
(3)  £18.  Os.  Id.,      (4)  18s.  Id. 

19.  £7.  8s.  4Jd.,     £11.  5s.  4d,     £12.  8s.  3d. 

20.  (1)  £34.  10s.  2d.,     (2)  £115.  13s.  5|c£,     (3)  £71.  2s.  9d. 
£4764.  12s.  lid.  22.     £989.  23.     £43.  Is.  3d. 
The  latter;     £17.  10s.  4d,     £18.  2s.  4d 
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EXAMPLES  II,  p.  36. 

2.     0-37.         6.    £6-08,  22-5  years.  7.    I'2xl09,    2-27  xlO9. 

8.  300yds.,    920yds. 

9.  (1)  5-24,     -76.     (2)  4-19,     -M9.  (3)  4-62,    2-38. 
(4)  2-38,     -28.     (5)  3-71,     -1-21.  (6)  -25,     -2-45. 

10.  (1)  4,    -3-73,    --268.     (2)  -47.      (3)  4-38.     (4)  -2-19. 

11.  -1-2,  -5-3,    6-5. 

12.  12  hrs.  13  mins.  p.m.,    24-25  miles;    6  miles; 
11  hrs.  30  mins.  a.m.,  and  12  hrs.  57  mins.  p.m. 

13.  -82,  1-56,  70°,  56°.     15.  a=- 5-17,  ft  =  -903,  £171,  £145,  £92. 

1  3-26 

16.  ,-j-j,     If-j^j;- 

(i)  a=3'33,   2/=5-33,     (ii)  x=5,    y=7,     (iii)  oj=10,   y-12. 

17.  58°,    51°.  18.     2-1,    5-4  and  1-5  inches  per  annum. 


19.     200  and  825  per  annum.     20.        ^---,  5-77  ft.,  96  cub.  ft. 
22.     diameter  =  height  =  6 -04  ins.  23.     90°. 

EXAMPLES  III,  p.  54. 
4.     2-54.  5.     -394. 


EXAMPLES  IV,  p.  68. 
2.     28-35. 

EXAMPLES  V,  p.  74. 

1.     5-2  sq.  ins.  3.     19-8  sq.  cms.  5.     58-06,     6-45. 

6.     3-14,     12-56  sq.  ins.  7.     6-28. 


EXAMPLES  VI,  p.  81. 

1.     196-65,     16-38.  2.      568,     -568.  3.     34-68. 
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EXAMPLES   IX,    p.    127. 

1.  (a)  U.         (b)  140.         (c)  10-04.         (d)  3-65.         («)  5-32. 

2.  (a)  2-5.        (b)  3-89.        (c)  -5.          (d)  -8.       («)  26-8. 

3.  (a)  1-29.      (b)  3-25.        (c)  374.       (d)  42. 

4.  29-8  litres.  5.     289,  5-29,  132,  '722,  -0025. 

6.  4913,  12-17,  1521,  -614,  -000125. 

7.  25,  7-9,  2-5,  -876,  -895,  1-73. 

8.  2-32,  -05,  4-44,  6-47,  168. 

9.  -037,  -125,  4,  20,  -059,  -43,  30. 

10.  (a)  31  -4  in.       (6)  15 -7  in.       (c)  45 -8  ft.       (d)  27  '3  yds. 

11.  (a)  78-54  sq.  in.       (b)  19-63  sq.  in.       (c)  167'4  sq.  ft. 
(d)  59-44  sq.  yds.  12.     136-3  Ibs. 

13.     10-99  sq.  ft. ;  8-25  cub.  ft.  14.     768  cub.  in. 

15.  (a)  78-54  sq.  ft.       (b)  161-7  sq.  ft.       (c)  235-62  cub.  ft. 

16.  615  sq.  in.  17.     £1.  5s.  \\d. 

18.  (a)   807yds.       (b)    242yds.       (c)    1320yds. 

19.  3-616  sees,  per  double  oscillation. 

20.  Na  27'06  per  cent.       N  16-47  per  cent. 
O  56-47  per  cent. 

21.  K  26-54  per  cent.     Or  35-35  per  cent.     O  38-11  per  cent. 

22.  (a)  3  or  7.       (b)  5  or  -  9.       (c)  - 1:52  or  -  10-48. 

(d)  13-22  or  -  1-22.       (e)  3-5  or  4.       (/)  1-5  or  - 1-6. 

23.  (a)  =32 -5  ft.       (b)  -42 -9  ft. 

24.  (A)  =74°  34'.       (£)  =52°  26'.       (c)  -37-3  in. 

25.  40-46  ft.         26.     49-25  ft.        27.     (a)  4-83.       (b)  2-73. 
28.     2-86,  -789,  1-513,  4-93. 

EXAMPLES  XI,  p.  161. 

1.  1382o.  2.     37r.  3.     6146o.  4.     20-9188°. 

5.  12-5155o.          6.     7-52i5°.         7.     3-6  miles  per  hour,  120  yds. 

8.  132°  with  the  current.  9.     39°. 

10.  Between  E.  72°  N.  and  W.  71°  K,  37°. 

11.  12-20  P.M.,  5J  miles.  12.     22  miles  an  hour. 
13.  110°,  18-3  mins. 
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EXAMPLES  XII,  p.  167. 

1.  (1)9-9  Ibs.  wt.,  making  28°  with  7  Ibs.  force. 

(2)  31-8  Ibs.  wt.,  making  32°  with  27  Ibs.  force. 

(3)  7-91  Ibs.  wt.,  making  38J°  with  1147  Ibs.  force. 

2.  76-6  and  64'3  Ibs.  wt.  3.     40  and  70  Ibs.  wt. 

4.  29°  and  47°  with  given  force. 

5.  26°  and  267  Ibs.  wt.,  or  94°  and  60  Ibs.  wt. 

6.  85°,  144°,  131°. 

7.  3-26  Ibs.  wt.,  at  135°  with  first  force. 

8.  9-25  Ibs.  wt.,  at  125°  with  first  force. 

9.  12  Ibs.  wt.,  60°  W.  of  S.  10.     25-8  and  17  '8  Ibs.  wt. 

11.  The  10  Ibs.  hangs  3-6"  below  plane  of  pulleys. 

12.  4-5  and  6  Ibs.  wt.  13.     63  and  93  Ibs.  wt. 
14.     12 -3  Ibs.  wt.            15.     1 -67  and  2  Ibs.  wt. 

16.     129  Ibs.  wt.         17.     355  Ibs.         18.     322  and  681  Ibs.  wt. 
19.     95  Ibs. 

EXAMPLES  XIII,  p.  172. 

1.  16-7  and  32-4  Ibs.  wt.         2.     1750  Ibs.  wt. 

3.  5  Ibs.  wt.,  11-18  Ibs.  wt.  at  26|°  to  vertical. 

4.  129-2,  140-8  Ibs.  wt.  5.     28'9  and  16-5  grams  wt. 
6.  30  and  40  Ibs.  wt.           7.     3-86  ft.,  14  Ibs. 

8.     20-3,  87,  20-3  Ibs.  wt.  9.     22-2,  77,  24*4  Ibs.  wt. 

10.     35°. 

EXAMPLES  XIV,  p.  179. 

1.  (1)  12  Ibs.  wt.,  2-5  ft  from  7  Ibs. 

(2)  8  Ibs.  wt.,  6  ins.  from  6  Ibs. 

(3)  40  Ibs.  wt.,  2-6  ft.  from  27  Ibs. 

2.  (1)  3  Ibs.  wt.,  5  ft.  from  8  Ibs. 

(2)  1  Ib.  wt.,  12ft.  from  4  Ibs. 

(3)  4  Ibs.  wt.,  16-5  ft.  from  15  Ibs. 
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3.     51-3  and  103  Ibs.  wt.  4.     46-8  Ibs.  wt. 

5.      5  and  10  Ibs.  wt.  6.     2 '88  ft.  from  one  end. 

7.  0-9  Ibs.  wt. ;  line  of  action  cuts  CD  produced  -65  of  side 

from  D. 

8.  5  Ibs.  wt.,  making  12£°  with  first  force,  and  cutting  last  side 

of  pentagon  in  ratio  2  :  3. 

9.  5  Ibs.  wt.  parallel  to  given  force  and  4  ft.  from  it. 
10.     48-8,  56-6,  43-8,  and  83  Ibs.  wt. 


EXAMPLES  XV,  p.  183. 

1.     100  Ibs.  wt.  2.     -69  T  at  A,  -39  T  at  B  and  C. 

3.  Tension  in  AB  =  20-25,  £(7=18-65,  <?Z)  =  9-1,  DA  =  12*3  Ibs. 

wt.,  and  pressure  in  BD~  15*4  Ibs.  wt. 

4.  Tension  in  A0=24:'5  Ibs.  wt.,  pressure  in  BG  -  72  Ibs.  wt. 

5.  Pressure  in  AB  =  47  Ibs.  wt,  pressure  in  EG  =  210  Ibs.  wt. 

6.  16'  rod  is  strut,  pressure  in  which  =  20  cwt. 

io'  —17 

L£A          »  »  »  »»  '     » 

8'       „     tie,      tension        „  =  10    „ 

last      „       „  „  „  =  22    „ 

7.  612  Ibs.  in  16  ft.  rod. 
765      „       20     „ 
592      „       centre   ,, 

8.  Stresses  in  lower  horizontal  bars  each  =  5 '7  tons  wt.,  stresses 

in  other  bars  all  =  1 1  -5  tons  wt. 


EXAMPLES  XVI,  p.  186. 

2.     6-36  Ibs.  wt.  3.     11°.  4.     63,  5-7  Ibs.  wt. 

5.     500,  424,  411  Ibs.  wt.  6.     29-5  feet.  7.     5°. 

9.     53-5  and  9-5  Ibs.  wt.  10.     137  Ibs. 
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EXAMPLES  XVII,  p.  199. 

3.     0'16"  from  centre  of  disc.  4.     5*1  and  5'7  cm. 

7.     65  Ibs.  10  oz.,  9-3",  13-3". 

EXAMPLES  XVIII,  p.  241. 

1.  24  metres  per  sec.  2.     7  -16  sec.,  80  ft. 

3.  3-1  sec.,  247  ft.  from  bottom. 

4.  T2T  miles/min.2,  J  mile/rnin.2,  7|  miles,  0'51  miles/mm. 

5.  22  inches  per  min.  6.     376  feet. 

EXAMPLES   XIX,    p.  302. 
7.     (a)  752-3  mm.        (6)  755-6  mm. 


INDEX. 


(TJie  numbers  refer  to  pages.} 


Abscissa    14 

Absorption  dynamometer    252 

Acceleration,  Measurement  of    245, 

248 

Addition,  Vector    155 
Adjustment  of  Balance    61 
Advantage,  Mechanical    213 
Aeolotropic    327 
Air  cavity,  Capacity  of    92 
Amplitude    271 
Angle  of  friction    184,  229 
Angles,  Measurement  of    56 
Angular  velocity    240,  303 
Approximations    2 

Method  of  137,  277 
Arc,  Length  of  circular    73 
Archimedes,  Principle  of    85 
Area  by  squared  paper    74 

weighing    73 
C.G.  of  irregular    189 
Measurement  of    69 
of  circle    70 

irregular  figure    71 
parallelogram    69 
rectangle    69 
sector    73 
trapezoid    71 
triangle    70 
Arithmetic,  Contracted    1 
Asymptote    134 
Atmospheric  pressure    290 

,,  ,,       Determination 

of    300 
Atwood's  machine    242 

,,  ,,         Determination  of 

9  by    283 

Axes,  Law  of  parallel    305,  312 
Axle,  Wheel  and    224 

Back-lash    49 
Balance    61 


Balance,  Adjustment  of   61 
„         Ballistic    262,  352 
„         Hydrostatic    87 
,,  ,,  for  liquids    93 

„         Spring    66 
Ballistic  balance    262,  352 

„        pendulum    261,  354 
Barometer    290 

,.  Fortin    294 

„  Siphon    292 

Beam,  Loaded    206 
BesseVs  method  of  determining  g  363 
Borda's  method    65 
Bottle,  Specific  gravity    91 

„     for  liquids  94 
Boyle's  law    296 
Brake,  horse-power    251 
„       Prony    252 

Hope    251 

Breaking  strain    335 
Bulk  modulus    327 
Burettes    104 

Calculations,  Money    8 
Calibration  of  tube    107 
Calipers,  Common    45 

„          Slide    46 
Capacity  of  tube    107 
Cavity,  Capacity  of  air    92 
Centre  of  gravity    188 

,,  formulae    197 

,,  of  hemisphere    197 

,,  irregular  area  189 

,,  quadrilateral    188 

sector  195 

,,  segment  of  spheri- 

cal shell    195 

, ,  Practical    determina- 

tion of    198 
,,     oscillation    280,  319 
,,     percussion    264,  319 
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Centre  of  pressure    316 

Change  of  a  function,  Kate  of    29 

Characteristic    111 

Circle,  Area  of    70 

Circular  arc,  Length  of    73 

,,         motion    240,  257,  268 
Circumference  of  circle    45 
Coefficient  of  friction    229 
,,  resilience    265 

,,  rigidity    327,  339 

Common  hydrometer    95 

„  „  Graduation  of 

348 

,,         steelyard    226 
Composition  of  velocities    158 
Compound  pendulum    280,  355 
Compressibility    327,  345 

,,  of  gases   345 

liquids    346 
solids    346 

Contracted  arithmetic    1 
,,  division    6 

,,  multiplication    3 

Co-ordinates    15 

,,  Transformation  of  131 

Cord,  Tension  on  a    204.  207 
Correction  curve  for  burette    105 
Couple  and  single  force,  Resultant  of 

178 

Couple,  Torsional    339,  360 
Crane,  Simple    205 
Cross- section  of  tube    107 
Cube  by  slide  rule    118 
Cube  root  by  slide  rule    119,  127 
Cubic  equations,  Graphical  solution 

of    22 
Cursor    113 

Curvature,  Measurement  of    50 
Cylinders,  Graduated    103 

Danish  steelyard    226 
Density    83 

Determination  of  atmospheric  pres- 
sure   300 

of  C.Q.,  Practical    198 
friction    229 
9    276 

by  A  twood's  machine    283 
compound     pendulum 

280 

dropping  plate  289 
inclined  plane  285 
Kater's  pendulum  282 


Determination  of  g  by  pendulum  and 

weight    288 
simple  pendulum    277 
mass    63 

moments  of  inertia    306 
Diagonal  scale    43 
Diagram,  Force    164 
,,        Indicator    249 
,,        Space    163 
Differential  equations    270,  361 

,,          pulley    224 
Displaced  water,  Volume  of    77 
Division  by  slide  rule    116,  117 

,,        Contracted    6 
Double  weighing    64 
Dropping  plate,  Determination  of  g 

by    289 
Dynamometer    66 

„  Absorption    252 

„  Registering    258 

Dyne    242 

Efficiency  of  a  machine    214,  253 
Elasticity    325 

„         Modulus  of    326 
,,         of  volume    326 
Energy    253 

,,       Kinetic    253 
,,       Potential    253 
Equations,  Differential    270,  361 
„  Graphical  solution  of  18 

,,          Solution  of,  by  slide  rule 

121 

Equilibrium,  Four  forces  in    171 
,,  of  parallel  forces    176 

„  Three  forces  in    170 

Equivalent  of  pulley,  Mass   244,  352 
Erg    249 
Ergometer    252 
Error  in  barometer,  Temperature  295 

Figures,  Area  of  irregular    71 

Modulus  323 
Flasks,  Graduated    104 
Flexural  rigidity    359 
Flexure,  Young'1 s  modulus  by    335, 

357 

Flotation,  Method  of    92 
Flywheel    254 
Foot-pound    249 
Foot-poundal    248 
Force  diagram    164 

Measurement  of    242 
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Force,  Single,  and  couple,  Resultant 

of    178 

Forces  in  equilibrium,  Four    171 
Three    170 
Parallel    175 

„  ,,        Equilibrium  of    176 

Formulae  for  centre  of  gravity    197 

,,         Mensuration    77 
Fortin  barometer    294 
Four  forces  in  equilibrium    171 
Fractional  functions    142 
Framework  of  rods,  Jointed    181 
Friction    184 

Angle  of    184,  229 
Coefficient  of    229 
Determination  of    229 
Kinetic    229 
of  a  machine    216,  244 
Static    229 
Fulcrum    61 

Function,  Fractional    142 
„          Graph  of  a    132 
,,         Bate  of  change  of    29 
Funicular  polygon    174 
Further  graphical  methods    131 

g,  Determination  of    276 

by  Atwood's  machine    283 
BesseVs  method    363 
compound  pendulum    280 
dropping  plate    289 
inclined  plane    285,  356 
Rater's  pendulum    282 
pendulum  and  weight    288 
simple  pendulum    277 
Gases,  Compressibility  of    345 
Gauge,  Micrometer  screw    47 
Gauss'  method    65 
Gradients    28 

,,          zero  value  of    32 
Graduated  cylinders    103 

flasks    104 
,,          vessels    103 
Graduation  of  common  hydrometer 

348 
Graph  of  a  function    132 

,,        Standard  types  of    135 
Graphical  methods    14,  131 

,,         representation  of  motion 

234 

,,  representation  of  work  249 
,,  solution  of  equations  18 
,,  statics  163 

S.  T. 


Graphs    16 

,,       Logarithmic    299 
,,       of  trigonometrical  ratios   26 
Gravity : 

Centre  of    188 
Formulae    197 
of  hemisphere    197 
irregular  area    189 
quadrilateral    188 
sector    195 
segment  of  spherical  shell 

195 

Practical  determination  of  198 
Specific    83 

bottle    91 

Measurement  of    83 
of  liquids    93 
solids    85 
Guldinus    Theorems  of    194 
Gyration    Eadius  of    303 

Halley-jack    228 
Hare's  method    100 
Harmonic  motion    268,  361 
Helical  spring    344 
Hemisphere,  c.  G.  of  197 
Hicks'  ballistic  balance    262,  352 
Hodograph    238 
Hooke's  law    326 
Horse-power,  Brake    251 

,,  Indicated    251 

Hydrometer,  Common    95 

,,  ,,  Graduation  of 

348 
Nicholson's    89 

,,  ,,       for  liquids  93 

Hydrostatic  balance    87,  93 

Impulse  of  a  blow    264 
Inclined  plane    220 

,,  ,,       Determination  of   g 

by    285,  356 

Indicated  horse-power    251 
Indicator    249 

,,         diagram    250 
Inertia,  Moment  of   303 

of  pulley    244,  352 
,,  ,,  Graphical  determina- 

tion of   246 
,,  sphere    286 

,,        Polar  moment  of    306 
Irregular  area,  C.G.  of  189 
,,         figure,  Area  of    71 

27 
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Isothermal    299 
Isotropic    327 

Jointed  framework  of  rods    181 

Rater's  pendulum    282 
Kinetic  energy    253 

„  „       of  flywheel    256,  257 

weight    255 

„       friction    229 

Law,  Boyle's    296 
,,      ffooke's    326 
„      of  parallel  axes    305,  312 
Length,  Measurement  of    41 

,,        of  circular  arc    73 
Lever    225 

Liquids,  Compressibility  of    346 
,,         Specific  gravity  of    93 
,,         Volume  of    81 
Loaded  beam    206 
Logarithmic  graphs    299 

„  scale    113,  127 

Lubricating    233 

Machine,  Atwood's    242 

„  ,,       Determination  of 

9  by    283 
Efficiency  of    214 
,,        Friction  of    216 
Mantissa    111 
Mass    59 

,,     Determination  of    63 
,,      equivalent  of  pulley   244,  352 
Maximum  value  of  function    32 
Maxwell's  needle    342 
Measurement  of  acceleration      245, 

248 

angles    56 
area    69 
curvature    50 
force    242 
length    41 
mass    59 
momentum    262 
specific  gravity    83 
velocity    244,   247, 

263 

,,  volume    76 

Mechanical  advantage    213 

„          powers    209 
Meniscus    80 
Mensuration  formulae    77 


Method,  Bessel's    363 
Borda's    65 
Gauss'    65 
Hare's    100 
of  approximations  137,  277 

flotation    92 
,,  oscillations    64 

Methods,  Graphical    14 
Micrometer  screw  gauge    47 
Minimum  value  of  function    32 
Modulus,  Bulk    327 
„        figures    323 
„         of  elasticity    326 
„  torsion    328,  341 

„         Young's     328,    331,    335, 

357 
Moment  of  inertia    303 

„  „       of  pulley    246 

„  „  sphere    286 

„       Polar    306 
Moments    207 
Momentum    261 

„  Measurement  of    262 

Money  calculations    8 
Motion,  Circular    240,  257,  268 
„         Graphical  representation  of 

234 

simple  harmonic    268,  361 
Multiplication  by  slide  rule  115,  117 
„  Contracted    3 

Needle,  Maxwell's    342 
Nicholson's  hydrometer    89 

„  „  for  liquids  97 

Normal  pressure    290 

Opisometer    52 
Ordinate    14 

Oscillating  platform    311 
Oscillation,  Centre  of    280,  319 
Oscillations,  Method  of    64 

Paper,  Area  by  squared    74 
Parallax    44 

Parallel  axes,  Law  of    305,  312 
,,        forces    175 
,,  ,,       equilibrium  of    176 

Parallelogram,  Area  of    69 
Pendulum,  Ballistic    261,  354 
„  Compound    280,  355 

Kater's    282 

„    laws,  Proof  of  272 
Seconds  275 


INDEX 


Pendulum,  Simple    269 
Percussion,  Centre  of    264,  319 
Periodic  time    270 
Piezometer    346 
Pipettes    104 
Plane,  Inclined    220 

,,  ,,         Determination  of  g 

by    285,  356 

Platform,  Oscillating    311 
Poisson's  ratio    330,  357 
Polar  moment  of  inertia    306 
Polygon,  Funicular    174 
Potential  energy    253 
Poundal    242 
Powers,  Mechanical    209 
Practical  determination  of  c.  G.     198 

,,       statics    202 
Pressure,    Atmospheric,    by    Boyle's 

law    300 

„          Centre  of    316 
,,          Normal    290 

Total    317,  324 
Principle  of  Archimedes    85 
Prony  brake    252 
Proof  of  pendulum  laws    272 
Protractor,  Bectangular    57 

,,  Semi-circular    56 

Pulley,  Differential    224 

, ,       Frictional  resistance  of    244 
,,       Inertia  of    244,  352 
Pulleys,  First  system    210 
„         Second  system    218 
„         Third  system    219 

Quadratic  equations,  Graphical  solu- 
tion of  18 

,,  ,,         Solution  of,  by 

slide  rule   121 
Quadrilateral,  C.G.  of    188 

Eadius  of  curvature    50 
,,          gyration    303 

tube    108 

Kate  of  change  of  a  function    29 
Batio,  Poisson's    330,  357 

„       Velocity    210 
Eatios,   Graphs    of   trigonometrical 

26 

Eeciprocals    120 
Eectangle,  Area  of    C9 
Eectangular  protractor    57 
Eegistering  dynamometer    258 
Belative  velocity    159 


Eepresentatiou  of  motion,  Graphical 

234 

Eesilience,  Coefficient  of    265 
Eesistance  of  pulley,  Frictional    244 
Eestitution,  Coefficient  of   265 
Eesultant  of  single  force  and  couple 

178 

Eesultant  of  two  forces    202 
Eider    244 
Eigidity,  Coefficient  of    327,  339 

,,        Flexural    359 
Boad  measurer    52 
Robins'  ballistic  pendulum    261 
Eods,  Jointed  framework  of    181 
Eoman  steelyard    226 
Eope  brake    251 
Routes  Eule    306 
Eule,  Slide    111 

Scalar  quantity    154 

Scale,  Logarithmic    113,  127 

,,      of  sines    122 

,,  tangents    124 

Scales   41 

,,      Diagonal    43 

,,       Vernier    43 
Screw    227 

,,      gauge    47 
Seconds  pendulum    275 
Sector,  Area  of    73 

„       c.o.  of    195 

Segment  of  spherical  shell,  c.  G.  of  195 
Semi-circular  protractor    56 
Shearing  strain    327 
Simple  crane    205 

,,       harmonic  motion    268,  361 
„       pendulum    269 
Sine  curve,  Graph  of    27 

,,     scale    122 
Single  force  and  couple,  Eesultant 

of    178 

Siphon  barometer    292 
Slide  calipers    46 

„      rule    111 
Solids,  Compressibility  of    346 

,,       Specific  Gravity  of    85 
Solution  of  differential  equations  361 
Solution  of  equations,  Graphical  18 
„  „       by  slide  rule  121 

,,  triangles  by  slide  rule  125 

Space  diagram    163 
Specific  Gravity    84 

bottle    91 
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Specific  Gravity  bottle  for  liquids  94 
,,  „        Measurement  of  83 

,,  ,,        of  liquids    93 

„  „  solids    85 

Sphere,  Moment  of  inertia  of    286 

Spherometer    49 

Spring  balance    66 
„      Helical    344 

Square  by  slide  rule    118 
,,       root  by  slide  rule    118 

Squared  paper,  Area  by    74 
„  „        Use  of    16 

Standard  types  of  graphs    135 

Static  friction    225 

Statics,  Graphical    163 
,,         Practical    202 

Steelyard,  Common    226 
,,          Danish    226 

Strain    325,  335 
„       Shearing    327 

Stress    326 

Subtraction,  Vector    156 

Surds  7 

Table,  Whirling    258 

Tangent  curve,  Graph  of    27 
scale    124 

Tare    64 

Temperature  error  in  barometer    295 

Tenacity    335 

Tension  on  a  cord    204,  207 

Theorems  of  Guldinus    194 

Three  forces  in  equilibrium    170 

Time,  Periodic    270 

Time-space  curve    235 

Time-velocity  curve    234 

Torricellian  vacuum    292 

Torsion,  Modulus  of   328,  341 

Torsional  couple    339,  360 

Total  pressure    317,  324 

Transformation  of  co-ordinates  131 

Trapezoid,  Area  of    71 

Triangle,  Area  of    70 

Triangles,  Solution  of,  by  slide  rule 
125 

Trigonometrical  ratios,  Graphs  of  26 

Tube,  Calibration  of    107 
„      Capacity  of    107 
„      Cross-section  of    107 


Tube,  Radius  of    108 

„      U    97 
Tuning-fork,  Determination  of  g  by 

289 

,,          ,,     Measurement  of  velo- 
city by    247 


U  tube    97 
Unit  of 


mass    59 

Vacuum,  Torricellian    292 
Vector  addition    155 

,,      subtraction    156 
Vectors    154 

Velocities,  Composition  of    158 
Velocity,  Angular    240,  303 

,,         Measurement  of    244,  247, 
263 

,,        ratio    210 

,,        Relative    159 
Vernier    43,  332 
Vessels,  Graduated    103 
Volume  elasticity    326 

,,        Measurement  of    76 

,,       of  displaced  water    77 

,,  liquids    81 

Water,  Volume  of  displaced    77 
Wedge    222 
Weighing,  Area  by    73 

,,          Double    64 
Weight    59 
Weights    62 
Wheel  and  axle    224 
Whirling  table    258 
Work    248 

,,      Graphical    representation    of 
249 

Young's  modulus    328 

,,  ,,  by  flexure  335, 

357 

,,  ,.  stretching  331, 

334 

,,  ,,  transverse  vi- 

brations 337 v 

Zero  value  of  gradient    32 
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